ON THE CAUCHY'S PRODUCT SERIES THEOREM

ON° EULER'S SUMMABILITY

By Hisao HARA

Cauchy's, Mertens's and Abel's theorem
on the Cauchy's pro@ucf series are well
known. Prof. K. Knopp ) have extended Abel's
snd Mertens's theorem by Buler's method of
summation, but not Cauchy's. In this paper I
extend Calichy's theorem,
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Theorems If >’ &y = 4 ((E,pl)
n=9

ME?; bu=3 (lE'PI)o

thenic =C (E,P() and AB w C,
wher n is the Cauchy's product series
of 22"ay end ;:bn.

To prove this theorem, we shall use
two lemmas as follows:

Leme 1. If 37 &, =4 (JB,Pl), then

Zen=4-20 (JEP),
and couversely.

Proof. Let us put Z‘ aqu” = b,(:) o+l
" -

where u:.._aﬁl___‘.ﬁ_._ ,qz'gp-l,
then we have Za") nl_ v
q+1-qv
-
A4 (P a+l 1
l-w Ebu v . (1)

Miltiplying both sides of (1) by q+1 - qv,
we express by power series of v as followss
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where we put a3 = 0. Comparing coefficients
of both sides, we , have
(a+1) e’z &
(82}
by = (qt1l) ﬂu+1 - Qan(’)
(n20) (2)

Similarly, multiplying both sides of (1) by
Q+1, and expressing by power series of v,
we have

(a+d) e =a°("""' = ?ﬁﬁud-(g)

Now, by (2), we have

[bg) = (q+1)[an+1| + aleg’|,
whence ZJ bn ] s (qi—l)):J anfllf-q m ol .
And 'Z, ] is convergent, since

f. =4 (B2,
Therefore Z., bn ] is convergent.

Oun the other hand, by (2), we have
5P _ 5 ap m
,za’—:bu = V;:a-y -+ (Q"l) anfl -ao . (u)

Sche. from Z &, = A(|E,P|), we have
an+ l1—o0 as h-veo, we get

Z @y =A-a, (EP). Consequently

may

Z’ an = A -85 (IB,p]).

Conversely. since Z 8n @4 - 8 (|EH),
we have b, P30 as n -, Applyiug Kojima~-
Schur's theorem to (3) we heve a0 as n —»

oo o Hence, by (4) and

S L0
4.2.;,”“) -h - ay (I!,nl). we have

Z af,"-—b A, i.e, = A (B,p).
t an

"“Now. we show that is absolutely

surmable (E,p).
By (3), we have

(a+1) | &) feol (8) ™
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whence (q+ l)Z ‘afa’)fél’olf(—l—)v

Pl (&0

Chenging the order of summetion in
the second term of the right side, we have
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Since ;{ ap = 4 - 85 ([Eip]), 100 2
[ o4 l is convergent. we see that the second
term of the right hand is couvaré_ent oy
Ko jima-Schur's theorem. And ) is
also convergent.

Therefore > | a?| 1is convergent, i.e.
Z an = A (IE‘P\ )0

™=° Thus lemm& 1 have been proved com-

pletely. 1).

erma 2 Let Z C, bg, the Cauchy's

product seriea of two series Z ap, Z by.

And put n=C.; (a=1,2,...), e
=0 Then we have
P
. - W P w (2}
$n = 8 bpo1tay Ppe2’t.....
+ and? bou’)

(B = 1,2y eeeee)e

Since

5o =

mzo A (lE.p]),
=3B (|E,p|) by the hypothesis,

o

Z a,” end 2 b,f” are absolutely con-

vergent. Hence, since by lemma 2

%6 is the Cauchy'a product series of

e and P, FAPis

absglutely convergent and Z. -6()" AB by

applying Cauchy's theorem as to the duct

series, Therefore, from {%= " go

is absolutely counvergent, i.e. Z 6 O-rco
t+ c1 = AB (lEvP’)-

Hence, by lemma 1. Z C is also abso~-

lutely summeble E,p ), i.e. = =

Cp=
C([Eyp|) and C = AB.

Thus the theorem have been proved com-
pletely.

Proof of theorem.
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