
SOME ESTIMATIONS ON THE SZEGO KERNEL FUNCTION

BY MITSURU OZAWA

Let B be an n-ply connected bounded planar domain bounded by n smooth
curves Γt, ί = l, •••, n. We shall denote the total of these curves by Γ. Let
L2(Γ) be a class of the function f(z) satisfying the following conditions:

(1) f(z) is regular single-valued in B,

(2) \ f(z)2dsz is finite.

L-(Γ) is a Hubert space with the following inner product

g) = \rf{z)g{z)dsz

In L2(Γ), there is a reproducing kernel function K(z, z0)— the Szegό kernel
function—, where the reproducing property means the identity

/(so) = (/(*), K(z, zo))

valid for any f(z) in Lλ(Γ). It is well known that the Szego kernel satisfies
the following relations:

K(zo, zo) > 0 and Hermitian property, that is, K(z, z0) = K(z0, zj.
In our present case, the equality sign does not occur in the first relation.

These relations, together with the uniqueness of the Szegδ kernel, are ob-
tained under the effect of the reproducing property.

Let L(z, Zo) be the so-called adjoint L-kernel associated with the Szego
kernel introduced by Garabedian, which satisfies the following conditions:

It is a single-valued analytic regular function except a point z = z0 in B,
having the expansion

around z— ZQ, and on the boundary Γ of B it satisfies an important boundary
relation

L(z, Zo)dz = iK(z, Zo)ds.

Let l(z, Zo) be — Σ^=o^n{z — Zo)n in the expansion of L(z, Zo). This is a single-
valued regular function belonging to the class &{Γ) and satisfies the sym-
metric relation, namely l(z, z0) = l(zQ, z).
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Let 93 be a class of single-valued regular functions satisfying the bound-
edness condition f(z)'^l in B and f(z0) = 0. Then Maxss f(zo)\ exists
and is equal to 2 πK(z0, Zo). The extremal function is unique and maps B
onto the ^-times covered unit disc. From this extremal property we have
that K(ZQ9 JQ) is the monotone decreasing functional of the increasing basic
domain.

For detailed explanations one can refer to the papers due to the following
authors, namely Garabedian [1], Garabedian-Schiffer [2], Schifler [6] and
Nehari [3], [4].

The first estimation. Let S be the length of Γ, then there holds an in-
equality

K(zo, zo) ' S ^ 1.

It has been once proved by Ono (in Japanese) that B must be a simply
connected domain if equality sign occurs.

For completeness we shall prove this by a quite different way. By the
boundary relation for L and K, we have

I \L(z, zo)'zdsβ = — i\ L(z, ZQ)K(Z, zo)dz

= K(ZQ, ZO).

Thus, by the Schwarz inequality and the residue theorem, there holds

f 2 f Γ
I L(z, Zo)dz ^ 1 I Liz, Zo)\λdsz \ ds
Jr — jr Jr

-j

^ K{zo, Jo) S.

Let Sf be the length of the outer boundary 7\ and B' the finite simply con-
nected domain bounded by Γx. Then, by the monotoneity of K(z0, Zo) as
a domain functional, we have

the subscripts indicating the referred domains. Therefore we have a series
of inequalities

^ Q,

This is absurd, unless B coincides with B'.

Even if B were simply connected, the equality sign does not occur unless
the configuration [JB, zo] is suitably restricted. This fact is deduced by a well
known fact, that is, l i m ^ r K(zo, Zo) = + oo. Now we shall establish a precise
result for occurrance of the equality sign. We may restrict B as a simply
connected domain. Let f(w) be a mapping function such that w < 1 is
mapped conformally upon B with /(0) = ZQ. Then (f(w))112 is single-valued
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when we fix a branch of it. Let S(r) be the length of the image curve of
w = r. Then

S{r) - ί f{w) dw .
J\w\=r

Writing (f(w))112 as Σl^-i anWn, the usual calculation leads to a relation

S(r) = 2τrΣ Λn

l2 r2n+1.

By the Jordan smoothness of Γ, we have

whence follows that

Referring to a result due to Garabedian, namely

2πK(z0, zo) - - ^ - s -

in our terms, we have

1 ^ 1 + 2πK(z0, zΌ) Σ I an I2.

If the equality sign occurs, then all the an with exception of a$ are equal to
zero, and conversely. Thus, if so, f(w) = /(0) +^ 0

2 ^, ^nd hence the inverse
function F(2, 20) of f(w) can be described as

F(Z, Z0) = — a ~ (2 — 2o).

This shows that the domain B and the referred point z0 must be a disc and
its center, respectively, when the equality sign occurs in an inequality

KB(zo, ZO) ^ -g-.

The inverse statement of the above fact is evidently true.

The second estimation. We shall prove an inequality

Let [/, L] be a generalized inner product defined by

1 f(z)L(z, zQ)dss, f(z)E
J P

By the boundary relation for K and L, we see
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[/, L] = - i^rf{z)K(z, Jo)dz = 0.

This leads to a relation

Putting f(z) = /(z, w) and noting the boundary relation, we have

)r (z- w){z- z0) \2m ) Γ z-z0

Especially setting w - ZQ, we see

dszϊsz + K(z0, zo) = -^

which leads to our result.
Next we should examine the cases where the equality sign occurs. If so,

l(z, Zo) Ξ O O Γ L(Z, ZO) = l/2π(z — Zo). Since L(z, z0)
2dz is an invariant dif-

ferential, we have

L(f(z), f(zo))2df(z) = L(z, Zo)~dz

with a certain conformal mapping function f(z). If ί(f(z), f{zo)) vanishes
identically, then l(z, ZQ) = 0 leads to a differential equation

whose solution is given by

C(2 — Zo) + 1 '

c being a constant. This shows that the mapping funtion reduces to a linear
function. On the other hand, the equality sign occurs for any disc and any
inner point of this disc. This can be deduced by an easy calculation and
is well known. Now putting f(z) the Riemann mapping function from B onto
w < 1, then we can conclude that B must be a disc when l{z, ZQ) Ξ= 0 hap-

pens. Here we must assume that the connectivity of B is one in number.
As is well known, K(z, z0)

2 has the multivalued indefinite integral unless
the connectivity number of B is equal to one, that is, there does not happen
a fact that all the periods

=4τrl K(z, zo)-dz, v = 1, •••, n\ n % 1,

reduce to zero simultaneously. By the boundary relation of K and L, we
have
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L0ε, zo)
2dz = av(z0).

However, if we assume that an identity

^~ 2τr(z-z0)

holds, then we have the following fact that all the av(z0) reduce to zero,
since there holds

f i
I ^ . _ 0 f o r a n y v ( j ; = 1, ...f n ) m

J Γ v \Z Zo)

This contradicts our hypothesis that the connectivity number of B is greater
than one. Hence we have a result: If the equality sign occurs in our second
estimation, then the connectivity number of B is equal to one and moreover
B is a disc.

We should mention an interpretation obtained by the second estimation.
Let B be an n-ply connected domain bounded by n circles Γx •••, Γn. We
shall put A the outer boundary and Bx the finite simply connected domain
bounded by Γ1 alone. Let Bj be an infinite domain bounded by a circle Γ3.
Then we have a subadditivity relation for the Szegδ kernel functions of BJf

j = 1, •••, n, namely

because

dsz

holds for any Bj.
In the general domain Bt

ί
__ n C n

I l(z, zo) fdsz + KB(ZQ, ZQ) = Σ ! \ I IBJ(Z, ZO) \2dsβ + Σ KBJ(Z0, Zo)

holds.
To investigate the location of the critical points of KB(z0, Jo) seems very

interesting. Topological or Morse theoretic tools are very useful, however
the precise metrical result can not be obtained when we follow only these
tools. We now mention a remarkable fact: Let B be a convex domain,
then there is only one minimum point of the subharmonic function KB(z0, z0)
continuous in B, There are no other critical points of KB(ZQ, ZO). For the
proof we need somewhat long but elementary considerations. For an annulus
r < z < 1, there is a critical line ' z ! = \/ γ•. This is not so difficult to show.
Details are omitted here.

The above two estimations may be considered as isoperimetric inequalities.
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Let Dn(Γ) be a subclass of L2(Γ) such that βnKt) = 1 and Mn = inf /-2

for fE:L2

n (L). The existence of an extremal function F w (z, t) and positivity
of Mn is almost evident. Our problem is to seek the inner relations among
these extremal functions.

Let f(z) be an arbitrary function of L2

n(Γ), then Fn{z, f) + \<p(z) with
<p(z)=fw(t)FH(z, t) — f(z) belongs to Un{Γ) for any λ. Thus we have

!: Fn f < Fn + \ψ ψ = I! Fn ψ -f 2 Re \ ( F n , ςp) + ', X |a || 9» ίi2.

The arbitrariness of X leads to a fact that

(Fn, φ) = 0 or /c»>(0 II F n !|
2 = (/, Fn).

Putting

we have a sort of reproducing property

l{ /wω-(/U), Hn(z, t)).

Fn is uniquely determined by its extremality. This is also almost obvious.
Let Hn{z, t) = Σ~=o ̂ μ U — t)μ in local, then Awm = hmn, that is, the matrix

(hum) is hermitian. {^}?7=0 i s a complete system in the Hubert space L2(Γ),
since {g(z), Hn(z, f)) = 0 for any w implies that gCn:>(t) = 0 for any w and
hence ^ ( Z ) Ξ O on B.

Some slightly modified arguments from the ones carried out in a Schiffer's
paper [6] lead to some important facts, namely

Hn(z, ϊ) is analytic on B and there exists an analytic function Ln(z, t) such
that Ln(z, t) is regular except a point z = t in B where it has a local ex-
pansion

and satisfies a boundary relation

We should remark that Lo and L used in the earlier part are essentially
the same but somewhat different in their normalizations.

From the last boundary relation we can proceed to a mapping problem as
Schiffer has done. But we do not go further in this tendency.

{Hn(z, t)}ζ=0 is linearly independent. If it is not so, then there are xn,
not all zero, such that

J]xnHn(z, Ί) = 0.
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This leads to a relation

dz N

J]xnLn(z, 0 /- ΞΞO on Γ, or J}xnLn(z, 0 = 0 on Γ.

This remains true on the whole B. Thus we have

VI ^H i VΠ >yΊ -v /4 (V t~)m == 0

near t, whence follows that

N Y

v, ±* = o

which leads to a fact the all xn reduce to zero, which is absurd.
Without loss of generality we may assume that the origin is contained

in B. Let Φn(z) be Hn(z, 0). We may expand HQ(z, I) in terms of these
Φn(z) as follows:

H0(z, t)= Σ qμ.vμ.()Λ) Σ J
jα,v=0 μ,v=0

The last expansion must be considered as a local one about the origin. Then
we have

A short calculation leads to the following :

n=ϋ

oo

m y n=0

All the necessary and sufficient tools have been prepared now and we can
state our result as follows:

Let f{z) = Σjn=oanZn satisfy 'f(z) l< 1, then there holds

i N 2 ΛΓ

ί ^ x (z ^ y^ ΛΓ x~k
V = 0 V, μ, = 0

for any complex numbers xv and for any integer N. Conversely if this
condition is satisfied for a function f(z) with local expansion Σ^=0^}l2

TO, then
f(z) can be continued analytically on the whole domain B and has the bounded
norm / ^ 1.

This result is an analogue of our earlier result in [5]. Since the situation
is the same, we omit the proof here.
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