NOTE ON SHIMODA'S THREE SPHERE THEOREM

By Yoshimi MATSUMURA

(Comm. by Y. Komatu)

Let E and E be two complex-Banach

spaces and x'=f(x) be an E’ -valued
analytic function defined on a domain
D of E , i.e. x'=f(x) 1is strongly
continuous in D and admits a Gateaux
differential at each point of p 1),

If foo is analytic on D, it may
be expanded into the Taylor series

f(z)=}(xo)+nZ:, F 0 ), %eD

in a sphere 5, ={xl1x%l<s} 4nD |
where f.(1,x) is an BE'-valued homo-
geneous polynomials of degree n given

FOXo A+ RX-Xo))
dn#l

2K

f(x, )=~ S
(¢

the integral taken in the positive
sense on the circle C: («l =1,

The series converges absolutely
and uniformly in the sphere
Sp={x] 1x-x0<5'} , where §' is a
sufficiently small positive nunber2),

According to Shimoda‘'s Theorem,
we may ?ssume that D includes the
origin3 o

Recently, Shimoda introduced the
norm Mi(x) 3

M) = awp | f0 |

hxh=r

and proved Hadamard's 'S'hree Sphere
Theorem for this normi),

In this Note, we are to introduce
a norm M, 2

Mp) =Mp(x4) = anp Mo(xx,f)

X=X
2n f'
=1 i
Mpx, x4 ) m] 1 Fe®x)l 48

°

where lixl-Y and P 1s a positive
intieger, and prove Hadamard's Three
Sphere Theorem for this norm.

Remark, Clearly,

n x .
| i P P _ro®
] 1ol “*izi Iy do d=1e® gylat

do | xeD

Lenma, Let ficu ,fu), , cee,t@)

be analytic in a closed domain

D in E and not all normeconstant,5)
Put, for positive integer p

b= @ % ol 0 j .0l

Then, $(x) is continuous in D and
takes its maximum on the boundary of
Do

Proof®), The continuity is immedi-
ate,

Let Rp® be a p ~power metric
analytic function?), which satisfies
I fpol =1x)" and analytic on E'.

Since % (0 is analytic inD ,
Rp(f,0) 1is analytic in D , Let

2. be any interior point of D and
choose r such that . r«(x-x,) 1lie
completely in D for jx-sl<vy
Then

ax
Hpl fv(l))=;'ij R (% Ud"(ew(lfxo)))del
0

and we have
I o) = Ry (5, 0) ]
<L

-

an
I, (F, (6t 1)) d o

K

i
e

! f,(xa”e“’(xﬂoj||rde ]

The equality can he established for
all small r only when f,(x) is a
norm-constant function in D . Since

F(0 , eee 5 Jn(¥)  are not all norm-
2K
constant, we have  4yz,)< & L‘N Lo +160(1-1)

do , for suitable r which
can be taken as small as we like,
Therefore, ¢(%) is not a maximum of

¢x) .

Theorem 1. Let f(x) be an analy-
tic function of non-norm-constant in
a ring domain D ¢ R,<ix< R,
Then, My (¥, x,f) is continuous in
the interval R, <ixl< R, and takes
its maximum at one of the end points.

Proof. The continuity is evident,
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Pt w, =€ " s (Vv=1,
2, ves M )e Then F(w,x) ’is analytic
in D, Therefore, for alln ,

By P )
W%Hﬂ«mm\t , hxl=x

takes its maximum on the boundary by
Lemma, Then

Yalx) =

2K
Lo 3, 00) Suﬂe‘euu"de Mot 2.4).

[
lxti=v,

This proves Theorem 1.
Theorem 2, If #(x) is analytic
and non-norm~constant in D : R=[uli<R,
, then logz M,(x) 1is a convex
function of log y in the interval
RSIZISR, o

Proof.
Put ge)=Ifw )l flx)

where R,<—- < (#xI<TR<R, , 4 > 1

and o denotes the conjugate complex
number of & , Then

M»(~~' $)=Mgrh, 1,3)
2K 1
='7) L ol 1R )9
and

M[(I‘ x, ‘))’Z“S I &(Ye“‘;q“rdG

My x. 3,

Since, for the interval T TersTh
ME (xr,% 9) takes its mmdnmm at one
of the end points s

My 05 QL"‘} nff(* ‘°1)g {l{(vﬁe“’x)ll de

and, by Schwarz'! inequality,

it ol eerora)|

Accordingly, for all R, <% <rh<R,

Metr, %, )¢ M‘(JR 1) Mv“‘"’“”‘

Therefore

Q) M A M E) MR

This inequality and the continuity of
log Mp@) completes the proof,

If {0 is a function of norm-
constant, in R<IXis R, , we have

Mpte) =M (T ) = My ()

and the inequality (1) holds also in
this case, Therefore, we have

Theorem 2', Let 4j(x) be analytic
in a domain D : R,<mxi<R, o Then,
log My(x) is a convex function of
log v »

If p increases to infinity, M;(x)
tends to M(x) o Therefore log M(x) |,
as the limit of log M,=) , is also
convex function of log x . Therefore,
for v<Y: &7, , We have

Mit) < Mm)°® Mim™

where © 1is any number between O and
1. This is the Shimoda's Theorem:
Put Q= M’i—— »
fog T3 - Ly Vi
HY)J"YZ l___—-—v'—%n
Mir)g Min) TaB-tat My 235 — Dogh

. Theorem 3, M) 1s an increasing
function of v .

Proof.

Since fw) is analytic inD :
<R, e (fm2) is also analytic

inp. So
1 8, (5 )
ﬁr(wn)»;&—-J __Lj,-—— dax

where C is the circle l¢l= 1, Put
a=e® ( 0< 8 < 2€ ), we have

2K
Mpor=1 ol ;LE (e nFde =Mptt24)

By Theorem 1, M,(r-*.¥)  attains
its maximum at an end point of the
interval, and r increases from O to
Re So Mplos Metx,x, §) and at
last M, < Mytm o This shows the
increaseness of Mp(x) o

Theorem 4. Let {(x) be analytic
in yxi<R  and put 4= f-fe) .
If My, 9) = Me(s,3) for v<r, <R ,

fx) is constant on jzjsvy, .

Proof .
For 0 <Y<Y, , by Theorem 2', the

convexity of log M, 3) shows the
inequality
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-0
M, 9) SMp w,9)? M (¥2,9) Therefore Jw=0 , i.e, 5(*)5%0) R

where §= ﬂf”r’—}'—(’r'—- . By Corollary, An analytic function
Srgv, ~ deyy which is constant in a sphere is
our assumption M, 9)=M;(¥, ) s identically constant in its domain of
analyticity.

M,n, 90 € Mpln ),

On the other hand, by Theorem 3,

Mplt, 91 2 Mptv,)
1) See, A. E. Taylor, On the

Therefore Mpv, 9= M) properties of analytic functicns
Then we have in abstract spaces, Math, Ann,
115(1938) and E, Hille, Functional
Mpvad= Mp(m g)=Mplh,9) Analysis and Semi-Groups, Amer.,
. Math. Soc. Coll, Publ, (1948)
(o<v =m ). 2) Loc, cit,
3) I. Shimoda, On Analytic
By the same discussion, we have Functions in Abs%ract Spaces,
Proc, Imp, Acad., Tokyo, vol,
Mpt90= Mp(r, )= Mp(Te, 1) nzgﬂlﬁ). ’ G
I, Shimoda, Note on General
for n=Y ¥ . Analysis, (III): On the Norm of
Analytic Functions, Journal of
Therefore, for any 0 <Y£T:, Mp(3) Gakugei, Tokushima,Univo, vols
must be constant. ll»(l9510)-

. himo l o i L
Now, by the strong continuity of 5) See, I.S da, loc. cit

900 in  wxu<Y, , for any positive 6) I owe this proof to Mr,
constant s there exists a positive Shimoda,
number § such that 7) I. Shimoda, On Isometric
Analytic Function in Abstract
goorfee, 1xi=v< 8, Spaces. Proc. of Japan Acad,

vol, 30(1954), No. 8,
Therefore M,(x,3)2¢ o

Since ¢ is arbitrary positive
number and the increasing function
Me(r.9) of r 1s constant, we have Junior College of Technology,
¢ Naniwa University.
0= My 3)= Myloy =1 g@ ] 0ar e
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