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1. Let P(t) be an even periodic
function with Fourier series

o
P(L) ~ 3, @mcoo mk
a.:‘o

The o« -th integral of $(t) is
defined by

(1.1)

()= —-/ Pt)(t- W, (d30)

[t)

and the B -th Cesiro sum of (1,1) at
t = 0 is' denoted by sf (8>-1).

C.Loo [3] proved the following
theorem,

THECREM l. If £>0 and

(1.2) s%=0("hpn) a5 moe
then

(1.3) §,(.,;(t)= o (%) as t—o,

He proved this Theorem using the
Young function, We shall prove, in
this paper, this Theorem in another
way.

On the other hand, G.H.Hardy and
J.E.Littlewood {2 ] proved that Theorem
1 holds for =0, under the additional
condition

= 0(n?

for 0<§<1, Later, 0.5z4sz [5]
proved this Theorem, under some weaker
condition. (See Corollary in §3)
Concerning this theorem, we shall
prove, in this paper, the following
theorem,

as Mm—2 9,

THEOREM 2, If (1.2) holds lor

=1 <ol< 0 and

- s -

(1k) 3 > lasly = 0(m7%)

for 0<3< 1 and o+3 >0, then we have
(1.3).

For the proof, we need the follow-
ing Lemmas due to G.Sunouchi [4].

LEMMA 1. If oZ1 and{$70 then
(1.5) / wl(t> M--L)‘;L Iw’w'%u,o(.ot

=0 (wigtret)

LEMMA 2, If 22620 and Z0, then

(1.6) /Z’(t- )4" du = ~d g B
«) coomudu = 0 (7 "th)

2, PROOF OF THEOREM 1. Let us

write

EINCED I /(t‘ weonm s o
n=0

(Z 3 )=1+7,

”n=0 m=M+

where M=[t-T] and r>max(o(+1,

(A+1)/L )

Since ag=o(l) as n-reo, we have,

by (1. 5),
j= 0. Z ) = o (MY

dr+ol — 24/
=0(t =o (t2),
for f r > d+1l, Using the well-known
formula
< /
(20) an= .07 7(4*!)s)
V=0



we have

1= /(x-— 2) ¥ oo mar e

m=0

<

o

> s

~ Y=o

I

o+
o [ (5o 4

- Z( V(%5 conlmu) ] (47 el

m= M-l
= la - 12 yl
Further, we write

(Z_-r )=1I/+1”’

=0 y= N-H
where N =[t‘1] Then, by

say.

+
/u“*éwmu(tiu‘)dd,u=0(t%"))

we have

17 = °(Z‘l‘7u L

= o(t:s’d*f l,;v;{/l);- o (t_znm),
and, by (1.6),

17=0( i jli,, : ,,t.::ﬂ)

v=z
=0 (t2‘+l[’Jr) -0 (t2d+l).

Concerni.ng Iz, we have
I £

°( Z [’J"mzzmyz“‘ﬂ (m_,_u).m)
= o s )

Td M Va‘
NI Za Trve )™

X " !
Z‘ ( M- VH)”"')

= O(M't")= a(to(-H')__._ o (tzdﬁ)’

for r>d+1.
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Thus, we have

§J+l (H)= o (tl""")

Then, by K.Chandrasekharan and

v

“ M 'nv
S / d+l w”“j(t"u‘)w 0.Szész's Theorem [1], we have
>, {gt /)

Ji

1‘,[ (t) = 0 ( rd+') 2
which is the required.
3. PROOF OF THECREM 2.

&= 0 is due to 0.Szasz (5].
A< 0, we write

T(ol+') Fun ()
/ cooman (F-a0)du

oo

(F+E =17

where M = [t"r] and r> ((+1)/(d13).
Let us write

P= 3 1005

y=mm

The case
For

e

then |a,l = n(py-Pyre) ) and for
d+1>£>1- 4,

Z [aul % Zyl-z(ﬁ fv”)

Y=

—S-4T - 'J‘
=0 (= ")+ 0(E V)
=0 (M-E—F-rl)_
Thus, we have, by (l.4) and (1.5),

J O(Z\Ia"/d-ﬂ)

veMel
=0(5 v
=0 (M M)

- O(”—J-J') =o(t°‘*‘r’")
=0 (t*)

for (f+8 )r- (x+1)> 0.

Next, we shall prove I= o(t¥*1),
By the formula (2.1), we have

I- ia,./ t;”.n,u (+-a) due

Mmz=o



o

, Su/fz%“)dfl {

(&~ o+l +0)u+

_Z( 5% m(—mﬂl)u](z—,u) »

= My

=I|'12)

say. Further, we write

N / 7
I(=(Z+£A )z-zl + I' ’
rv=o0 w=N+I

where N = [t— “*”J

and (1.6),
17:/ y

7= o( % 2
M 2u(w)

- o(2,
(td / 7 o(+l)__ o (tp(-f/)

Since, by the second mean value
theorem,

’I‘hen, by (1,2)

J-H

)/!bj

[l ot et o

= 0 (%),
we have
Zal+2
' =0 ( %‘ [ajl’ }
=0 (o 1) = 0 (£47).

By the following estimation
v
7»7—7;77‘7

M

= j (M.y-ﬂ-l)"(H Z

v=M+l

-0 2 v)ro(mE ot )

0 (H—J-IMJH) =0 (M"M"‘)
0cr),

have

vd

(M- v+l)"*'

(

i

we
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[3) ¢

o(«rln/ I, -O(Z

Z Mdfl

V=M-y+1

=2

&7}’

+V) )
=o0( M"”‘”Z sz )

= O(M-(Jﬁ)) =0 (r(a-w)r) =0 (T"{'“},

Thus, we have

P @) = 0 (t%7)

which is the required.

We end this paper by proving

COROLLARY. If (1.2) holds and

Z (l“vl av): o(ml’s) as M-yreo,
for O<al+$£l and O<X<l then we
have (1.3).

PROOF. The case =0 is due to
0.5z4sz [5].
From (1.2), we have, by the well-
known theoren,
$2=s.=0o(m =o(n"%)

Then, using Szdsz's argument [5],
we have

2 lavi7 =0 (%),
v=m

which is (1.4)
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