A THEOREM ON FOURIER SERIES
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Theorem].;) Suppose that a function

fo,x) is defined in - <x< 00

ogk<y » with period 2w and
measurable with respect to x and
there exists a function Stv  with
period 27t , integrable in (o, 2zx)
and, such that

| -shc.t)( < S00)

for every x and T . Now suppose
further that §o, 0 is continuous
with respect to t at each x belong-
ing to a set A (c [o,2n)) of
positive measure; then o5, (X,t)
tends to fuw.t) uniformly in
ost€1 at almost all X belonging to
A , Where 03(x,t) denotes the

m ~th Cesaro sum of the Fourier
series of 5,1 of order 1 with
respect to X .

Lemma?) If a function [ XA 9)
defined in a<xg 4 , osk€l
is measurable with respect to x for
every T and continuous with respect
to £ for every x belonging to a set
A* of positive measure. Then for
any positive number £ there exists
a closed set F™ such that

m ( A¥- F“”) < £
and jtuk) is continuous on
{ety; xeFY, ost<}.

Proof, Let % t“,"", td‘,’---
be all the rational numbers in

fe,11 . Since fu,t) is uniformly
continuous on [(o,1] as a function
of £ at every xeA* , we have

A* - Z..N A:"\

W=| )

* %
where *A«m is the set of all X
( € A* ) such that for every ' and
49 that satisfy 129 9\ < v,

Afeady- fiden| <y
Anm

Now we take the positive numbers
€. (i=t2,- ), such that

are clearly measurable.

We can take a positive integer m,,,
for every positive integer n. , such
that

x *
wm (A -'A‘,Im) < t"’\a'
On the other hand, we can take for
every integer £ >0 _ a measurable set
A%, such that § x, 1% is
cong“inuous on Az and
*
m (AT- A< ¢

by Lusin's theorem. Then we have
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Since “L‘A" ]r-u.A*»‘Nn is
measurable, it contains a closed set
EF@® , such that
(SIS 0w . ox (o,
w (AT At B
< %, (=)

Then it follows from (1) and (2) that

m (A-F®)<ce.

Now let us prove that {»(x,t) is
continuous on the set {(x,t); LeF©®
ostél] . Since the set of t% '
=12 is dense in (o, 1]
and }ix, %) is continuous with re-
spect to X at every xeA® , we
have

Vot -f i) € Vo,

£ S
whenever X€ Al .. , oft,$I

3
o€k, €1 and 1%-Ra)< Yoy
Consequently {ix,t) converges to

o
1€
f(x,t,) uniformly on '“;‘A%m

when £ tends to an arbitrary number
X, , such that oSt.<! . Since
furthermore there exists a sequence



{ t%}  which tends to £, and
{ (e, £y is continuous re-
spectively on Av% , S0t is

continuous on o .
wox
T A (em. A0
Next we take an arbitrary number
x, eF® Then, as proved above,

for any integer m>»1 there exists
a positive number ¢, such that

%%, )< dw, xeF® implies

Hoot— fwtol< (3)
On the other hand  |t-%o1< Vmw s

xeF®)  implies

\ &(‘,x)— )((x,t.)l < VYn “)
Since F%c A:.""n . Then it
follows from (3) and (4) that
| %=%q) < 3‘,,1 xe FO ‘k"to\<%n,w
implies

| }u,‘t)mf(x,lt,)l < 2 f )

q. €. de

Proof of the theorem. By the above
lemma, for any integer wi.>! , there
exists a closed set F,, , such that

Faw s m(A-Fu) < Vam and further
such that {(x,X) 'is continuous on

the set {u k)3 xcFu ' osﬁé\}

First we will prove
L& b

\ 17
—;_@-[wlf-(tw-,t)-—j(x,t)\dv
tends to O uniformly in o<€t<i
for almost all x€A when w(>o0)
tends to O, Now we have

- &)

=k me"\ ﬂ«d‘,t)—& w,)| dw

g IF‘” lf(w,k)-—j—(i,t) ldw
i (s)
is Lx, -\, x-\'w} Fw
and

Since f(",t) is uniformly con-
tinuous on the set {(xt); xeF,
o<t<1} because of its compact-
ness, the first term of the right hand
tends to O uniformly in osit<)

with u~»o in case xef, ., Next

by Lebesgue's theorem the additive

where F’?A,u, x

function of a set,

GT,.,_(E);——I S&x)dx

E'C'F*

has a derivative equal to O at almost
all * belonging to the set Fi

( < Fa. ) such that m (F-Fi)=o
and further such that all the points
of F,,,f‘ are density points. Since

: f J(
(v t)— iz, w
“ F’(‘::Lﬂ(, ‘ ! ')( | Oi

()
(F-u,x

u
where M ()= ’:;Eénl f(n,tll , the

second term of the right hand of (5)
tends to O uniformly in o <t<
with W~0o , in case X€¢F; , by
the definition of F,: and in virtue

A
< Jpw S (w) dw 4+ M 0=
mu, X

of M < oo at any x¢ [, . Thus
§t(u,t)/w tends to O uniformly in
ogtel for all X belonging to

N
2. Fan (In the sequel we denote it

oy

by A. ) which satisfies
oo 3
m (A~ Z_M:‘ Fo ) =c-

Now let us prove that 93 (0.T)
tends to {(x,¥) uniformly in
o¢k€y with m-» oo , in case
We can easily obtain

27(,((1: (,5)— %kx,t))

T
"——“—f { f ru,t)— SQ*J)} Knlu)dw
A
—_ {;{g(wu‘t)-— S(x,t)} Ko da
"’J:‘H“*u,t) - j‘u,t)} K (wdu
i
n{ §Uﬂ&’k)~ %(x‘:)} K.\\‘*)dw

| [ V?
where Kn“‘)‘:;",(“%) .

Since | K, m)j<¢n in [-=, ] s

_I_
i LI{S(“K,t)—j(L,t)} Ko () a4, |
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The left hand tends to O unlformly
with respect to & with m—»v in
case x¢/), , since so is the right
hand, as proved above,

Next, since |Knw]< ¢ in
LV, 7] ( C: absolute constant),
we have

' fim{{(nw,t)——f(x,/t)} K ,\w,

1T
C o, t)— {1
< 77/_'_ u*
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As is proved above, when KGA.Q s

there exists for any € o ositive
number § , such that i((u,k) w <&
in  o<cugd | oftg) Then if
_11C< 8§ , we have
LT & w k)
?Cf;j*—jzr“"‘d“v
§ (u t
~ ﬂma,t)“’f 45 ) ¢)
nw Xw W
< 3 L™
= E,—-ﬁ +FR[ / (S(x«v-)+lV](¥Dolvalw
<

T+ ——'— {j Swdy- 4—21(/\/[0&)}

The rightest hand of this is smaller
than 2€& when m_ is sufficiently

large. On the other hand we have
\[ C St 1)
W an

c (T
< C%fx,(%\,t‘) + ;‘,;[ {Smw)ﬂ/lw} d
-
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which tends to O uniformly in ogtg|
with n-»o0 in case =xe¢ 4 .

Quite similarly it follows that

f {fmu t;—f (x, t)} K dw

tends to O uniformly in o€%<) |
in case *€é Agp .

From all the results obtained above
and (6), it follows immediately that

oz (xt)— f«k) tends to O uniformly
in ost€| , in case xeA, Q.
e, d.

1) e can prove also its generali-
zation for functions of the form
f Gt t, -+, %m ) in the same
manner.
2) This lemma can be regarded as a
generalization of Egoroff's theorem,
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