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Recently J.Dixmier C13* I.Kaplansky
Γ2] and I E.Segal [Ifl have studied of
operator algebras on a Hubert space in
the large. In t h i s paper we sha l l con-
sider operator algebras of type I . Let
01 be a such algebra, then σι can be
direct ly decomposed into subalgebras <π.«
indexed by cardinal numbers <x such that
each 01* i s o f type I«Cl3 On the other
hand, i f 01 i s o f type I then 41 can be
direct ly decomposed into subalgebr&s ftp
indexed by cardinal numbers (λ such that
each <Λj i s o f uniform mul t ip l ic i ty ^

[1& The one o f purposes of th i s paper i s
to g ive the re la t ion of above two decom-
posi t ions (Theorem 2 , 3 ) . Another purpose
iβ to study the unitary equivalency of
two operator algebras o f type I (Theorem

1. Def init ions and some lemmas. By
a W -algebra we mean a weakly closed se l f -
adjoint algebra of bounded linear operators
on a Hubert space. In th is paper, we s h a l l
consider W - algebras which contain the
ident i ty operator I According to J.Dixmier

[1] and I.Kaplanβky C23 , we s h a l l g ive follow-
ing def in i t ions i A non-zero projection P in
a f - algebra 01 iβ abelian i f P 01P i s
commutative. A W - algebra i s of type I
i f every d irect sumraanδ has an abelian pro-
ject ion. Let P he any abelian projection
in a W* -algebra of type I , then by Zom s
lemma there e x i s t s a maximal abelian pro-
ject ion which contains P [ 2 ] .

Lemma 1. Let P be an abelian pro-
ject ion in a W* -algebra 01 9 then P iβ
maximal i f and only i f PE + 0 for any
non-zero central projection E in <Λ

Proof. Let P be any maximal abelian
projection and S a non-zero central pro-
ject ion such that EP-» 0 . from the def i-
n i t ion of type It there e x i s t s an abelian
projection Q, such that E i Q , Our assump-
tion implies that P Q - 0. I f we put P x m

P + Q, then ?χ i s an abelian projection and
Pi > P. Thi,β i s a contradict ion.

Conversely, l e t P be an abelian pro-
ject ion such that PE Φ 0 for any non-zero
central projection E Let P χ be an abelian
projection such that P £ P χ , then there
e x i s t s a central projection 7 such that P *
IPi Γ23 Obviously (1 - F)P β 0 . This
implies that I - F - 0 , that i s , I — P.

Thus we havep « I P « P 1 , that i s , P i s
maximal. This proves the lemma.

we say that two projection P and Q, of
a W -algβbrε are equivalent, written P~Q,,
i f there e x i s t s V€ 01 with W* * P and V*V
» Q. We write P k, Q i f there ex i s t s a pro-
ject ion P ' έ P with P ~ Q.

Lemma 2. Let P be an abelian projection
of a W*-algebra 01 and l e t P ~ Q . Then Q i s
abelian projection and Q i s maximal i f and
only i f P i s maximal.

Proof. Since P ~ Q there e x i s t s an
element V e 01 such thεt W* « P and Vi V » Q.
Then, for any A, B € 0 1 , we have

QAQ.Q3Q, * V VV VAV VV VV VBV*VV V> «
V FVAV PPVBV PV « V PVBV PPvΆV Fv" =
Q3QQAQ.

that i s , Q is abelian. Let E be any
central projection satisfying Q£ = 0 , then

PE - W W E =ΫQE7*»0.

Therefore if P is maximal abelian then S*0,
that is, Q is maximal abelian by Lemma 1.

Lemma 3« All maximal abelian projections
of a W -algebra are equivalent each other.

Proof. Let P and Q, be any maximal
abelian projections of a W -algebra.
According to I Kaplanβky £23, there
exists a central projection S such that

EP t SQ, and (I - E)F £ (I - E)ς,

that iβ, there exists a projection Q̂  such
that SP i Q, ~ ΪQ. Obviously EP is abelian
too, then there exists a central projection
F βuch that Qi»FEP C2"3. We may assume
that F 4 E without loss of generality. If
E - F f 0, then Q(E - F) » 0. Put

then Q ~ Q and Q1 iβ maximal by the pre-
ceding lemma. On the other hand Q'(3 - F)
« 0 . This cpntradicts to maximality of
Q». Thuβ we have E « F. I t followβ that
EQ ~ Q,χ« EP. By an analogous way, we can
show that ( I - E)P ~ ( I - E) Q. This
implies that P~Q. This proves the lemma.
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Let ΰί be a W* -algebra of type I.
If there exists a family iPjΛof mutually
orthogonal maximal abelian projections of
01 whose power is oc and satisfying VPp,» I,
then the power of another such family is <*

ClΊ. We say that the algebra 01 is of type
Ioc Notice that a power of any family of
mutually orthogonal maximal abelian pro-
jections in a W* -algebra of type I* is
not greater than oc.

2. A characterization of W -algebras
of type 106 . In this section, we shall
consider W* -algebras of type I«, and the
relations of direct decompositions of W* -
algebras of type I stated in [31 and [4J,
According I.E.Segal [431 we shall give
following definitions i An operator
algebra 0L on a Hubert space tjj- is called
an of -fold copy of an operator algebraΛon
a Hubert spaced» * being a cardinal number
greater than 0, if

(1) there is a set S of power oe such
that by consists of a l l functions f on S to
X for which the series £x€Slf (x) l 2

 l s
convergent, with (f,g) defined as ΣLχ€S(f(x),
g(x)), and

(2) 01 consists of al l operators A of
the form (Af ) (x) = Bf (x) for some B in <β .

In the following, by 01' we mean the
commutor of an operator algebra 01. A W*-
algebra on an Hubert space is said to be of
minimal multiplicity ot if oc is the least
upper bound of the cardinal numbers β such
that there exist £ mutually orthogonal pro-
jections Pf, in 0l' such that the operation of
contracting <λ to Pp,̂ - is an algebraic
isomorphism. It is said to be of uniform
multiplicity oc if for every non-zero central
projection E of the contraction of 01 to
Έiγ has minimal multiplicity ot • Spe-
cially, a W* -algebra is called hyper-rβcud-
ible if i t is of uniform multiplicity 1.
A W* -algebra 01 is hyper-reducible if and
only i f &' is commutative. In the following
of this section, we shall consider operator
algebras only on a fixed Hubert space tγ .
We shall prove the following theorem i

THEOREM 1. Let 01 be a W -algebra of
type I« then 01' iβ of uniform multiplicity

Proof. Let 01 be a W -algebra of type
I* , then there exist oί mutually orthogonal
maximal abelian projections Pj*. . By a lemma
due to I.E.Sagal C431 the contraction of 01'
to each P t̂* is isomorphic to 01'. Thus 01' is
of minimal multiplicity p w i th££ot .

Let Q̂jΛ be a family of projections in
01 which are mutually orthogonal and the
contraction on each Qj»fj is isomorphic to
01' . Obviously BQ̂ « 0 for any non-zero
central projection E of 01 and for each Q,t

Let P be any maximal abelian projection,

theβ for every yu there exists a central
projection Ê  such that

and (I - Eχ)P £ (I - Eχ)Q.

By Lemma 2, there exist abelian projections
Pχ and P 2 such that P ^ B£, P 2 £ ( I - E)Q,
and Pi ~ SjP and P 2 ~ ( I - Ei)P. Since there
exists an element V*0l such that P^β V E
PV, we have TS]Pτ β P^f that iε, P £ E .̂
Since Pχ is abelian, there exists a central
projection E2 satisfying EiQ^- EgPj and
furthermore, we can assume that Ê  £ E2
without loss of generality. If Ex -
then

that i s , Q | t(S1 - E2)~0. This is a con-
tradiction since Ot' is isomorphic to the
contraction of σC to Q f̂y Thus we have

^ l " 2 2 # X t f o l l o 1 l β t ί i a t

Obviously we have P ^ P by putting P^*8 Pχ+
P 2. By Lemma 2 P^ is a maximal abelian
projection and Q^P^. It is clear that
P r P^-0 if r+\. Then the power of UVlisS*.
It follows that OC is of minimal multiplicity
$ withtέoc This proves that α/iβ of

minimal multiplicity oc

Let E be any central projection of oC
and let 04 be the contraction of *' to B^ .
Then ( α y is identically with the con-
traction of Λ to E%, therefore ( <Λ'E)' is
of type I [3] Above proof shows that ( θCΈ)r

is of minimal multiplicity of oc • In other
words, Λ' is of uniform multiplicity oC .
This proves the theorem.

THEOREM 2. A W -algebra of type I*
if and only if the commutor is unitary
equivalence to an ot—fold copy of a hyper-
reducible algebra.

Proof. Let & be a W -algebra of type
Ioc . then there exists a family ί P|*. V of
power oc such that P^ are mutually orthogonal
maximal abelian projections in ot and V Pp.*
I. Let Op, and α f be the contractions of
01 and 01' to P ^ respectively. Then w

have (Λ'u)'"" 01^ . Sinoe P/u. are abelian
is commutative. This implies the hyper-
reducibility of Λ^ By L β m m a 3. a 1 1 p r
are equivalent each other and for fixed
any P^ , Pothere exists an (necessary
partially isometric) operator V*01 such
that W sPj*, and V«V»^. Let Â  and Â
De contractions of &ny A<θCto P^"^ a nd
?firespectively, then

V W VA

i sTherefore by corresponding A^ to Ax

unitary equivalent to 0 ,̂. Since l^8 l !
i t is clear that <jv' is unitary equivalent
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to an <*-fold copy of any fixed Q\L. This
proves the necessity.

Conversely, letOt'be unitary equivalent
to an ot -fold copy of a hyper-reducible
algebra σt^on a Hubert apace *w
Then we may assume without loss of generality
that ^-Σn Vwhere the power of indices is
* and each ίy^ΓβducesΛίand the contraction

of 01' to each ^ is unitary equivalent to
<κ\^ . Thus we may assume that the contrac-
tion of <*>' to *3r is hyper-reducible

Now let P r be the projection on ^ M

then Pf. commute with every element of 01' t
that i s , P̂ .6 ( Ot' )' = ΰl. Obviously the
commutor of Λ-'p is Pp. A P^ Since Λ'r i s
hyper-reducible Pp. Λ P κ is commutative. In
other words, P h iβ an abellan projection.
Tor any non-zero central projection 35, Pϊ Φ
0 by the fact that the contraction of (Άf to
P ^ ^ i β isomorphic to oC, Therefore P r

Is a maximal abelian projection by Lemma l
All Pf* are mutually orthogonal and the
power of them is «• and V Pκ= I, This
proves that 01 is of type I*, that i s , the
sufficiency was proved.

According to J Dixmiβr [11, for any W* -
algebra βlof type I we can decompose it into
subalgebras of type U i we have

01

where E< are central projection and 12*01
are of type 1^ respectively. Since the
family {BJkis a family mutually orthogonal
central projections, we con decompose Λ'by

\E*l 1 we have

It i s clear that the commutor of 0\!< on
is <&«, therefore by Theorem 2 each
an * -fold copy of hyper-reducible algebra.
Thus the above decomposition of Ot' is
identical with the one due to I.E.SβgalDί).
The converse statement is obviously true.
Thus we have a following theorem t

THBOREM 3. Let 01 be of a W -algebra
of type I. Let

be a decomposition of Λ such that <*-*,are
of type ^ respectively, then

OC " Σ > Eβtβt' * £ flit

3. An application. In this section we
shalKprove the following theorem which is
well known in the case of factors in the
sence of F.J.Murray and J. von Nόumenn[33,

THBORBί 4. Let 0, and α*be W* -algebras
of type I on Hubert spaces t$χ and *ja re-
spectively. Moreover we assume that 01, end
01/ are •-isomorphic to 01̂  and C\.^
respectively, then Λ, is unitary eςuivfalent
to 0lA .

Proof. Denote elements of 0l\ and 01,'by
A ' 1 ' ,BW, * .and corresponding elements of

^ . B ^

Slnxre α, is of type I, there exists a
family {ϊjftof mutually orthogonal central
projections such that each contraction of
01' to ϊUfy is of type I 4 and VX\} iV

The W* -edgebra a! is of type I by
then there exists a family {FpM

{Έψ\ of 01. If w}W)φ 0, the
a nonzero central pro jβction of

tk"S and
p such as

ψ then this is
a non-zero central pro jβction of 0l|and we
shall denote E\JO * ϊ φ Ty-) in such case.
Then the contracτions of Λ» and Λ',to E^λ)^.
are of type I Λ and lp respectively. Since
the notion of type is purely algebraical,
Evj|) have same properties. Let Λ ̂ be the
contractions of H to EVtJ'*̂  ( i « l , 2 ) , then
(Kt is unitary equivalent to fl^if i^^are

unitary equivalent to <K2t^ for a l l such pairs
( « , ^ ) Thus we may assume that cι, and Λ»
are of type I* and α,' and Λ,,' are of type Ip .

In the case of above, there exists a
family (P^of mutually orthogonal maximal
abelian projections satisfying VPy ^ l ( D ,
Let Λ,̂  and 0^bβ the contractions of Λ, and d'
to P̂ t15%% respectively, then we have (Λ,r)'
= 0L'l(fc. Since P^l) i s maximal abelian

projection, ^ is commutative and <Rφ is
isomorphic Λ,' . Therefore OL îβ of type Ip
too. By theorem 1, 01,̂  i s a commutative W* -
W* -algebra of uniform multiplicity β .
We can define Λa.j»,by an analogous way and
we can prove that <\*f. is a commutative W* -
algebra of unifbrm multiplicity β It is
clear that fl^is isomorphic to CWf By a
theorem due to I.E.SagalDΰ , i t follows
that 0l4h are unitary equivalent to 0V»rfor
a l l y- . Therefore α/^are unitary equivalent
to σ\4ffor a l l ^ . This proves that ov', is
unitary .equivalent to σι4 by the fact that
V P ^ l l W t i = 1#2). In other v/ords,σi,is
unitary equivalent to 0lz

is a decomposition of Ot' such that each
*k is an oc-fold copy of a hyper-reducible
algebra and conversely.
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