
A NOTE ON FOURIER-STIELTJES INTEGRAL

By Ziro TΛKEDA

l The following theorems con-
cerning Fourier-Stieltjes integral
are well known.

Theorem A (Boeliner). Let f(*J
be a complex-valued, bounded con-
tinuous function defined over
( ~ *P , ** }. Then the necessary
and sufficient condition for f
tcv*b£ represeΛtable as fί*j
/ et**&fiι*t with a function of boun-
deα variation * f**) is to hold
the following condition for every
* ΛΪfψ-9 X

Λ

 a n d
 complex num-

bers c, f , C» :

u> i *"+& ιz& *7.

on Gr > <τ respectively. When
a function is measurable or inte-
grable with respect to Haar mea-
sure, we say simply measurable or
integrable Then we obtain:

Theorem 1. (Schoenbβrg). Let
ji%, be a measurable function

on <ψ , then the necessary and
sufficient condition for f'*)*
fί*.ΐ. 4^(1; a e. is the

following relation for every

4
* 4

Theorem B (Schoenberg). In
order that the bounded measurable
function ' fi*f can be repre-
sented as ftt/ z f & *** dfί*;
a.β., it is necessary and suffi-
cient that the following relation
for every +tt) * 4 ^ύ, <*J
holds

ι£?*««\
Recently, Bochner'a theorem was
extended over to bounded measurable
functions by Phillips (3j In
this note, we shall prove these
theφrβias from the view point of
topological group theory. Already
Bochner's theorem for locally coin-
pact abelian group has been ob-
tained by M.Krein {4J , but the
method of our proof is essentially
different from that of his own.

2 Jn what follows, 3 is a lo-
cally compact abelian group, and
^ its character group, while

are elements *pf Gt and
... characters of

( Λ 9
 J? ) denotes the value of

£ at Λ . s#'*s is a
bounded Radon measure on (J ,
and dx , *ίΐ are Haar measures

Proof. The
ous For f
fine a new norm

necessity is obvi-
6\Lι(ϊ, , we de-

wit
ri ϊ i ϊ ) (
**f , then £, with this

norm (denote this by A
f
 ) is

isomβtrically isomorphic to a sub-
space g

t
 of Δ* ($.)

On the other hand, a bounded linear
functional defined on Jζ, can
be expressed in the form
JttoijdJΐrt*

 w i t h a
 bounded Radon

measure yittt) and we have

V Λ

So
on

tne bounded linear functional
on /£/ is always written as

Lf*'. f/x/*r , andTon the
otSΓer nand, the condition of the
the or en shows that Λ ft/; φ/t; 4A
i s a bounded linear functional
on >Cv Therefore, there
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such as

Therefore,

3 Next, we introduce the fol-
lowing notations

j/ : a compact neighborhood of
the unit of Gf .

p : a compact neighborhood of
the unit of Ίjr

£,, : a positive continuous func-
tion on Whose support is
in J/ and f^'^fx /

( #• shows convolution)

Fourier-transform of
i.e. £ffj fΊ

For corresponding functions on £ ,
we take out j/ in place of μ*

Lenma 1. If ft*) satisfies
the following condition,

for every
number C

a n d complex
^ f then

it

Pi oof.

4

Alike,
( 4 ) , so

satisfy (4TΓ too-'

satisfies
and

If
have

q β d.

is measurable, we

Then V^Λ ̂ is a continu-
ous and integrable function, so
~ψyQ('b" 4ϊ-.. is a bounded'Radon

measure on Z •"

Lemma 2.

for every \/ , j?

Proof. Prom the above relation,
we obtain

(f Urΰ

So, for a continuous almost; oerio-
dlc function fxi) on & , we
have

A s
 %fi *4ί$> f for any
t?o , there exists such a

compact set if in ^ that

///?y be a continuous almost
periodic function £ such that

* * # aud
 / τ

'r$tf;l<:/ ,
then,the following relation holds':

[
Λ

IΦffϊ; j/

So the norjp of bounded measure
y

k
« <*) 4t is smaller^ than M

 ;

q.e.d.

Moreover, we obtain



*' /

ft*)

(uniformly on compact sets as

//-*>£ » )̂ ̂  έ )•

AS /
κ
p ^ is Fourier-

transform of a bounded measure,
by Theorem 1,

<*) Received May 12, 1952,
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for every
Therefore,

ψn)

/ t f ) * j 4 M <7*»u tj(χ, ί /ar

so by Theorem 1, f
i9) a
 / (it)J£(ί

a e. '•

Then we obtain the following
theorem.

Theorem 2 (Bochner-Phillips)

Every bounded measurable func-
tion fuj satisfying (4) is
representable with a bounded Radon
measure j* on q in the follow-
ing form :

If f**) is continuous, the
equality holds for all points.
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A CORRECTION By T. OΠKUMA

These reports. No.l (1952), p. 25.

The five lines in the bracket at the end of § 1 should .be deleted,

since the axiom of choice is necessary in the last two theorems.
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