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In this paper we shall introduce a
stationary natural mapping in w*-
algebra generated by a two-sided re-
presentation of a D* -algebra 01 with
a motion <̂  ( e.g. cf. U8])— a D*-
algebra 01 is mean by a normed -algebra
with an approximate identity and a
motion Gr is mean by a group of #auto-
morphisms on<7l(the motion has been
introduced by Segal for C* -algebra)*
Next, applying the stationary natural
mapping and the decomposition theorem
of Segal (cf* Th.4 and its proof of
[71) we shall prove an ergodic decora-
position of a Or -stationary semi-
trace of separable 01 under a re-
striction which generalizes an irre-
ducible decomposition of finite semi-
trace (cf. Th.l of C91, I), ergodic
decomposition of Cr -stationary trace
(cf. Th.6 of C8]) and ergodic decom-
position of invariant regular measure
on a compact metric space with a
group of homeαmorphisms (cf. Th. in

App, II of [3] and Th,7 of C73).

1. Let 01 be a D*-algebra with
an approximate identity ίM

αCl>
 and

with a motion CT (= is) ) i.e
0
 p is a

directed set and e* * ê  we*a £ \ for
all <x ε D , ιιe*χ -XM-* o for all

x ε 01 , and Anys,t*<τ are automorphisms
on 01 such thatH*

$
u = HXH, x

s
*« x*

s
 ̂ a (**$*. x»*

for all xt 01. „ Let -c be a <τ-
stationary semi-trace of 01 , i.e. -c
is a linear functional on the self-
adjoint subalgebra generated by ) χ y ; χ,y£<Jl}
ci.β. 0lz ) such that t rc**χ) % o ,

-

rcχ» for all x t γ ε 01

Putting 01 M X ί 01 5 x ( x * χ > » θ} ,30.
is a two-sided ideal in 01 , Let ΰi*
be qoutient algebra of £IO 01/Π-)
and for any x t 01 let xβ be the
class containing x . Letting (χθ, y β )
^ τcy*χ) f or all x , y ε 01 , OLΘ

is an incomplete Hubert space. Let

fy be competion of 01* Putting

x<^/ ~ ς χ > ) θ > **?' * (y^β arid

> Θ - N/*e for all x , y e (JL , ] x*,
χ k ^3; V i defines a two-sided re-

presentation of 01 * Moreover putting
U s y * = c y s ) & f or all ^ * <=τ and y t d,

ίU δί ^?l ϊ -̂s a dua^ ^itary re~
presentation of (Er « For, C α s y ^ x») «
cy $ β ,x*) - τ ( χ * y 3 ) » τ^χ$"*» = c y * , u s-χθ)
and U s ty θ - c y a t ) 8 - αt y

s θ = α t u Λ γ
θ.

Then we have:

(1) ς Λ S ) Λ - = Us^Us-. a ιvuλ(χ s ^= U i X ^ U s - .

for all * £ Ot and s « £r 0

For, U
s
χ-U

$
..yβ* U

s
χ-(/")^U

s
(χy

S
"y

» c x
$
7)

θ
= x

5
*y* and similarly for the

latter* Putting w* , w
b
 and w^

W* -algebras generated by j χ
Λ
 , x ε 01} ,

i χ
b
 x ε 01 > and { u

s
 , s c 6r) respective-

ly, W*« W
b /
 > W*-' * \V

b
 , jAj = A* for j

all A t W^ΛW
1
*
 an
^ the -c is Cr-ergodic

if and only if W^ A w/
b
 * W^ * \ χ i \

(cf. Th»2 and Th,5 of [β]) where for
any set Γ of bounded operators on £v
p' is the commutor of f

 9

Let <£? be the family of all bounded
elements \r in ίy (i.e. v belongs to
oζr if and only if «χ

b
^« ^ Kιix

θ
/ι for all

cf, Lδl andt9]) whose corresponding
bounded operators on fL be v* and
v

b
 such that vr^x* » χ

b
>, ̂

b
x

θ
= ̂ ^

Then \ χ
e
 x s OiJ c ,6 and χ

θ
 *• = x

x

for all x ε 01 , and the following
relations are equivalent each other :
for any \r, and \r̂  in &- ^»* * ̂,
^
b
" ̂ί

b
 (both as operator) and v, » vr

2

(as point in ̂  )
0
 Now we can define

in <ίy a* -involution and a ring pro-

duct : v* and i^y^C- ̂ Λ^ - ̂ v , )
for all ^> \r, ,̂  « Λ satisfying
that v* = JΛT, v*"-v* * υ-*

b
« ̂

b
*( v *,

v^
b
* are adjoint operators of v*

and v
b
 ), jxr^-j » χr

b
* , (̂ ,v

α
)
a
 »

v,
Λ
 \r/ , (v.̂ ŝ \̂ \r,

b
 and 0-1^,4x2^)^

^rvr/^XixΓ^ (for dl= <x ̂  b ) (
c
f. p.35

of 183, peόl of 193, II).

(2) U
s
χr ί & and (U

5
v-)*-» u

s
v« u

s
-«



or all s ε 6r and v t

For, *b αs v a us ufi- χb us v e Us x5"1 *

and

Next \
= u$u
The latter follows from the similar
method.

Let W
Λ(U)

 and W
blu)

 be the sets of
all unitary operators in \\r and γ/

k

respectively, and put U*«UjUj for
all U ε W

ΛiU>
 . Then (U*v)

Λ
 * (ujUjv/

= Uv/ Mjf
1
 for all * * & (cf. Lem 3 of

[£]). It is evident that for any

U ε W

for all s t 6r and u € w*^. For
any ξ * ^ taking |^ « £ ^U?"1? « K «

αί ^ and J
(4) x 4 ξ=χ b | for all

,
for all'

K j §

For, Uj Uj § a ξ implies j Uj
U"1 ξ β Let x § ό*l be ** » x

IT χ*» * 1 β Putting U t « χ Λ +
and u2= X Λ - v C I - x * * ) " * , U|

and u2 belong to w*1"'^ Hence

and

unitary group generated

Lemma lo For any u' e ̂  and
uViΛ and there exists a

unitary operator U on -̂ such that
lu,'\r)<S: Uxr^α* for all \r ε & .

Proof. For α' * U
5
 tt

41
 (for some

s* & and at W
ΛCa>

 ), U' * e Λ
follows from (2) and the fact that
£-*- is ideal in W

A
 , and

.

For α" = α*u
5
 , similarly uV €

and Cαl
V)

α
 = C u* U

s
 \Λ)*

Since general element in <j has
product form of a finite number of
the above forms u,' and U" , we can
prove for any α

1
 in <j

Let ̂  be the closed linear mani-
fold of all the vectors ξ in ̂  such
that H' ξ » ̂  f or all u' c Cf , and
let Z be the projection from L
onto ̂  . For any ξ e £, , put Kτ =
closed convex hull of )Vξ u'eό },
Then "

Lemma 2
0
 (Godement's lemma; cf.

C23). (i) KV* Q consists of only
one point ξ, , (ii) «ϊo« = inf { l^α
ζ ^ K ^ } , (iii) 25-1..

(3) JU- Uj for all U e Cj and

JZ - 2j

For, jU
s
χ

e
 - j-(χ

β
)

β
= x

sίfθ

β
 ****

 w
 ^*jx

e
 and .iU*x

β

This holds for all s,a, x έ (51 » Since
any x « (R can be represented as
y •* \ z ( y and z being self adjoint
in <3I), x«"ξ » (y* ̂ iz

α
)ξ = (>

k
iχz

b
)^ =

for all x € cJV
 β

(5) K^oG for any \rcJi and Ẑ c/,,

For, let iξn^VCvr such that !„ =

and xw a 0 ) and |, -> ξ . Then
« - f c ξ , l * » 5L7L>Ϊ u r V H

for all x $ dl β Hence \ι & and we
have the former* The latter is evi-
dent by the former.

Putting (υ * ) ( Z ^ ) A for all
by the proof of (5) H ( ^ Λ ) ί χ β

ι t Z v ) * x β ι ιukZχ/u*χr*iιi)Λιfor all x t σ
and we have

(6) ιυ **.ι ^ HΓN for all v ί ,6

Let (fL and (R,* be the uniform
closures of ^>Λ and ^V*"^ respective-
ly, then

Proposition 1* The mapping } is
uniquely extended to a linear mapping
on β, onto &t such that i

(i) A ί ^ implies X^ = A *
(ii) A^- *** and ( 4 * Ά ) ί ^ 0 .
(iii) C U A U J ^ A ^ for all u* w*il4)

and all U* U 4 cs 4 ̂
(iv) (Λβ) f *(BA)> and C A f

- A
f
β* for all A ., B c & .
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(v) (Aξ,f )~(AK,ξ) for all
A * ,£ and ξ ε ̂ .

Prool'α (i) follows immediately
from (6). (ϋ): v**' = (Zjvτ)*« ijz*)«-

(* b Z^v, x θ )
» lim C £ λΓ χb ιC**vf χ χ

Since ( χ b U ' v*v, x*) = (u xr^v'-ufV, x* )
II \r*u~' x*!3'! 0 (where u is as in

lemma l), χ8, χβ )
Taking v* s £3 such that uw?; - Λ Ί I «
u <* - A* ft-* o'u-*oθ we have (ii).
(iii): Since for any u * w α t u > K u *u
c κ ^ Z U * ^ e K u and Z U * ^ £ K U Λ <Ί ,
Hence by lemma 2 ZU*^=Z,v and <.Uιr*uV
~ tu*vΉ ~ (Z U*v)α = ( Z x r ) Λ = v**
for all^U £ v/'"1"' and v ε ̂  0 tfhile
for s i Cr > similarly ZUs'v- Z^ and
( U4 v*u$-0* a 1 us v )Λ* «= ( Z U* v )* = ( 2 v )*- v**
Taking v * .6 as the previous we have
(ii). (iv): For any & , \s s & and

β ivr, v**Z*«)
hence i r * « r * ) *

(because

For any A ,B ε ̂  , taking \^\, ]w*
ιι υ-n - A H — •* o and » v^*- _ B i __ .̂ 0
we can prove C Λ S ) 1 =» c & A ) ί , (A { S)^
A^ B* and clearly = ( A B h ^ . (v):
For v, v £ &t ( v - Z ^ Z w ) « (vr^

Since 2&- is dense in ^ and | I < - A B
-̂  o implies ιv*>- A h ~>o ,

(v) holds o

Lemma 3o If ^ has the following
properties:

(7) is dense in

Then the mapping v°" *+ v^ ^ is strongly
continuous on a sphere of J^ 0

Proofβ Since Z& is dense in ̂  ,
(7) is equivalent to that { χ Λ Z o ;
x * cJl^€^}is dense in ^ . If
v/ ->• \r* strongly and u v J ιι 4 M >
then i K v J - \ r * ) * v 7 * * x * n ^

(since ((^{-^^Zw, *e) -

for all
« ̂ "1(̂
strongly.

(8) The approximate identity {e,Λ in

σi satisfies that e* belongs to the
center of <JL and f̂ « e* for all
s e & and <x € D 0

If K^fr satisfy (8), then (7) is
always satisfied. For, clearly ^ « ^
and e^xθ —-> >^θ strongly
in tj. ^ and { x* e
dense in «

έ OL

THEOREM 1. Under the assumption
(7) or (8), the mapping J (on £/ ) is
uniquely extended to a linear mapping
on W Λ onto W * (β W Λ ^ w*« Satisfying
the conditions(i) - (v) in the Prop.
1, where we take W Λ and w$ in the
place of (31 and &$ respectively which
coincides with $ on Λ introduced in
Prop* 1, and moreover

(vi) T* I , and ( A * A V = o for A
A = o o

Proof* Since .6^ is dense in W α

under the bounded strong topology
(of. L41) > by lemma 3 and its proof
5 (on Zrα) can be uniquely extended

onto W 0 " t Since the uniform con-
vergence in <&-* implies boundedly
strong convergence (in the operator
topology) p the introduced mapping j
(on W Λ coincides with $ (on <& ),
If v^« Λ and u^n^» H , then vj ~> A
(strongly) if and only if \Γ£* ->A*.
For, <*fZ^ * ^* ̂ pZw, = v^ w*z w,
and ( uj vrΛ

4 Zw,^ is Cauchy directed set
for all vrt ; wa t ̂  since { χ Λ Z v
xf^-^ε^Jis dense in f^. and H v j j β * »jv;*jι
- B VJ ιι si M , there exists a strongly
limit B of v£ . Since for any

lim C<iΛ
3 8 3 = A* and hence
The converse is clear. If iZσ)*! = o
for all \ r e & , then (tf^^x* )= ((Zvr )α*ξ,χ*)
55 (C,χ Λ Zχχ)= o for all ** 01 , v € & ,
and ξ » 0 » Hence there exists } u 3 \
c ZXr such that i <& 4 i and u/ -* Γ
(strongly) by Satz 5 in t53 and Thβl
in L'4] For any α 6 2Λ , A * W * and
U'e Q , u ' A * A U ' ^ and hence U ' A α =
A U ' u * A u or A u € 2Js . By the con-
struction of j on >vα > Aί is
boundedly strong limit of a {\r*$ \
ί ̂  « -6- ) and hence A * u* « ( A up 4 «
I Z Λ u ^ s A u f . Since a,*" <— y i strong-

ly, A 1 β A . The fact A * e W ^ for any
A t w* follows from that &* is dense

in W Λ under the bounded strong topolo-
by. Since for any A ε v\r we can take
W»t c £ such that «v^ii6 M, v* —> A



and *£*—?• A* strongly, for any ξ «

v*Λr it +ϊ-r Π » v n - v p / ; ζ n T i"t n w p/ — Vp ) £ )\

hence v£*-\r^ -> A* A strongly and ^*vjft
~**ft& M* . Since (i) - (v) fold
in £,* (cf. Proof of Prop* 1), we have
also (i) - (v) for A * W

Λ
 .

(vi); Since I £ w* , I* - Γ is
evident. Let A t W* satisfies (A*A)*

and
for all

and v ε Hence A

Now we have following

Corollary 1. Let T be arbitrary
Gr -stationary trace of a D* -algebra
σi with a motion $ and let W Λ , wΛ

and Wί, be the W * -algebras generated
by the representations 1*%V> ίΛ^land
\ v * s , *ι i β Then there exists a 6r-
stationary natural mapping on w* onto
W Λ Λ W b Λ W ^ satisfying the properties
(i) - (vi) on w* ,

Proof. There exists a strictly
normalizing vector \ * ̂  such that

for all κ t 0L and \ ** ξ * « 01 i is
dense in ^ (e.g. cf. Th.l in C81).
We now prove υj -> ^ strongly in "̂
for any approximate identity J w .\ in
01 β Cu. β ,χ β > » l w ξ , x α ^ ) ~ r ( u ? c * > - >

for all p> 0 Hence ^^ — *> ? weakly, and
u^ being uniformly bounded, con-

verges stronglye Clearly e/ is also
approximate identity in σi for alls£6r
Hence i <£>•-• u$^ —> αs^ ? teί)*«-» ξ
and hence u tξ ~ ^ for aιι s € 6r ,
Therefore ξ belongs to the manifold
1 , and the condition (?) is always
satisfied and by Thβl we have Cor.l.

2. In this section, we shall prove
an ergodic decomposition of a <τ -
stationary semi- trace -c of a sepa-
rable D* -algebra 01 with a motion (T .
»Ve shall use the same notations in
§ 1, and assume the condition (7) or
(8), Since 01 is separable, the
Hubert space % is also separable
(cf. LemΛof C83) 0

Lemma 4e There exists a nonzero
vector ^ in ^ such that j\ » | and
U Λ ξ x € θ i } i 3 dense in *v .

The proof follows from the similar
proof of a theorem of Segal (cf * the
last paragraph of the proof of Th 9*
p,49 of C73): Let if,.} be a countable
family of nonzero elements of ^ which
is maximal with respect to the proper-
ties: 1) j t * - ξ* , 2 ) ι0ι*UΛare
orthogonal with respect to each other.
Putting ξ « Γ ξn/2»i5,i is tnθ re-
quired one. This follows from the
proof of Segal adjoining the facts,
that the closure Wlh of 0^*1^ and
projection ?* (onto Win ) satisfy
that o\Λ^ΉCinft.n,<Λb«ft.wcίan, jm~c*ln,
us *&ι* c am^ for all s c <5r and ?„ c w*
(•wVΛw;), and that i χ*S x f Λ, ζ ε ̂  \
spans ^ .Fί

Let &t (rβsp. Λ f )W (ft algβbraβ
generated by & (respr tft^ ) and I.
Then the natural mapping S on (fL is
uniquely extended on &, onto <&,$
which coincides with the contraction
of the mapping $ on w * For any
s ε <5r and A < cfc (or <fc ι ) putting
A s - U $ A « s - » , A V « Λ (or <fc» ), <τ

defines a motion on (R (or &,) such
that χ* s « χ$ α f or all 5 ε άr and x « 01 .
Let H and !!» be character spaces of
#,$ and Λ? , and putting w ( A > *
ω ί A ^ ) for a l l Λ « Λ - ( o r < ,̂ ), ω are
<τ -stationary traces of ^ (or <R,<

respectively) o Then. Λ (resp. Λ, )
is locally compact (resp. compact)
Hausdorff space^and there exists a
Radon measure ά on IX such that

(9)
for S s <£* and A ε

The (9) follows from that
and ω(5A)

β

, S 6
C A ξ ,

ts. u)ίS)w(A) for all A fe
ωε A , where

and

Denote It the C* -algebra generated
by \ « * x c 01 \.

THEOREM 2. Let T: be G -stationary
semi-trace on Λ and Λ the character
space of # $ . Then there exists a
positive Radon measure v on jft such
that

(10) τtxy) * j <̂-(

for all x , y t oT and ̂  are
almost all Or -ergodic traces on 01.

Proof. By a method of Segal which
is done under the resolution of
identity (cf, p.284-5 in C6"i), for
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any s.a, v ε Z«G- there exists a sequ-
ence {%n\ of linear combinations of
orthogonal s.a, idempotents in Z£
such that

(11) II <U- 0, and

+ *.For any v t Z ίr , taking
(: <*v, and ̂  - v

x
 )

}

holds for v. Denote &
P
 and 06̂  be

the sets of all s.a, idempotents in
Z& and linear extension of &f
respectively. Let <fc£ be the set of
all projections in &* . then Λ^JV^

(*ir;M-M) (cf. (4°), p.25 of [9],
I). This follows from, that for
f *<#t taking UΛ

 c
 -&t such that ft%\ -

?K -> o (which is possible by (11) and
the fact that the uniform closure of
JCr*' is <fc* ), %* cω> -> pouMmif ormly on
Λ , and that &

α
* is an ideal in fc$ ,

Let C
9
CΛ) be the set of all continuous

functions on £1 with compact supports.
Then C.ίΛ)cΛ*(tf* being an ideal in
Λ* ).*

Putting v<ΛpA)«" «tι a for any |> ε Λ^ ,
Vol ) define a complete additive
gage on βCrp which can be considered as
a complete additive set function on
the collection X* of all compact-open
sets in II (considering v«cvcp» vβd> )
where i^ is compact-open set corre-
sponding to t> t £τγ ), and it can be
uniquely extended to a complete ad-
ditive measure ^ on the family of
Borel^sets generated by Xβ »

Then for any
) are in

, vr ε 2£ ,
) and

and

— v o ,
).

(12) (v, w) =

For, by (11) we can take \

Λ^nίt-v i—>Q and 4 τ£ - VΓ*ΊI -> p

Since H*- ̂ ^̂  * 5 ι ttcuo - i'

there exists a vc ) in Lf(A,v) such
that t* tu>> — * Vurt in measure, and
n^v'i2 — w o ( u iχ being u< v> -norm)d

Since V;cω>^v*cω) uniformly on JCl ,
y'cu») » \r° Cu») α c.^ and hence H^^-vu^s
Jittuo-vΊωM^viirt-* o ^ Similarly
|fn^wnz ~ ^ »T^^> - ur*Cω)|x cAv(to) - ί» O

Hence tv, u/>

For any \r t and

tZv)*iω)ur*
 fc
(w))

>
=: J α;(v

A
ur^) ctvcω).

For any υ , ur ί ̂ and u ί Z^>
?
 (u«v, ur) =

Letting \ u w \ c Zj> such that, α* ^ o,
»<ft^ 1 and o 4 ω(«A^vr*-xr* * ) -> ^Cv^-*/^^)
(the existence of \u *\ ίs possible byttat
^α v*<ί tω)C=w((vΛ*Lr*' Λ )ί)) vanishes at infi-
nite on JCI ), ί υ C u ^ ur*^**) £ o^Cvr*^*-*)

and JcoCutvV^^vi^sCu^v,^) ^ ( v, v r ) β

Hence by Fatou
!
s lemma ^(u *̂ **-) is

V -integrable and

Let |A n K ί f s u c h that » A n « $ ι ,A»
and An -̂  I strongly on ^ <> Since
c*/CAnv>Aσ**) 4 ω(x;-χ^*)and ( oCΛn^α

" C A Λ v,\/) -y c^χ^> S ( ω(vr f cv *
Hence

^CvΛ χr^»)<λvtω) β C v Λ , xr)

for all ve<k%

For any v; \AΓ e &, ̂ ^^ is complex finite
linear combinations of the form v^v*
(i.β.vvr*« Γΐλ t e^^* € -G ). Then,
taking UΛ in cZjCr) 4 as above it can
be shown that (\τ,y/) = ΓHί^k,^*,) o This
implies that ωc**>^ ) (•£"(*; vh* ) ) is
v -integ rable and j ω(\r*w»*> <A>?CU>) =

Since ^<»e ) determines a unique
positive linear functional ^t ) on
C β(Λ) which is the contraction of
^'> onto C « ( Λ ) and vc^) - v . c r )
* v.c^> for all (> t ̂  , dv is a

regular measure on ίl . Since for
any ϊ ' Λ W^" is contained in&*ί
and weakly closed, ( K , v > ) is perfect
measure space (c f« Lem. 1.4t of (7J )•
Hence any non-dense set in Kp or
more general any non-dense set in Γi.
is V-null set by the regularity of civ *

Let P be the character space of
W $ , then w* is #isomorphic with
CIΓ) by S - * S < ) > and there exists
a continuous mapping # from Γ on
XI» such that sc#(ί)) - S e r f ) for
all S€^ and ί« P. 'we prove that

jfl Since f (P) is compact

(since

in Λ 4 , if f l t - ^(P) is non-empty,
then there exists a ot S s Λ/ such
that S t # / > ) - o f o r all / e P . Since
S € W* and $ ( / ) = o for all / ί P ,
S is zero operator on fy « This is
a contradiction* Let dy' be regular
measure on.p such, that

< Λ S * , ξ ) st ^ t ί A ^ S C t ) ^ ^ ^ ^

for all A i W A and s ε w*
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where tf(A> are traces on W Λ defined
by < u o » ϊ l A * > for a l l ΐ i P and A έ Y C ,

We shall prove now that, putting
ttfU^ίU) for all A * ̂  and Λ « W * ,
v»f are Q -ergodic traces excepting a
f ' -null set in Π *ί Let t tf*,f|b, 3,^ y

(YiP-hO be the two-sided represen-
tations of R and let ίf y(U s),^ϊ } be
the dual unitary representation of Q
with normalizing vector ξ ε L such
ttet

S* ) for all A £ £ . Let ,
and W f r U ) be w* -algebras generated
by t f } ι A ) l A t $ . * l < f i ^ A ^ A t i t and

ί f iWΛ^o As in the proof of Lem. 4*2
in [73 (cf. p.31), if ^~ ft + ^
for £r -stationary traces p^ and σ^
of 11 such that ft ( A ) and <r t (A}
are f -measurable for all A * "R, , then
fycM = O5r<f}(A)l,,^)for all A ε ̂  where
T γ € wa«VwWOnW&«)'and H T Y H S 2
(cf. Proof of Th.5 of [73 ) o For any

A , 8 « H , f , t t f h A)(
is p' -integrable and

Since |Aξ A*Kj is dense in fy ,
there exists a bounded operator T on
•̂  such that

(13)
for all A , B t R. e

From (13) and r^ί WαCT)

Λ W k 'V Wer^) '
it implies T e w* Λ w f e

 Λ WV > and

for all s ί W^ and A , B s "R

Hence Tί » TU) T^ ^-<-< where 1̂  is
unit operator on i»^ * Thus we have
Lem. 4o2 of Segal ror ^-stationary

trace by the similar way« The proof
of theorem of Segal (p. 32-4 in (?)) is
applicable for Gf -stationary traces in
the place of state, and »y are Cf -
ergodic traces on ̂  (i.e. extrem

points in the space of all <τ -station-
ary traces of "R. ) excepting a p '-
null set in Γ

 ύ
 For &ί£i putting

ω'lA + M) = ωiA)*λ (f
or a
ll A t R, and

X ), <o'$ .QI (cfo po32 of [?]) and
the correspondence α; -»• u>

x
 is one- one

(form £1 into Π
Λ
 )• For such a co'

we denote co under identification.
The inverse <^~' of ^ induces on Π :

φ-Uu» =r f Vwυ for all ^ t ίl « Let
IV be a set of all α> in Ώ. such
that ffy (ω> are <τ -ergodic traces*
( wfu>:> is well. defined as a OT-
stationary traces on "R. excepting a
f*' -null set set M ; by the fact that

for all A € R and all
If χi - α' contains

a non-null open set Ho , ^(ίl .) is
non-null open set in p and for all
tifϊ&o) t»^ are not Or -ergodic on U
This is a contradiction* Putting
iKwlAtewy^ίA), 'twere exists a V -null
set N in /I such that mω are <j -
ergodic for all ω « Λ - r4 0 Putting
•π ̂ c^) = V Λ ^ C X * - ) for all x e σt ,
ffw ( u > f c Λ - H ) a r e <τ-ergoriic traces on
01* Indeed, if τtt » x<\ -t u-χ)-τ2for

some <τ -stationary traces -c, and τ2

on CFL and o £ x £ i , then ) r t ( χ v ) i *

**« Put-
x t d. p-vis

and hence i -
-V C^LXΪ implies ιτ\u>ι s
ting f;>**> - c

;
u) for all

well defined as a positive linear
functional on \χ*) x * σij and p^x**)*
f
;
c*

5
*) * τ

L
tx

$
 ) = τ

v
tχ) = f

t
tx*)

 0
 Hence f

 t

( v ~ 1, 2) are extended to <r-
stationary traces f I ( ί. « 1, 2) on
it such that

 w
w - χ?ί ^ cv-λϊ f^o There-

fore T, and -Ci are linearly de-

pendent. Since ις
0
<.

)
<) = tn

w
cχ' )sω(Λ

ft
) >

τr
w
c>*y> is v -integrable for all x ,

> fc oι and -ctχ>*) = f Tr^cxyVvtω).
The proof is complete,

 J
Λ

The decomposition of finite semi-
trace onto pure traces follows as a
special case (:<Ξr consists of only the
identity automorphism) of Th.2, be-
cause (?) is always satisfied for
finite semi-traces (cf

 9
 Prop* 1 of

[83) j and we have Th.l and 2 of L9J,I
as special cases, since for non-
separable case the present proof re-
mains valid for the type of C93,

As an application, we can prove an
ergodic decomposition (to finite
ergodic measures) of invariant (not
ergodic) regular measure dτ on sepa-
rable locally compact space £. with a
group of homeomorphisiπs under a con-
dition that if there exists a family
of finite invariant regular measures
t<*^ a ί such that Jτ and Uj^y are
absolutely continuous with respect to
each other in the sense that for a
Borel set β in £ is <*τ -null set
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if and only if * p. -null set for all

As another application, we have
7-ergodic decomposition of H#«Λ
measure of a locally compact group
with a complete compact nbcί system
invariant under y where *f is the
group of all inner-automorphims .
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FOOTNOTES

0) The natural mapping £ in this

section will be introduced by a similar

method with Godement for algebra of a

representation of a unimodular locally

compact group corresponding to a posi-

tive Radon measure (cf. Jour, de Math,

pure βt appl. 30 (1951)).

1) A, stationary trace (resp. semi-

trace) -c on (JL is called Gr -ergodic,

if < is not convex combinations of

two other linearly independent G -
stationary traces (resp. semi-traces)
on όl where the trace < satisfies
sup t τl κ*χ ) x * 0L , « x « £ 1 } * 1

2) In general, j A j £ W b if A « W * ,
and jB,} ε W* if B e w k . For

j A j € Wb « The l^Λter similarly
follows .

3) (4) implies that v*l - v bξ for
all v & /, and ξ € ^ . For (v*ξ, >e)~

all x € (JL.

4) J. von Neumann !s theorem ( [53 )
stated for separable Hubert space,
but both the theorem and the cited
proof remain valid for arbitrary
Hubert space*

5) For any ε > o there exists flβ

such that tt i & A - v*vΛ* » - « < A*- *(* ) A ξ | *

luΐ-'Htt j/

6) Let vti be closed linear mani-
fold generated by {>*1 , x Λi and let
#lι be the othogonal manifold of 7ft

(i.e. flΠi * w*-"1" )β Since Jχ*| « 5**jξ s

x* kξ « x*» ζ and Usχ*ξ s U$χ*Vi χ**ξ
for all x € σi , atfl and 2fϊlt are in-
variant under j and Z » If Z 1KI\
(*^Λ efrU)^ o, then there exists ζ in
Z?Λ t (such as j ^ * ξ + o ) and
ζ c a f l l t . This is a contradiction of

the maximality of { ξ n ^ * Hence 2Ύ6l{
= 0 o For any ζ t 33fl,, ^ € Λ and
V c . t r , (ζ,x*Z v)B !(χ 4ξ,Z^)=(^xS^
(since xαζ t 2θα,t, Z χ Λ ζ e m., ) - o .
Hence ζ * O or $lt» 0 , i.e. #l * ̂  .

7) For a locally compact space £ ,
we denote Cwie) (resp, C C E ) ) be
6* -algebras of all continuous
functions on £ vanishing at infinite
(resp. all bounded continuous functions)
with norm iiμ * sup ι i ^ t > > l and #in~
volution j*Ci»~i^> (:complex conju-
gate). Then <R/ and <R\ are #iso-
morphic (i.e. ^preserving isomorph)
with CαΠ) and ccΠ,) by the iso-
morphisms A -* A i ) and Atω> =» ω(^ for
all A c <R> , ω € Ώ and A s (£^ , α > « Q ,
respectively.

8) Because -ίKy; |> € Λ^} form a
complete basis of open sets in £l 9

9) We can prove by the same proof
of Segal (cf. p.14 of [73) that sup
\11 A¥ A ) A t U , il A a 6 i ίι = i ex-
cepting a |χ' -null set N 1 in Γ%
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