ON THE CONDITIONS OF UNIVALENCY OF CONFORMAL MAPPING

By Mitsuru 0ZAWA

Let D be a plandr schlicht n-ply con-
nected domain with a boundary [ consisting
of analytic curves [ , ( v= 1,....,0). For
simplicity's sake, we shall assume that D
contains the origin., Let Fy(z; §,X ) be a
regular function in D with an exception z =
g, where F(z; §, o ) - 1/(2z - 35)™ is
regular wnd all the images of [, ( v =1,
«ecesn) by Fp be the segments with inclina-
tion & to the real axis., Then we puti
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Therefore both functions have the expan-
sions

i S.,% (z-5)

va=i
and
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around the point z= &, respectively. more-
over we put S, (0)=8,, and B_ , (0)=B,,

Let £(z) be a single-valued regular
function in D excepting at zm0,
where f(‘l.) --;—‘ = i a, z° . Let pp(w)

be 2 polynomial with degree m with respect
to w or m-th Faber polynomial of £(z) such
that

P () - 2=

is a regular function in D and is equal to
zero at 2=0, And let

Palfz gz ¢ 2 Ay 2

Then we have the following theorem due to

H. Grunsky (1].
A necessary and sufficient condition in
order that f£(2) is univalent in D is that

N
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holds for all N and all complex numbars X, .

Por brevity's sake we call this G-con-
dition.

Let I&(D) be a class of singie-valued
regular functious u(z)'}}.aving the finite
norm fu = (fflucai®dozy) and the single-
valued indefinité integral in D, Let K,
(2,3 ) and Ly(z, & ) be the so-called
reproducing Kernel function and the corre-
sponding L-kernel of LZ(D), that is, a
meromorphic function in D having a pole
2= & , where Lg(z, 3 )-Tﬁ‘—:gt is
regular, and-ggving 2 boundary relation
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Then we have a _theorem due to S.Bergman-
M.Schiffer (OV).

A necessary and sufficient condition
in order that £(z) is univerlent in D is
that
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holds for all N &nd all complex numbers Xp o
For brevity's seke we call this BS-
conditions,

As a whole the equivalency between
G-cond, and BS-cond, is evident. In the
present note we give the simple intrinsic
relations among them.

The desired results are now stated in
the following meunner:

(a) ‘&,w = ’:?(l"”) Svﬂ, B .
(v) R'pv - % (ptrt) Bvﬂ, P
(€) Cpy=-t(prr) Avuy,per,

(a) was already proved in the previous
paper, SeeM. Ozawa (1] .

Proof of (b), We can proceed in the
purely formal viewpoints, since in the first
place we may restrict our discussions in the



small neighborhood of 2=0, & =0 and the va-
lidity domeins of the convergence and next we
can apply the continuability theorem due to
Bergman-Schiffer (1] , page 240.

on [T , we have

L zs)dz
= - K (=3)dz

= "2: [ 9,.(2) 3/ az
= -Z P g raz,

and hence on ]__'

L, t=n- "Z‘Ir A

[ ) rvl‘;))
where
K (2, 5) = Z T IR,
1"” - tvp Y

and ‘ ‘
’

fiw=g 0, @~ ¢, z:0)
and, on [,

*,* — ’

fmdr =plde.
These were already stated in 0ZAWA [1] .

Purely formal discussion leads us to

the following relation:
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here we should refer to the relation
= .
2_.14" vSew = 8
v=y
which was alresdy proved in 0ZAWA [1]
inplicitly. Thus in a suitable validity
domain of convergence Lis(%.3)  @and
OO
- ! I/ singularit;
,;,..%v»*p""?;‘” have the same singularity

y/(z-3)* » therefore we can infer that
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But by virtue of a continuability theorem
in Bergmen-Schiffer (1]we can infer that
(b) holds throughout D,

Proof of (¢). M., Schiffer[1l]intro-
duced the generating function of Faber
polynomials and proved that
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And hence we can infer that (¢) holds,
here we should motice the similar faect
as stated at the end of the proof of (b).
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NOTES

1) Bergman-Schiffer gave a more wider

2)

result than we stated above, that is,

a corresponding result for /\ -space

in their terminology. But as they

stated all the situetions are similer
for Xs -space in their terminology which
corresponds to our statement.

Let Ap5nd Dyj be the following two
determinants
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