A NOTE ON MIDDLE UNITARY SEMIGROUPS
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In this paper the author touches
upon two problems, one of which is to
determine what is the structure of
(M) -inversible semigroups and the
other is of the general theory of
special middle unitary semigroups,.
The proof of every theorem or lemma,
however, is to be stated in ancther
paper. In this paper, we use symbols
4 or .7, for the direct sum, i.e,
the disjoint sum of sets. And more-
over let A, B be two of any subsets
of a semigroup, and use AB for the

set {v“;eA,'z.eB} o

1. In this paragraph, we define
the relative inversibility of semi-
groups and campletely determine the
structure of semigroups having such
a property in regard to their own
middle units, Let 5 be a semigroup
and N be a subset of S , then we
shall say that S is relatively in-
versible, relatively left inversible
or relatively right inversible in
regard to N if 5 satisfies each of
the following conditions.

(1) For any x€ § , there exists

x¥e S with xx*=x*¥xeN

(2) For any xe 5 , there exists

xeS with x'ze N
(3) For any xeS , there exists
x'ed with =z’ epN

We use the initial signature ' (N)-~
inversible semigroup® for any semigroup
relatively inversible in regard to N,
and especially use '(YJ1)-inversible semi-
group'! for any semigroup relatively
inversible in regard to the set con-
sisting of all middle units of its own.
It is clear that any semigroup is
relatively left (right) inversible in
regard to itself and that, generally
speaking, even if a semigroup is both
relatively right inversible and rela-
tively left inversible in regard to
its subset N , it is not necessarily
relatively inversible in regard to N .
However, if P 1s a middle unitary
semigroup (17 and N is a subset con-
sisting of all middle units of its
own, the following lemma is satisfied.

[Lemma 1,1] If S is both relative-
ly right inversible and relatively
left inversible in regard to N, § is
relatively inversible in regard to N .
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Now any group is a semigroup rela-
tively inversible in regard to its
unit and it is well known to the
general public that the semigroups
relatively inversible in regard to
all their own left (right) units are
1Eofjhing but the right (left) groups

21,

Therefore, we may consider the
(") ~inversible semigroups to be semi-
groups more general than both the
groups and the right (left) groups.
Hereafter we use ( for a (MW{)-in~
versible semigroup, and M for the
set consisting of all middle units of
C‘(v

[Lemma 1.2] xxf=2x¥z e M xxt=oix
eM for some %, 2, X € G impllies

* X
xEK = 1.':‘17- 7(;:, K = LKy

We give the following equivalent
relation ~~ to the elements of (5.

a~b when and only when there exists
such an element x € G as in axeM
and br eM,

In this case,

(1) o~a for any aec Q.

(2) a~b implies b~ a.

(3) a~b,y hre implies a~ ¢,

(4) anbh, c~d implies ac~bd.
are satisfied. Let £, be the factor
algebraic system and & be the residue
class of (3 which contains the element
« for any o¢ G , then the following
lemma holds good.

[Lemma 1.3] ), is a group and its
unit coincides with M .

Now if I" stands for the set {x*|
x € M}, it coincides with the set
consisting of all idempotent middle
units of G, and consequently it is
isomorphic to some outer product semi-
group Rx |, , where R is a right
singular semigroup and L. is a left
singular semigroup [3]. Accordingly
there exists an isomorphism § of [~
onto Rxbl,



%
[ = rRxL. o)

Secondly the mapping ¢ , which is the
correspondence o —> (&, ao¥) for any
o€’ , is a homomorphism Cr onto b
x [ (where an element o* is such as
acsofa e [ ).

G~ QD 2)
Consequently, by (1) and (2)
G L QLxRxl 3)

(Remark)

In general, by a quasi- ‘F -group is
meant an outer product semigroup of a
group, a right singular semigroup and
a left singular semigroup. According-
ly QxR xLs is a quasi= f’=group,

If we use G (3,7, 2) for the in-
verse image of (2, Y, )eHuixR*x L, by
29 cl("l, v, 80 C‘T(’nftz .) is the
set consisting of only one element for
any ($,7,08), (3~ ¥, L) € SunRXL.
From the above observations the follow-
ing lemma is concluded.,

(lemma 1.4] If G is a (M) -in-
versible semigroup, there are sets
{ Gl ge o having as each coefficient
an element of a quasi- ¥ -group Q_,
such as

Ct”’z Cu ,
A€ Q

GP G = single elemente Gﬂ,
for any {l Te@.

Moreover, if k(),’r, p) Stands for
Garobey, vy Gy

?()u, T, ') Y()z. T, ll-) = "(’b-bz,fx,m
for any (.}l,“} 9'1\1, ()z,'rx, ’—L)G&XR x ..

Therefore, the followlng theorem
is satisfied by the above observations
and the [Lemma 1.4]

[Theorem 1.1} If G is a(¥rt)-in-
versible semigroup, there are sets
Wd}'aeg having as each coefficient
an element of a quasi-d~ -group (L and
elements ‘P*&&e&, ba € (3o » Such as

CI" Z. cao\;
e

G G,=t,,for any p,7e Q.

since { P} ¢ @ is clearly a quasi-
¥ -group, (§ is nothing but a quasi-
4 -group in essence,

2. It seems to the author that
fairly many semigroups treated by us
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contain no idempotents except their
own middle units., For instance, the
completely non-commutative semigroups
the quasi- f~-groups, the right (left)
simple semigroups and the (2) =in-
versible semigroups are all such semi-
groups. Although both the regular
semigroups and the right (left) regu-
lar semigroups, for example, the semi-
group consisting of all positive
integers, contain no idempotents
except their own middle units, they
are not necessarily (1) -inversible,

{4]

In this sense, the semigroups
containing no idempotents except their
own middle units are more generalized
semigroups than the (L) =inversible
semigroups, Now, by a special middle
unitary semigroup we mean a semigroup
which is middle unitary and contains
no idempotents except its own middle
units. Then the purpose of the author
in this paragraph is to expatiate on
the general theory of the special
middle unitary semigroups and to show
that the problem determining the
structure of such semigroups conse-~
quently reduced to that of the
structure of the nonpotent semigroups.
Hereafter O stands for a middle
unitary semigroup and® Ms for the
set consisting of all middle units of
S unless otherwise provided. More-
over, two symbols 3 , I stay/:;or
texistence!, 'mon existence! re-
spectively. Accordingly, for example,
if we write '3Ix; ! we mean that
there exists an element x satisfing
the condition B ’

Any element of S is logically
contained in one of the following
S15 52553 and S40

S ={al 3 x"; adeM 31 xxeMg)
5,={xl 3 % xxteM, T nc Ms)
Sa={7v| I 1 eMs 3 x’,z.’xeMs])
S ={xl 30, xeMsTn; iﬂe”s}
Therefore,
$§=5,+5,+5,+5, W
(Remark)
The relation '3 x”; xx’¢ Mg, 3x;
xx€ Ms ' is equivalent to the
relation ' Jx¥; xo* =x*x e Mg 1,
Accordingly, as S,is (Mg) -inversi-
ble, it is (M)-inversible,
[Lemma 2,1] If S is a special.

middle unitary semigroup, it follows
that S, is a(MY)-inversible semi-



group, S.=9, S, =¢ and 5, is
an ideal of S.

Now the following theorem is con-
cluded by (%) and [Lemma 2,1], because
54+ contains no idempotents, (We
call such semigroup 'nonpotent semi-
group')

{Theorem 2,1] If S is a special
middle unitary semigroup, the relation

S=V+T

is satisfied, where V is a(W)-in-
versible subsemigroup and T is a non-
potent ideal of S .

(Remark)

In the above theorem, it is easy
to see that \/ , T are uniquely deter-
mined by S .

Hereafter, V stand for a(W) -
inversible semigroup and T for a
nonpotent semigroup,

A middle unitary semigroup p is
said to be an extension V/ by T if
S satisfies the following conditions,
(1) S=V+T ;both y and T
are subsemigroups of S .
(2) S is a special middle unitary
semigroup.
(3) V={x|xeS, %S, antartreMs)

(Remark)
If 5 is an extension of V by T ,
T is an ideal of S

In the next place we define the
left and right translations of a semi-
group.

Ist K be any semigroup and Ax(x§)
is a mapping of K into itself, then
A(§) 1s called a left (right) trans-
lation of K if it has the following

property [5].
A=A P29 =(403]
}ov ox'u} ‘x_,a} e K

If Ayand A, ( £ and £, ) are left
(right) translations of K , then so is
their product, Moreover, the set con-
sisting of all left (right) trans-
lations of K is a s oup, which
we shall call the left (right) trans-
lation semigroup of K [5].

Let - be a left translation of K
and P be a right translation of K ,
then we shall say that A () is middle
unitary if

}("'X)=3$[(‘&f)1’;ﬂ_] j-or any
x,ye K
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and say that A\ and are linked or
commuted if they satlsfy the following
(1), (2) respectively.
tl) () =(xp)yfor anyx,ye K .
(2) g =nlxpfor any el .

Henceforth, T L. is used for the
left translation semigroup of T and
Jafor the right translation semi-
group of T , and A, B , C, etc. for
elements of \ and & , b, , etc. for
elements of T »

[Theorem 2,2] If S is an extension
of \V by T, there exist homomorphisms
¢, Yof V into J;, respectively
such as, if A p stands for 9 (A) and
fA for ‘y(A),

(1) Xp and Pp are linked for
any AeV .
(2) Ap and fg are commuted for
any A, BeV .
(3) Both Agand §g are m::_lddle
unitary for any ~E €My,
(4) Ag is a right unit of ¢(v)
and Pg is a left unit)_of
(V' , for any E€ My.
are satisfied, and the product o in
S is represented by

Kop=0 X for any o, pBeV,
=oxaf for any o, BET.
=Aq for any ot eV,B€eT.

=et£f,5 for any weT, BeV.,
where M, is the set consisting of all
middle units of V and symhols X, A
stand for the product in V, T re-

spectively.
Conversely,

[‘l'heorem 2.3] If there are two
homomorphisms ¢ , Y of V imto [, ,

ffp_respectively such as, if A p
stands for ¥(A) and P, for V(A),
(1) »p and §, are linked for

anyAGV .
(2) Apand Pg are commted for
any A,BeVe.
(3) Both Agand Py are middle
unitary for any Ee My
(4) A gis a right unit of @P(v)
and P is a left unit of Y(v),
for any Ee My.
are satisfied, then the direct sum
V+ T becomes an extension of V by
T if the product o in V- T is de~
fined as follows;
oef3 =&xf3 for any «.n eV.
=kap for any &, 3 eT.
=Ay for any eV, peT.
=ot p, For anyueT,Bev.,
where symbols X , A stand for the
products in\/ , T respectively.

(Remarks) 2
1, The set M, in the two theorems

above-mentioned consists of all idem=~
potent middle units of V .



2. By the [Theorem 2,3], it is
easy to see that the following product
o in V+ T gives an extension of V by

®Op=txp for any o, €V
=oAp for any K, pBeT.
= o for anyeeT, pev.
= 3 for anyd‘\‘l,pg'r

Accordingly, there exists at least
one extension of \/ by T .

Any middle unitary semigroup S is
uniquely decomposed to the direct sum
of two sets \/ and T , where V is a
(¢} =inversible subsemigroup of S and
T is a nonpotent ideal of S . And
from the [Theorem 2,2], it is obvious
that there exist some homomorphisms
@, yof \/ into the left translation
semigroup of T , the right translation
semigroup of T respectively, such
that the product © of S is re-
presented by the following relation.

%ofi = kxf3 for any oc,pe\/
= KA for any «, 3 €T.
=Ad for anyxe V,peT.
=k Ps for any«xeT, peV,
where Ag stands for ¢@(x), Pp for
Y(p)and X ,4, are the products in
\' , T respectively.
6 is, therefore, determined by V ,
T,9 and ¥ . We shall describe this

sense as § = ((V, T; ¢,¥)

Now, in what cases are two special
middle unitary semigroups isomorphic
to each other? The following theorem
is the answer of this question,

[Theorem 2.4] In order to two
special middle unitary semigroups

5=V, T; 9. w» S=CV,T;9 ,¥)
are«islex;{"phig to each otﬁecg' it is
necessary and sufficient that there

exist two isomorphisms %, of \/ onto
v and ¥ of T onto T’, such that

4

S0A 5T
Sa= ET 3>livAgtrl

are satisfied for any A €T , where
Nas ® N and 97 pstand for
A3 T A2 ’, A%
QA » q&(A)lg,v'ﬂ‘cy GuA) and"” V(e
spectively.

-t
PRI SN
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By the above observations, the
structure of the special middle uni-
tary semigroups have become clear on
the whole, But, we have to determine
the structure of the nonpotent semi-
groups in order to completely determine
the structure of the special middle
unitary semigroups, The author will
touch upon this problem in another
opportunity,
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