A NOTE ON FOURIER-STIELTJES INT

By

l. The following theoreris con-
cerning Fourier-Stielt jes integral
are well known.

Theorem A (Bochner). Let fm
be a complex-valued, bounded con-
tinuous function detf'ined over
(~e9 , @9 ). Then the necessary
and sufficient condition for fu)
towbe, representable as  fry =
dj e'*dMs with a function of boun-

éd variation - fa is to hold
the followling condition for every
“ Kiseves Xn and complex num~

bers Coroeer Co H
7]
W Z Gutosas 121 e 1 F 6™,
Theorem B (Schoenberg). In

order that the bounded measurable
function t4) can be repre-
sented as  fw z [ 2 dFu;

a.e., it 1s necessary and suffi-
cient that the tollowing relation
goi' avery @) & L, (<d, c3)

o
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Recently, Bochner's theorem was
extended over to bounded measurable
functions by Phillips {3] . In
this note, we shall prove these
thegrens from the view point of
topological group theory. Already
Bochner's theorem tor locally com-
pact abelian group has been ob-
tained by M.Krein (4] , but the
method of our prool’ is essentially
different rrom that of his own.

2. In what follows, 5 is a lo-
cally compact abelian group, and
its character group, while

» ysee 8PO elementsgo

’ ; «.. characters of

(X, x ) denotes the value of
. at X . MK, is a

bcunded Radon measure on & .,
and dy , ai are Haar measures

and

xnu.»
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on & , é‘ respectively. When
a I‘unct.ion {8 measurable or inte-
grahle with respect to Haar mea-
sure, we say simply measurable or
integrable. Then we obtain:

Theorer; 1. (Schoenberg). Let
fix; be a measurable function
& , then the necessary and
‘flctent condition for fum=
(3, ARG a.e. 1s the

following relatlon for every

Pl L, :

on
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Proof. The necessity is obvi-
ous. For + &4(%, , we de-
fine a new norm
nfq-w/?u,/, where .ﬁ/,;z/fdl Foarax

ieg then g, with tnis
norm (denote this by X, ) 1is
isometrigally isomorphic to a sub-
space ;éi of Lu () .
On the other hand, a bounded linear
functional defined on é can
b expressed in the form
a;é‘u w'th a bounded Radon

and we have

A Fitrefct; < /‘ / ex. 2o, drgded)
5 b

jasure

2 /6 /4F LK) a0 @ymydn

= /‘r Ao $o) dx

whe Fers o & dicdy
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So tne bounded linear functional

on /C, is always written as
poa)drx , an® on the

other fxand the condition of the

theoren shows that Fizy dre) dx

is a bounded linear ?unctlonal

on ’ . Therefore, there



exists ,/a/ such as
) a0 Ave) dx lor all
fﬁ' t.”ﬁ,',’:/f,f) ﬂ). Therefore,

ﬁ‘) ¢’(,} a.6. q.e.d.

3. Next, we introduce the f'ol-
lowing notations

v : & eompact neighborhood of
the unit of " g .

P : a compact neiggborhood of
the unit of

€, : a positive continuous func-
tion on ‘whose support is

in ' and /g,'dl- /.
“, . Kb re, _
( # shows convolution)

f/ﬁ): Fourier-transforn of £, ,
i.e. f{?}-/(t_-f,l‘pfllﬁ

8o gru-/mi‘/f,(,”;
For corresponding functions on c’i-‘ ,

we take out in place of p .
Lerma 1. Ir  f¢x) satisfies
the following condition,

4 :Iﬂg/ 4.,//;.,/:/7‘4‘:?[‘%4;(;,,?)/

for every ,x. 04- and complex

nunmber C uens k- R , then

ooz £p oy 7at1 £ My

" '4’ % f“) sly 80.
Proof.

L‘g Gu Ky (x,..)/i=/§q/zg,ﬁ£;lf)4;ﬁ%,/
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b ZIZE A, po Foser P idy- 4ok,
Then is a continu-

ous and z‘gegrable function, so
Ye % e 1is a bounded’Radon
neasure on 5,

:/ ?;(R)df,
v,

"From the abov’)ve' rpla'tion,

Lerma 2.
rfor every

4
Proof'.
we abbain

(F Gy irerl = z/

sﬂ,:,:g }4“({.1//

L dy Varx,.,

So, f'or a continuous almost X)erio-
dic function pe?) on
have

l/ p i) Y.,m(u ‘/‘huf 7/':»?//

‘y;,‘;\ 64(4) ., for any
» there exigts such.a
compact set in & that

/¥’/ ]*,)m)/(x < £, I\‘“
¢A) be a con}inuous almoat
periodic function 4 such that

F) = yy«?, ror
;‘z. and /*"I “'

5/‘11«, [24. . 7,‘,1(;)1’., #)] ‘then the ollowing relaf. <r{ hdlus-
fe@ = %

g
:? 2 G (K0 R
7eé
Allke, & % fox). satisfies
(4), so A, * fx and

v (%) 2 4,{:, a S f

satislv (4), ¢ q.e.d.

it for is measurable, we

have
btz (#4220
. (" .’“
=‘/¢¢, M/ﬁ,(/ ndy

< [# o [t ag
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So the Anorp of bounded measure .
A (R o X s smaller' than M,
.e d.

Moreover, we obtain

I/*n () - f{l/l



=/ /s 4, $7 é}, (7",(_);‘/;"0 l,
- f, K fte) # f, tx)frny = Fowr|

€ [ rimi s o fye
_.sﬁagy)fky/47
+ /7‘;&9)91}-fﬂﬂ/-—9 )

(uniformly on compact sets us
Vv-e 9 - é\ ).
As f,p ) is Fourier-

transform of a bounded measure,
by Theoren 1,

1/6 #s) fop 114 |
-‘-/’ m [/4 (A’.?} ’/,/J‘/

for every Fn) 64,(4)

Therefore,

1, 4o forae] € 10 o1 [ 22y g

80 by Theorem 1, fry . / ad)ndi i)
a.e. ?

Then we obtain the following
theorem.

Theorem 2 (Bochner-Phillips).

Every bounded measurable func-
tion  f4y  satisrying (4) is
representable with a bounded Radon
measure on in the follow-

ing form :
}3»./ffn 2 dA0) ac

Ir Féx)  is continuous, the
equality holds for all points.
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A CORRECTION By T. OHKUMA

These reports., No.l (1952), -p. 25,

The five lines in the bracket at the end of § 1 should be deleted,

since the axlom of cholce is necessary in the last two theorems.
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