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Cauchy*s, Mertβns's and Abel*s theorem
on the Cauchy s product series are well
known. Prof. K. Kho'ppV have extended Abel's
and Martens s theorem by Euler s method of
summation, but not Cauchy's In this paper I
extend Cauchy s theorem.

Theorem. If ^ an s A (lE.pl ) 2 ) *

then I S Cn a C ( |E,P | ) and AB - C t

^βj&iεH'n i s * h β Cauchy β product series
of £ . a n and jg; bn.

To prove this theorem, we shall use
two lemmas as follows:

Lemma 1. I f £ a n a A ( | E , P l ) , then

and conversely.

Proof. Let us put

where u n . - 1,

then we have 2 an^v11
a0

- qy

(1)

Multiplying both sides of (1) by g t l - ςv,
we express by power series of v as followsi

where we put a.^ s 0. Comparing coefficients
of both sides, we have

(nδO) (2)

Similarly, multiplying both sides of (1) by
g t l , and expressing by power series of v,
we have

( l + D «ίf . ao I

Now, by (^), we have

(3)

And ΣlJa^J is convergent, since

2 an S A ( |S,P| ) .

J^lbn^j is convergent.

On the other hand, by (2), we have

S^nce, from
an + l—^o as

A -a n

β̂  . A( |E,P|), we have
n-**« , we get
( E,P ). Consequently

Conversely, since J* an β A - ao (|B,lf)t

we have b n

r 4 0 as n ->S»". Applying Kojima-
Schur's theorem to (3) wo have â —> 0 as n —•

oo # Hence, by (4) and

Σ>\ «* A - ao (I S,D I), we have

i.e.
Now, we show that £ an* is absolutely

suraraablβ (E p). 'v

By (3)# we have

•Ά-l'V
j

whence

Changing the order of summation in
the second term of the right side* we have

whence



§ a =§ an
i conv

an = A - ( |S .p | ) . i .e .
|ΐ>n I is convergent, we see that the second
term of the right hand is convergent by
Kojima-Schur s theorem. And jfr ^ 0- \ ±a

also convergent.

Therefore Σl | a^;] is convergent, i .e .
gl βn** TflE.pl).

'**'** Thus lemma 1 have been proved com-
plete ly. . V «,

Lemma 2 4 ; # Let ^ Cn be^the Cauchy *s
product ser ies of two s'eries ^ ^ a n , Σx Dn
And put 4 n » C n . 1 (n β l.'S*" . . ) , 'H"° Vo

= o . Then we have

ω V2+

(n - 1,2 ).

Proof of theorem. Since

Σ, a_ =r A (lE,I

Σ b n B (|E,p|) by the hypothesis,

t Φ and t»βun are absolutely con-
vergent. Hence, since by lemma 2

25 f ? ' i s t h β Cauchy*s product series of

absolutely convergent and ^ ^ "C ~ AB by
applying Cauchy s theorem as"'to the product
series. Therefore, from v> β ̂  JL-4£°
is absolutely convergent, i . e . ^ ^ I O J - C Q

β l . . . -AB (lE.pl).

Hence, by lemma 1, ^ ^ Cn i s also abso-
lutely summable ( StP )• i β S ^ ^ ^
C(|Erp|) and C = AB.

Thus the theorem have been proved com-
pletely.
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