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1. In this paper we give some
generalization of absolute neighbor-
nood retracts ¥ [1]. This generali-
zation is not useful on homotopy
theory but adrits scme generaliza-
tions on fixed point propertles of
4VRsets (section 4). TIn sections
2 and 3 the familiar definitions and
theorems or ARsets and ANRsets are
described with the sljight modifica-
tions.

2. In the following a space and
a set are always separable retric.

(2.1) DEFINITION. Given the
number &’ , €/ >0 , and the sets
A and B such that B C A we say that
a map ry 1is an  ¢g'-retraction pro-
vided rg 1s delined and continuous
on A, rg (B) € B and rg (a4) C B, and
8{b, rg (b))<E P for every b € B.
1t such maps exist for every ¢’ > O,
then B is called an £ -retract of A,

(2.2) DRFINITION. Given the sets
and B such that BC A, we say that
is an € -neighborhood retract of
provided there exists an open set
such that B € U C A and such that
is an € ~retract of U,

T cEme

(2.3) DEFINITION. A space, a,

is called an € -absolute neighborhood
retract ( £ -ANR or & -ANRset) pro-
vided it is a compactum and for every
topological image A4 of A, such that
Ay is contained in a space M, we have
A3 is an ¢ -neighborhood retract of
M.

{(2.4) THEOREM. A necessary and
sufiicient condition for a set to
be an £ -ANit is that it be homeomor-
phic To a closed & -neighborhood
retract ol the Hilbert parallelotope

Qe

PROOF. Necessity. Let A be an

€ -ANR. Since a is a compactum,
we can map A topologically into the
Hilbert parallelotope Q [5]. Let
h(A) = A,;, where h is a homeororphism
and Ay is a subset of §. Since Q
is a corpactur, by (<.3) A4 is an & =
neighborhood retract of Q. In virtue
ot the continuity of h and the com-
pactness of A, we have Aj; is compact
and therefore closed in w.
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Surficiency. ILet h(A) = Ay, where
h is a homeormorphism and A; is a
closed € -nelghborhood retract of Q.
Conslder any other horeomorphic image
Ag of A such that A2 is contained
in a space M. Let k(A) = A,, where

k is a homeomorphism. Q is a com-
pactum, Therefore A, is a compactum
and hence closed in M. W%e now apply
Tietze's extension theorem [5] to
the map hk™* : A, —> Q and obtain an
extension f of hk™ over V relative
to Q. Since A; is an £ -neighborhood
retract of Q, there exlists an open
set Uy @ A, and for each €'> 0 an
¢/ -retraction r'  such that r¢ :
Ug — A1. Now £ [£f(M)NTp] is an
open subset of M and clearly
£ (f(M)AUs]1 D Ay.  The rap ki ry £
maps the open set £~ [f(M)~Uy] into
Aq. Since Aa is compact, for suffi-
ciently small ¢’ by uniform conti-
nuity of kh™l r, £ we have

S (a, %k ry (@) Ce for every aehy,

where ¢ 1s any giving positive num-
ber. Thus A9 is an § -neighborhood
retract of M.

(2.5) DEFINITION. A space, A,
is called an & -absolute retract
( € -AR or £ -ARset) provided it is
a compactum and for every topological
image A4 of A, such that A; is con-
tained in a space N, we have A, is
an £ -retract of M.

(2.6) THEOREM. A necessary and
sufficlent condition for A to be an
£ ~AR 1s that 1t be homeomorphic
to a closed ¢ ~retract ol the Hllbert
parallelotope Q.

This result may be verified by
the method of (2.4).

(2.7) 1In (2.4) and (2.6) when
the dimension of A 1s finite we can
replace G by a sufficiently hign di-
mensional Euclidean space. Naturally
every ANR(AR) set is an £ -ANR( £ -AR)
set.

(2.8) EXAFPLE. In two-dimen-
sional Euclidean space we consider
next set A in a rectangle x-y coordi-~
nate.



x = 31/2%, 04351, whe n=o,1,2,
X = o , 0EYL
04x51, Y=o

It is evident that A is an € -AR and
rot an AR.

3. The following lermas and
Theorems are verified by the usual
methods [1, 6] with the slight moadi-
fication, hence we omit their proofs
here, But they are userul in the
construction of the examples,

(3.1) LENMMA. A necessary and
sutficlent condition [or A be an & -
ANK 1s that A be a compactum and that
for every € > 0 and for every map I
defined on a closed subset P of a
space Yy sucn that [(P)C A, there
exists a map I'g def'lned on some open
subset V, where V contains P, such
that S(f(x), fe(x))< & for every
x € P,

(3.2) THEOREM. JII the sets As,
«o0, An are & -ANRsets, then the
topological product T A, Is an & -
ANR,

(3.3) LEMWMA. A necessary and
sufficient condition for A be an ¢ -
AR Is thal A be a compactum and that
for every & > O and for every map
f defined on a closed subset P of
a space P4 such that f(P)C A, thecre
exists a map fe defined on P, such
that S (f(x), ¢ (x)) <€ for every
x €P,

(3.4) THEOREM. If {A«} is a
collection of sets where each A«
is an ¢ -AR, then the topoJogical
product T Aa 1S an ¢ -AR,

(3.5) Sum theorem could not hold
in the standard form but I'rom Borsuk's
method [1] we have the following.

THEOREM. Let A= A,\/ A, where
Ay Az 33 an ANR and A; and A2 are
€ -ANRsets ol which for suiflclently
small, ¢ , all ¢/ -retractions Iix
every polnt ol Ay ~ Az . 7Then A 1s
an § ~ANR,

(3.6) EXANPLE. From (3.5) the
following set A Js an & -ANR and
not an ANR.

Let A= AV A;, where A=A in
(2.9) and Ay is a boundary of an unit
square and AyN A, 1s, x =0, 0 % v4l

4, (4.)) THEOREM. (Borsuk [11])
If A is an € -AR, then every map
which maps A Into A has a [1xed polnt.

PROOF. By (2.6), we have h(A)= A4,

where h is a homeomorphisr and A4 is
an ¢ -retract of the Eilbert parallel-
otope w. Since § has the fixed point
property, for every map f: A—>»4A and
l'or every g -retraction rg we have

a fixed point a's € A such that

a's = frg(a% ). Let r (a} ):ae & A,
we have

§(ag . F@ae)) =8 (%e(a), at) e,

Un the cther hand il t has not anv
fixed polnt, there cxists o> O
sucn that

$(a. F()) > &

'or every a € A.
Thls is a contradicticn. '"2us
i hes a fixed pecint.

(4.2) IEMWA { Eilenberg
lLet A be an £ -ANH. Tor every 7n2>0
there exists £ > © sucn that when
a map [ 1s an € -map 3) then there
exists a map Q@ o f(A) intc A and

{41

s (93, &) <

lor every a € A.

PROOF. Tet 3.y e
of En -maps of A, where )iraseb&h=C.
Then we can embed spaces a, {;(A),
to(A), ..., in a compactum C== A v

a sequencs

°0
= f,(A) such that the sequence Hn)(
n=1

converges uniforrly to fo(Ai== A in

C [3). Since A is an £ -ANR ftnere
exists an open set U, where 4 CUL C
ana § -retraction rg U—> A Ior
every 4§ > 0. For sufficiently large
n we have fp{A) C U 2and the sequence
1 ¥sfal converges uniformiy to
rg¢ fo=r, . Hence for sufficlently
large n we have

§ (T5fa@, Ys(e2) < 'Z.‘

for every a € A.
. 1 L
10 we put § < 7 then we have

§ (rghla)ra) & 5 (% @), ¥ (a)
t¢ (Yf(n)ra) (_}_ f,.} = vl

1or every a €& A,

(4.3) THEOREM (Borusk [2]).
Let A he an € ~ANK and has a rap f
which raps A Into ltsell without
the Flxed point. Then tnere exlsts




€ » 0 such that every image of § =~
map of A has also a map which maps
1t Tnto Ttsell without The I'ixed po-
int.

PROOF. Since A is compact, there
exists 71 > O such that

1 s(¥
for every a € A.

Since A is an & -ANR, Lemma (4.2)
holds good, that is, fer 1> O
there exists & > 0 such that a map

@ is an & -map then there exists
a map § of @(A) into A and

() S (¥P), )<
ror every a & A.

Put g = Y+Y¥ then g is a required
map. If g has not a required pro-
perty, there exists b, € ¢(A) such
that

9f¢(8,) = 4.

Hence we have
G) Y9ty = ¥(4).

Substitute £¥(b,) for a in (2), we
have

S (¥95vde); Fyda)) <

Prom (3) we have
9 (Y(4e), +4(8))<T,

This contradicts (1).

(4.4) THEOREM (Borusk (11).
If A is a finite dimensional ¢ -
ANR, and I 1s a null-homotopic map
of A Into A, then { has a rixed

Boint *

PROOF. Since A is an § -ANR and
t'inite dimensional, we may assume
that by (<.7) and (2.4) A is in cer~
tain dimensional Eucllidean space E
and there exlists a complex K such
that U = K and the interior of K
involves A, where U is an open set
of Z of which there are & -retractions
re ¢ U —>A, for every & > O,

Since f o 0 in A, we have frg

K — A is null-homotopic in A, Since
K is an ANR, then there exists an

a¢g € A such that fry (ay) = ag for
every &7 O [1]. On the other
hand if f has not any fixed point,
there exists § » 0 such that
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¢ (a, ) 24

for every a € A,

For sufficiently srall € we have
§/a 2 $(fla), fre(a)) for every
a & A and we have

0 = S($n (@), 05) 2 § (s, f(a0)
—§ ($Cae), 4% (o)) 2 £

This is a contradiction. Thus £
has a fixed point,
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Notes

1) We abbreviate "absolute neigh-
borhood retract" by ANR or ANRset,

2) . géa, b) is the distance from a
o b,

3) f:A—> M is called an § -map pro-
vided the diameter of jnverse
image of each point of f(A)C M
is less than §
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