A REMARK ON MAUTNER'S DECOMPOSITION

By Shoichiro SAKAI

INTRODUCTION

F.I.Mautner has shown in his paper
(l] that 11 an unitary representation
g— U) ot a locally compact group

G- » which is the union ol enumerable
compaci Sets, decomposes into U(g,t)
by his direct integral, there_sexists
a choice ol representations U, +¢)
I'or the equivalence classes ol opera-
tor-valued functions U(g,t) with
the following property: There exists
for almost every t a strongly conti-
nuous unitary representation Vi($)
with representation space t and
a subset Ng¢ of o right inva-
riant Haar measure zero such that g
€ Ne implies U (9.t)=Vel(9).
Recently he states in his C37 that 1r

G is a connected Lie group, U(4,t)
are unltury representations exactly.

The aim of the present paper is
to show that his hypothesis can be
altered by the separably local con-
pactness.,

This result will be obtained by
combining Mautner's work with a rew
modifications, The result will give
us a little convenience. Although T
have recently found that the result
was obtained already by R.Godement in
{4], his method is slightly dillerent
from ours.

PROPOSITION. Let (+ be a sepa-
rable locaily conmpact group. Let U(§)
be a strongly continuous unitary re-
presentation of (G on . Suppose

= Jgfat 1s & Mautner's direct
integral such that every U (9¢) de-
composes, say into U(g,t) . Then
there exists a cholce of representa-
tlons TJ'(9,t) ror the equivalence
classes of operator valued functions

U(g,t) with the roilowing pro-
perty: The representations {J'(q,t)
for almost ali t are strongly con-
tinuous unitary representations ol

To prove this proposition, we shall
use the following Lemmas,

LEMMA 1. (Mautner [1] ) Let G,
U@) , and £ = be as
above, then there exists a choice of
representations E)(g,t) for the

equivalence classes ol operator-
valued iunctions U (g9,t) with the
following property: There exists

for almost every t a strongly con-
tinuous unitary representation V4i(g)
with representation space £3: and
a subset Nt of G of right inva-
riant Haar measure zero such that
4 N+t implies T(q,t) = Ti(9) «

LEMMA 2. (Mackey [2] ) Let Y
be a measure space and let be a Borel
measure in a separable locally com=-
pact metric space YU . Let £ De
a complex valued iunction delined on
7 x Y which Tor each rixed ¥ in

is continuous on NV and ior each

fixed © 1in vyr is neasurable on Y .
Then § 1s a measurable on the pro-
duct space M XY .

PROOF OF PROPOSITION. Let us show
that unitary representations Vi(g)
in Lemma 1 satisfy the property of
Proposition.

Mautner proved the following in

his paper (1] : Operators Fa= (@ §(a &
decompose into Suwg figdy

)= (fpUgodg = § g Vg

tor all § el (@) .

(we mean by dg right-invariant Haar
measure.,)

By changing the values on a set of
S(t) -measure zero, we can suppose
V¢ (%) detines on the whole real
line and the above equality 1s satis-
fied for all t , (lor example, chan-

ging /.(¢4) into identity represen-
tation on a set of S(t) -measure
zero.)

Let X , Y be arbitrary elements
of ¥ and x(t) , 4 (t) their
components in P

<Feyx), yor> = [g) <Veghaw, geon &

is S(t) -measurable tor all FeLl,(¢).
Let- f, be sequence of continuous
functions such that bounded measures
fafg) dg converge "étroitement" to
point measure £g, ( €g,¢3a)=1) ,
then for each fixed t ,

bm <R, (£)x(t), g(t)> = hm,\ff..(g) .

< \-’tlg)l(f),gu-)> 43 = (Vt(gﬂllf), 1824



since <Ve@x), ywr> is a conti-
nuous bounded iunction on (G .

Henoe l'or each rixed g, slk@ iz, g >
is s{) -measurablie. On the other
hand, <Vi@)xw, 4(t) > is clearly
continuous on G {for each rixed t .

By Lerma 2 we obtaln the measura-
bility or < Ve(gxit), 4> on GxR'.
Since we can suppose that Va(g)
derines unitary representations on
the whole real line, we have IV (§)l=1
tor all t . Hence there exist unl-
tary operators \AC)) :

V@) ~ k@
Let = , 4 again be arbitrary

elements ot %y and x@) , Yi&)
their components in tf)t , then

<V y>= f< Ve@xit), g o> dset)

Hence < Vg%, y> 1is measurable
on G, and g— V() is clearly
alzebraic homonorphism. Therefore

— Vv(y) 1is a measurable unitary
representation. From the well-known
fact g — V(g) is strongly conti-
nuous unitary representation.

{
We now show that F=,(‘F<$)V'3) dg
decomposes into

Fo) = H@ Ve dg

ror all Fel, (G) .

To prove this, it is suificlent
to show that

/
Fxy>= f< Rt act), 441> dsct)

where X (t) and Y% (t) are comn-
ponents of X and Y respectively.

S<F@ 1),y t)> dste) = (<L) Verg) dglct)
409> dsc) = {( [ Fpcltg e, yeor> dg) dsct)
= [figdg RVe@ ), yev > dseo)
= {f(g) < Vigx, y> dg
= (F%, 4>
Hence R~ R()= §(§)Ve@)dg

= [ f@ U(g,t) dg
and F = ffrg)Utg)43~1r<»c)

V= ltevgdg = B = [HpUpYy
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for all fel,(G),
and so
Vig)= U(}) . for almost all ¢.

By the continuity or 94— U(g),
and g4-— V(g) , then we can con-
clude yy (D=Vig) e verywhere,

Put V< €($) lor Ulfsl t) , this
completes the proof.

COROLLARY. (Bochner) Let ¥F(3)
be a continuous positive det'inite
function on G .+ Then there exists
a systen ol elementary positive defi-
nite tunctions f+($) such that

fig) = ff*(s') dsct)

where S (t? is a suitable real va-
lued non decreasing rightsemi conti-
nuous functions.
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