ON SOME EXAMPIES OF SEMIGROUPS

By Naoki KIMURA

By a semigroup is meant a set S of
elements a, b; . . . closed under an
associative binary operation:

(ab)e = a(be).

We shall say that S is left regular,
right regular, left simple or right
simple if it satisfies the following
condition respectively.

I. Left regularity: ax = ay
for same a implies x = y.

II. Right regularity: =xa = ya
for some a implies x = y.

III.Left simplicity: Far any
a,b, there exists same x
such that xa = b,

IV. Right simplicity: For any
a,b, there exists same x
such that ax = b.

The structure of semigroups S
satisfying any two postulates taken
from the above four is well-known in
the following four cases.

(1) S is left regular and right
regular,

(2) S is left regular and right
simple,

(3) S is right regular and left
simple,

(4) S is left simple and right
simple.

In the first case (1), the structure
theorem is seen in (1],

In the second case (2), S is re-
presented as the following manner:

S= GX R,

where G is a group, and R is a semi-
group in which we have

ab=b for any a, beR.

This semigroup R is called right
singular,
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Dually in the third case (3), S is
represented as the following manner:

S=GxL,

where G is again a group, and L is a
semigroup in which we have

ab = a for any a, b e L,

This semigroup L is called left
singular.

Remarks., Consider the following
two postulates.

III'. For any a, b, the equation
xa=>b
has a unique solution,
Iv', For any a, b, the equation
ax = b
has a unique solution.

It is easily velified that the
postulate

ITI' implies II and III,
Dually we have the postulate

IV' implies I and IV,

Conversely the above-mentioned

semigroup G X L satisfies the postu-
late III!', i.e.,

II and III implies III',
Dually we have

I and IV implies IV!,

Consequently,

III' is equivalent to II
and III,



IV' is equivalent to I and
Iv.

In the fourth case (4), S becomes
a group, in more detail it is read as
follows:

A semigroup becomes a group
if and only if it is both
left simple and right simple,
(cf£. (27)

Two cases are left out from the
above classification, and these cases
are the following

(5) S is left regular and
left simple,

and dually (6) S is right regular and
right simple,

Mr. Tamura had presented in [ 3] the
question whether right simple semi-
group is always a group or not.

The object of the present paper is
to prove the existence of a right
simple semigroup which is not a group,
even when it satisfies the right
regularity postulate. Thus Tamura's
problem is solved negatively. In

§1, we shall prove this fact by
illustrating an example of semigroup
which is right regular and right
simple. In §2, we shall be con-
cerned with an example of left regular
and left simple semigroup, and in § 3,
the another interesting example is
dealt with.

§1. An example of a right regular
and right simple semigroup
which is not a group.

Let (. be an arbitrary denumerable
set. Consider transformations x on
L onto Q. such that every kernal has
the cardinal . :

For any wefh, x'(w)=R,.

All such x forms a set S of trans~
formations. If x, y € S, then

(xy)(w) = x(y(w))

is defined, and
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()" (w) =y (x7"(w))
= Ro* XD = Ro* Ro = R, |
Thus S becomes a semigroup.

Now we shall prove that S is right
regular and right simple.

Let us suppose xa = ya. Then for
any wefl , we can find an element
gefl such that a(%¥)=w , since
a is an onto-map. Thus we have

x(w) =x(a(§)) = (xa)(%)
=(ya)(z) =y(a( %)) = y(w)

for any w e L,
that is;

It proves x =y,

xa = ya implies x=y,
Next we shall show the solubility

of any equation
ax = b

for arbitrary given two elements a, b
from S.

For each w ¢ £). , we define

So by definition we have

iw= _, , and Ewr xR,
for each we {l. , Decampose B. into
denumerable disjoint union indexed by
A,:

B, = B, (disjoint union).
reAw
The possibility of this decomposition
is certified by the denumerability of
B, and A, .

Now define a transformation x on
€, into Q by the following manner:

If 5 € Box , then x(5 ) =12
(wedll, XeAs 5 Far any Xef) ,
there exists we & such that A, 35X
Then for any & e B,x , We have x(3 )

= A . Thus x is an onto-map, i.e.,
x(Q)=Q . And



%) ==6.(X(§ D) =allN)= w

= W,

L

(ax)(
b( %

since §{ e B, , < B, . This shows

ax = b,

x7 (XN ) = B,y has the cardinal &,
for each A ef], . Therefore x belongs
to S. Thus the proof of right simpli-
city of S is completed,

The above discussion proves that
the transformation semigroup S is
right regular and right simple, but
it can not be a group, for S has no
unit element.

Remark, If a right simple semi-
group S has the unit, then S is obvi-
ously a group. More generally if
a right simple semigroup S has an
idempotent element u, then we can
prove that S satisfies the left
regularity postulate I. Therefore S
is decomposed in the following manner:

S xGXR,

where G is isomorphic with Su which is
the subgroup of S, and R is a right
singular semigroup which is isomorphic
with the subsemigroup made up of all
idempotent elements of S. ([41)

§2. An example of a left regular
and left simple semigroup which is
not a group.

In this §2, we shall construct a
semigroup which is left regular and
left simple but is not a group, by
considering some special transformations
on an enumerable set.

It is sufficient to consider the
dual of the semigroup obtained in §1,
if the existence of such semigroup is
only a matter of question. Neverthe-
less the example which follows has
sane interest of its own.

Let L be the same one defined in
§ 1. This time let S be the totality
of all one-to-one transformations x
of Q into Q. , such that the cample-
ment of the image of () by x has
cardinal <, :
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Q - x(Q) = R,

Then S is easily shown to form a semi-
group. For being x, y ¢ S,

(xy) () = x(y(L)) « x(Q)

implies
2= Q 2
z - x(Q1)

Q- ()

= ‘Ro .,

Now we shall prove that S is left
regular,
Let us assume ax = ay.

Since a is one-to-one into-map of {1,

x(w) # y(w) implies (ax)(w)
+ (ay)(w), i.e.,
ax = ay implies x(w )= y(«)

for any welL .

This shows x = y, Thus the left
regularity is proved.

Next we shall prove that S is left

simple. Let a, b be any two elements
of S, Put
A=a(Q), B=1n(),

and the complement A or B is denoted

by A' or B! respectively. By definition,
A = R., B = ®., Decompose B' into
two disjoint sets such that each part
has the cardinal H

B!
B,

Let s(¥ ) is a one-to-one corre-
spondence fraom A to B;. Define a
transformation x as follows:

§|VB33 B,n B, = 954
Bl= R o

ol

b(% ) where w=a(s ),
xw=} if we A,

3(“"):
if w e A',

Then x is a one-to-one transformation
of §) into Q such that

Qonc) = Q- (BUB) = By=Rs.
This shows that x belongs to S,

The identity xa = b is immediately
obtained.



It is trivial that S 1s not a group,

for S has no idempotent element.

‘§3. Another example of semigroup

which is both left regular and
left simple.

Let {1 be the totality of all non-
negative real numbers:

—Q. =(O, M)-

And let S be the totality of all posi-
tive-valued strictly increasing con-
tinuous functions f defined on (L
such that

lim f(w) = oo,

W=

Obviously
= o0 'n-
£ (Q) = [£(0), =) T

Define a multiplication fg in S
such that

(fg)(w) = f(g(w)), for any

we-Q.

Then S becomes a semigroup. Now we
shall prove that S is left regular and
left simple, but is not a group.

Proof of left regularity of S.
If fg=fh in S, then for any well,
we have

(fg)(w)
and then
f(g(w)) = f(h(w)).

Since f is a one-to-one-into-map,
we have

g(w) = h(w)

(fn)(w ),

for all « € &L o

This shows that g= h.
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Proof of left simplicity of S, It
is sufficient to show the solubility
in S of the equation

xf = g
for any two functions f, g from S.

Consider the following function

g(9) L
2 { [ £

glf7)

Then it is easy to prove that x belongs
to S. And

(xf)(w) = x(£f(w)) = g(£™" (£(w)))
=g(w) for any w e L -

J ir 0 = w< £(0),

x(w)=
if £(0)Sw <@

This shows that xf = g.

Proof that S is not a group is
obvious, for S has no idempotent
element .
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