
OPERATOR ALGEBRA OF FINITE CLASS II

By Hisaharu UMEGAKI

In the present note, f i r s t we shall
supply the proof of the last part of
the previous note C4 3 (the proofs of
Theorem 2 and i t s Corollary resp )»
here we shall describe more general
form than Theorem 2 of £43, and next
we shall prove some relations between
semi-traces and traces in D*-algebra.
The definitons and the notations in
the note CO wi l l be used in this note.

1« Let 01 be a D*-algebra and τ
be a f inite .semi-trace of 01 . And
l e t {**, * * , j , V b e t h θ repre-
sentation of dl generated by *c ,
and le t 1fcα be C*-algebra generated
by { x*- xfe 5l) All other algebras
Λ * oCr* f <SC , and W* are defined

by the same way in §1 of [ 4 ] , Let Q
be the character space of βf* and N =
{ ω € SX ωtx1) = 0 for a l l x € OlJ then
A , ( - Λ. - H) can be embeded into the
trace space of R* with weak* topology
on RA! by the canonical mapping ψ
( : fCW)(A) = ω(A) for all A * JC ) .

Putting Ώ! as weak* closure of ψίfij,
Λ' is locally compact with respect
to the weak* topology on TR,*" If
K1 i s a compact set in Ώ' , then
i t is covered by f inite number of
nbds (with compact closures in IV ) :
UU A ) { ' &' I ^ C A p f c X A ^ K f

j

( "ι D , Aj € ^ , ε > O
i = l l 2 , . . . , n ί j = l l 2 # , , . l a ) . Hence
K β f ( K ι Λ f W ) C U I J U U L . A J ^ )

where UO .̂Aj,*,)"* (wtίloj IwcAp-̂ tAj
and each nbd has compact closure in
Λ. o Since K is closed in JX , i t

is also compact. Let Lf be a set of
a l l continuous functions on XI' with *
compact supports. Then for any /« L'
f »tu»( s f c<fou») for ωeίl^and =0 for ωeN)
is continuous on ϋ and vanishes
outside of a compact set in _£1
P u t t i n g f ι * > * J n f'lωy*p<*>) 9 P ( . )
i s posit ive l inear on I 1 , and hence
there e x i s t s a posit ive Radon measure

V on jQ/ such that fij) » fεχt

for a l l f * LJ . For any x« Λ *•*£•
and x -Cω') ( = ω'( xΛ;) € ^/ (cf .
(5°; of proof of Th. 1 of ( 4 ] ) . If
we denote any element in JX merely
by ω , we have Th. 2 of the previous
note [4] as a special case, that i s ,
0L = U (group algebra of G consisting
of a l l continuous functions on G with
compact support;, -c =» posit ive Radon
rr.easure of f in i te class on G anά IΊ f

= G*.

While i f 01 has a centering
such that -cCx**)= τ ( x ) for a l l
and a l l traces -c of cJl , then a l l

co 6 Xl; are characters of cΆ.

Next, in the proof of Cor. of Th.
2, the domain -Ω. of the measure v
i s misprint of G*. In that proof we
have shown that for ω € G* west;
* ωcs>ωίt> for t € G and s € center of
G. Now we give more direct and pre-
cise proof of the f a c t . For co e G*,
there correspond two representations
U \ x k

; i , ^ of L and 5 sΛ, s b , j ^J
of G with same fy such that ωc*)~ eχ4^ \
and «ιs>r (s Λ, * > for a l l % * L
and s* <τ , where ξ i s the nor-
malizing vector. Since s —• s** was
defined by s 4 x β « <.x*)* , OsV ̂  «

for a i l x, j « L . Hence cχ s^« i n * «
If s i s in center of G, (*>**£ 3 * ^ , 0
-3-s. c s ^ ^ ξ . ξ ) and the l e f t side =.

€ center of L)(since

Hence , ^ ^
for a l l } ( L . Put ^ <)t
and take the l imit with respect to
the directed set \ «M of the both
s i d e s . Then C*ΛΊ£, *>(*••*.?>• csαtΛξ,ξ
or

We have called that v in ^ i s
bounded i f and only i f ιχb*M £ M (xβ(
for a l l x 6 01 and a const.
II > 0 (cf o §1 of Γ4] in which x* must
be replaced by x b at P.123, right
s ide, l ines 24 and 28) . Now we des-
cribe supplementary remarks with re-
spect to the bounded elements in "fcy .
Let o& be the se t of a l l bounded e l e -
ments in % . If for tf « fo we put
vr* » j\f , then \r* € £y and v*Λ ^ \r**

For, Cx̂ jυ-̂  ) * Cjvr,Ĉ  x*")β) = ( I x f ) 9 , vr) =

i . e . x*j\; « v*-*xβ for a i l x e cJL
and we have v* % Jj and v*Λ * v Λ *
For any v*£*t ix*y; ^θ) βt\r,^>**)= ί^*^ **β;

Hence putting \r* * j \r*αj , ^ i s a
bounded operator on ΐ%> and x α v= v bχ θ

for a l l xe(JL ,

2. Let 01 be a D*-algebra with
the approximate ident ity { e«} , l e t
-c be a semi-trace of όl and l e t
{ x*, xw, j ; ^.} be the corresponding
representation of 01 . Moreover l e t
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SC and wΛ be uniform and weak c l o -
sure of β&Ή* ^υ Sv> t&j)respectively.

PROPOSITION 1. The rol lowing con-
d i t i o n s are equivalent each other:
(1°) ^ i s trade. ( 2 ° ; There e x i s t s
a constant M > 0 such that "Cl e«f e,,) l £ i
for a l l * . ( 3 ° ; τ e <& .
(4°) ^ % W 4 .

ProoΓ ( l ϋ )
we prove (2°)

(2°). i s c lear . F i r s t
°) Since

By Lemma l β l oΓ [ 3 ] , there e x i s t s a
directed s e t x$ e $ι such
( s t r o n g l y ) . Hence ι* fj) ij j j fl
in ^ and Uχ^) θ ; %,£€ <Jl> i s dense
in £y For any ζ * *y «nd e >0
we f ined χ . j ί Λ and oc0 such that

t^ - <•*-•})• I < t/3 and Wmp9 ~-ιτp*
for * > <xβ . Therefore ιe* ζ - ς \

3 S jf
and hence «£ -» X strongly. Putting

* t ζ , e l ) for 5«<r, Ifct5>l S

Hence Ij^β £ h
V ι
 for all oc .

Moreover kU jx*)
9
)*- ̂  >*

w
 ** , ̂ Ό - ι^x

¥
«&)

= U
θ
, **χ ) —*•

 tx
3*,

 x
 >•

Since 4O%*"> ; *' * * &Ϊ is dense in

"% * tίβil weakly converges to a
bounded linear functional f on "%
and there exists 1 * % such that
t<Λ ) ~ ^ S * X) Hence ί ζ, ei) -*• cζ,\)
for all ζ * ** or el —* ̂ (weak-
ly). In the equality 1 ^ ^ ^ ) = (ζ

;
x

k
£j)

the left side -sτ> t \, x
9
)

and the right side -%;> ι S , ** ξ )
Hence x

β
 — ** ξ lor ail -x e ΰl .

Putting A x ^ χ * ξ , Λ %
9
 * x»

for all x t SU and A *• I or

χ
β
 » ξ

 ίA>
 and ξ*" * A Thus I € &* .

Since <&* is an ideal in w* >
(3°;—>(4°; is clear. Finally we prove
that (4°;—»(1°). (4°j-* t *&•-*!•« ̂

" -* x H » ̂ Vl -!*•«%•. While, x"ξ«

and
That is,

f , x ) ^ ^ . ξ )
i s a trace oί όL (

REίAARK 1. In the previous proof
we have that ei —V X strongly
Hence any semi-trace *f of a D*-algθbra
<5t satisfies

(+) OL

which is stronger than the condition:

there exists a subsequence
M ί€*nV C \Z«} depending on each
' x €: 01 such that .

which is a condition or semi-trace
Icf. §1 of f4]). But the condition

( "Φ ) must be assumed in the definition
oi seri-trace. For, ("f ) is necessary
in the proof of the fact that the two-
sided representation corresponding to
a semi-trace is proper (cf. Th.2 of
[3]) and the propernβas is used in the
proof of «i

REMARK 2. Prop ,l implies that
if G is a unimodular locally corcpac*
group, then B(G) = W(G) if and onl>
if G is discrete.

Now we show a theorem of Godement
(Th. 7 of [1]) in the following
case.

PROPOSITION 2. -c is a finite
pure semi-trace of cJl if and only
if it is pure trace.

Proof. We prove the part of
"only if*

1
, since the converse has

been proved in the previous paper
(Th. 1 of [3]). Let {**\*

k
.j,<>|

be the corresponding representation
of Λ . since it is irreducible

c
,
3>

W
α
 A W

b
 - (>-τ). Furthermore, since

W*" is of finite class, A*
1
 is scalar

operator for any A € W * . Let £,
be central manifold of -fc* (i.e. ζ € 2S
if and only if x*ς * xk

ς for all
x * <Λ. ). By Lemma 3 and the proof
of Prop. 1 of [3], vie can find a
vector ̂ 0 ψ \τ e & r» %, . Clearly
v

A
 « W * Λ w

6
 and v

Λ
 is scalar

3s χl < x * o ) . Therefore >j = xi*.
Since € i — v l strongly, so is β^-^ I
and C^i*-* ej —V i

θ
 strongly. Thus

we have that x is a trace. From
the irreducibiiity of Cx*,x*J, %)
it follows that ~t is a pure trace.

REfcARK 3. Concerning the con-
cept of pure trace of D*-algebpa we
show the following (a general form
of a theorem of Godemβnt - Th. 9 of
[I]). let x be a trace of a D*-
algebra 01 with tin « 1 If ̂we
put "ĈC x ) «* "^c*.^) for ail x
and U 6 01 and let { x*, %

b
, j iy)

be the corresponding two-sided re-
presentation of (JL . Then <&

α
 = w

α

(by Prop. 1) and -ccx> « ̂ x^^
y
 ^)

where ξ is the normalizing vector
of "Gj (i e ξ* » I ). Put C Γ ^ CXΪ
« Cx

Λ
ξ , 3*"*

11
 ξ ) Then we have

that v is pure trace (as character)
of 01 if and .onl 5' if ITU)*ιx)« τιx> τcp
for all x

 #
 ̂  fe flL . For, if -c is
f

pure, TCA) = tAξ,"ξ> is pure trace
on W* and hence T(AB) - T(A)T(B)
for ail A,B « W * n W

b
 and A*

1
 * T(A)I.

Therefore $*•*_ « Tt^)X « C J*^ %) I .
While ^

Conversely, if (
for all x , ̂  € CΛ.

 ?

* TΓ^) , and its deft side



and the right side « C z>~\ , -c^) **Έ ) .
Since the both sides are equal for
all -x, ϊ and z< e 01 , fl * » r^> I .
Let P be projection onto the central
manifold £« For any o € 2S , there
exist x«.€ tfl such that \χl -\M-+ o (*-**»>•
Hence pxj, —v pσ »» \r . Since for
all x * 31 ?x

β
fe& and cpx

β
)

Λ
 * x** ,

cf. the proof of Prop. 1 of [3], Γ
= τιx>I, ?x

β
 = τcx^ ξ

 a n d
 the

center of £y is scalar, i.e
o
 = ̂

Thus "the center of ̂ ^ ^ w ' ί
is (xl ) , and -r is pure. The
proposition obtained in this remark
contains the rirst part of Prop, 2
of [4] as a special case,

FOOTNOTES

(1) In a separable D*-algebra,
the decomposition of arbitrary semi-
trace into a system of pure semi-
traces in the form of direct integral
over the real line has been shown
in the previous note [5] using the
reduction theory of von Neumann* Re-
cently I.EoSegal has been published
his decomposition theory "Decomposi-
tion of Operator Algebras I and II,
Mem. Amer Math. Soc , 1051" If
we apply his theory, ΐh

β
 1 of (4]

may be shown in a most general form
(in separable case). The precise
discussion may be stated in the fol-
lowing in which we î ay prove that,
in Th l of [4] all " * Λ. are
characters of A which is. not always
separable.

(2)-For any A € &>* , let the
corresponding bounded element ( € B)
denote A 9

(3) It is known that for semi-
trace or trace of a D*-algebra being
pure, it is NASC that the correspond-
ing two-sided representation is ir-
reducible respectively (cf fδ]).
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