
REMARKS ON MR. UIUΞMAR'S SECOND HARMONIC MEASURE

By M i t s u r u OZΛWA

Recently Leo Ullemar has introduced
h^s so-called second harmonic measure
S2ι in order to give a perfect condition
for the existence of Dirichlet-finite auto-
morphic functions.1' In this note we shall
give an existence proof and establish a
simple relation between Sώ and other
domain functions.

Let G be a connected domain bounded
by a finite number of Jordan curves Γ
and E be a closed subset of IT*
B s Γ -E. we shall now redefine
in i t s original form with a slight modi-
fication corresponding to a sort of normal-
ization condition*

Seek a supremum value of u( £ ) , £
being fixed in G, where u ranges over a
class •JJ' °f harmonic functions satisfying
the conditions listed belowt

(a) u(z) m 0 on E

(b) D^(u)

And we put b £ ( 5 , E,G) sβ
U
p
 u
( ς ) and

we call £2, the second harmonic measure*

In his paper Ullemar did not give an
extremal function in explicit form, but we
shall bring it into a more complete form.
We shall deal with this extremal problem
in its dual form explained below i Let
«£f

e
 be a family consisting of single-

valued harmonic functions being

(a ) m (a) .

(bt) D ^ (u) < oo

(c ) u( £ ) = 1 for a fixed 5 € G .

Seek an extremal function and value giving
inf D A (U) when u(z) ranges over the class

Since imposed condition (a ) and (b )
are linear and concern with the Dirichlet-
finitenesβ and (c ) concerns with the convex
normalization, we can believe that itβ solu-
tion must have a deep relation to a sort of
reproducing kernel function* Existence of
this associated kernel function of a family
satisfying (a ) and (b ) is easily deduced
by an elementary method, but we shall here
choice a more direct way for the sake of
later usages*

In the first place we suppose that E
and E1 consist of a finite number of ana-
lytic curves* The upper wave symbol fif
means the image of E3 by the inversion
process with respect to E. G and it* are
identified at the corresponding points on
E andΊΓana TΓ means a domain thus obtained,
that i s , S ^ E j g ; L e t g ( a # ^ j b e t h θ

Green function of the domain S with pole
5 6 S.

Putting N C z . S ^ ί z . s H g (z/5), we
can easily infer that wtz.5) s O on ! ' and
•̂ Γ N(«,$) "S 0 on E. Thus, if u(z)

satisfies (a 1) and (V) then, with Gτ =

r τ . | z - £ | i r ,CMC.

which leads us to a relation

2τe

i f r tends to zero. On the other hand we
know that

J z , )=Jjp(N(z,S) -
then two identities above lead to air elation

named the reproducing property of
K ( z , 5 ) , that i s ,

Especially we have

and K^.(z, 5) 0 on S* Thus K^(z, 5) is
a reproducing kernel of a family satisfying
(a ) and (b ).

The Schwarz's inequality leads to an
inequality

which offers a source of the solutions of our
problem and Ullemar s original problem* that
i s , in the case of our problem we have



which infers the fact that

,U. s)

is the desired extremal function and 1/K
(£»£) is the desired minimum value.
Uniqueness is easily deduced by the re-
producing property. Kς.(z &) > 0 in G
is evident by its construction.

In the case of Ullemar s problem we
have, by D̂% (u) £ TC ,

which infers an identity

and that

is an extremal function of Ullemar'β
problem.

For the existence proof of Su in a
more general domain G we need two sorts of
exhaustion, one is the case that Έ Is con-
sidered as the ideal boundary and the other
is tfce case that E is considered as the
ideal boundary. In each case the so-called
•Gebietserweitβrungsprinzip11 plays an im-
portant and essential role.

In the first place we assume that ϊ
consists of a finite or infinite number of
compact or non-compact analytic curves. In
this case the situation is easy.

Let {Φmjbe en exhaustion of G in the
following senses Bίji is a subset of E and
each connected component of ϊ , on which
there is only at most one component of B'»
is subdivided into at most three components
by EVt ^separates 35 from G, and consists
of a finite number of anaytic curves. When
n tends to βo , then G <* laonotonically and
increasingly tends to G.

Then we have for m > n

therefore

o< D

which implies the first
"Gβbiβtsβrwβitβrungsprinzip , that is, for
m > n

or

ThlfKinequelity is also easily obtained by
Γu (K m ) < Ό&&m) from Ullemar s
problem. *•*

From this "Gebletβerweiterungsprinzip",
we infer that, if n tends to ©o , then

i) Kwt*,*> i K ^ i V $ ) being either

® K

(X) There is no non-constant Dirichlet-
finlte harmonic function satisfying u(z)
3 0 on E .

© . There is at least one non-constant
Diriehlet-finite harmonic function, say
Kg.Cz.fc), satisfying U(z) % 0 on S .
And κ^.(z, 5) is bounded and non-negative
on the closure of G

i l l ) Converses of ϋ ) remain true, that
i s , i f there exists a non-constant Dirichlβt-
finite harmonic function on the closure of
G, then there exists a non- constant bounded
non-negative and Dirichlet-finite harmonic
function on the closure of £ vanishing
identically on E .

These results can be obtained by an
analogous way of proof as the ones used in
Virtanen[l], Mori[l] and Ozawa[lJ. There
is no need to repeat this.

The second "Gebietserweiterungsprinzip"
is the same one due to Ullemar,

Let Ĝ  and G be the domain such that
G C G j and ®=2j, then Ullemar proved

By our construction of K(z,z) this is
equivalent to an inequality

Let^(z,$) be equal to K^(z
($, S ) on G and 0 on G, - G, and
be a harmonized function of φ
have φ\ϊt$) iφ{$.$) = 1

and

then we

by Dirichlet principle, therefore
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which infer the truth of the second
•Gebietserweitβrungsprinzip .

Thus we have the following results;
Tor an increasing and exhausting sequence
|G Λ | of domain G,

i) K^*'*) T κ^<*.«)
being dither

ϋ) Φ K ¥0,00

Althoughφ occurs in the case that £ is
an absolutely pare pointset and © occurs
in the case that S and E1 are both ab-
solutely large pointset and each case has
the same conclusion as in the corresponding
case of the first exhaustion respectively,
a case Q)must occur in the case that E*
is an absolutely rare point3et and E is an
absolutely large pointset*

Since the above way of establishment
in the second "Gebietsβrweiterungsprinzip"
is essentially the same as in Ullemar s
paper, we should now add another quite dif-
ferent way of proof. Hadamard s variation
formulas developed in recent years rapidly
by American researchers9 say S Bergman, M
Schiffer, D C Spencer, etc., are much ade-
quate to this problem. Refer to S.Bergman s
book [ίjor an appendix by M Schiffer "Some
recent developments in the Theory of con-
formal Mapping" in R.Courant's book
"Dirichlet principle, Conformal mapping,
and Minimal surfaces".

Bellowing B«rgman'β book, we suppose
that the inner normal displacement Sit
of the boundary curves is positive, that
i s , 6*1 fc 0 is equivalent to G O ζf, where
G*is obtained from basic domain G by the
boundary displacement Sit The ana-
lyticity assumption for boundaries which
should be postulated in Hadamard s varia-
tion theory is assumed to be fulfiled in
the sequel.

The following formula for the varia-
tion of the Green function is well knowni

where <g£^ denotes the inner normal
derivative at t. ίn our case SVu 0
on E, hence

Similarly, we have

In this variation formula, we must remark
that άA% - -dA* for t * E andS*^ Sn^
and ^ rotates with the inverse direction
of t and moreover

from which we can infer

Similarly, we have

Putting z SB 5 , then easy calculation
leads to a relation

Since Kβ.(t, 5 ) > 0 in G and
a O ΐ th V (

G

2 oon
$)a if S%<0,

which infers the

. thus
and similarly
2% therefore
that i s , G* ^
desired results

and equality sign occurs if and only if
G = G*

Although the desired result can be
obtained by Hadamard's variational formula
as above, the formula is not used in its
full force* So we shall supplement this
lack in order to obtain a more precise
result.

At any point t £ G,

and both members vanish identically on S
which infer

at t ( I1. Since
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Thus v(z ) S 0 o n G + which i s absurd.
What phenomena can we expect for

holds on E f , we can infer that, i f 0 ^ 1 0 ,

On the other hand * J $ ( z , ? ' ) 2 0 holds. By
these vari&tional inequalities, we can say
that

5)

which leads us to a more precise
^•Grebietserweiterungsprinzip , that i s , if
σ C G* and E « B*. then

\ K

The last inequality can be obtained in
a more direct way. Let G+ be a connected
component on which

Then Cr is bounded by the curves consisting
of a part E* of E and the regular curve
"Jf on which v « 0 holds, G - G* is not
evidently an empty set, for it contains
£ at which v(J^)4θ To prove is that

G+ is an empty set. On if jv(z) a 0 and
on S*

The former one has not the monotone, ty
concerning with the variable (nonotonicel ly)
domains. This i s e ε s i l y deduced by the
maximum pr inc ip le , so we omit off .

l o r the l e t t e r one we f a i l e d to obtain
the monotoneity, but i t seems to us that
the monotoneity holds on the closure o f G
as the second "Gebietserweiterungsprinzip*
in i t s most precise form.
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NOTE

1) Mr, J Tamura stated an excellent but
somewhat complicated existence proof on
the Ullemar's extremal value at Kansϋron
Danwakai (Meeting of the researchers of
function-theory) in Tol /o held at June 27,
1953.

i s ,

Department of Mathematics,
Tokyo I n s t i t u t e o f Technology.

on E , hence we now finished the preparation
iu order to bring into a contradict ion. In
fact,

0.
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