MAXIMAL CONTINUATION OF A RIEMANN SURFACE

By Masatsugu TSUJI

Let F bhe a Riemann suri'ace,
It F can be mapped one-to-one con~
formally on a proper part F' of
another Riemann surface & ,
then &P -1s called a continuation
of F. If there exists no such
a continuation, then F 1is called
maximal,

3]

Bochner '’ proved:
Theorem. For any Riemann sur-

face, there exists & maximal con-
tinuation.

Bochner uses the selection
axjom in his proof., Heins™ proved
Bochner's theorem without using
the selection axiom., I shall sim-
plify a little Heins' proof in
the following lines.

Proof. In the beginning, we
remark the following, If & 1is
a continuation of F, then we en-
larﬁe &P to a Riemann surface

&F* in the following way. Name-
ly ¥ 15 a covering surface
of , such that a closed
curve on $% 1s (on & ) homo-
top null or homotop to a closed
curve on F'. Then $*
and $* 4s a continuation of F.
In the following, a continuation

of F means always the thus
enlarged surface, Let F be a
Riemann surface spread over the
z-plane and z = Q0 be contalned
in F and different from its branch
point. Let be a contlinuaticn
ot F, spread over the w-plane and
let z=0 be mapped on w=0 by
w=r(z) (£f(o)= 0 ). We map the
universal covering surt'ace of F
on |3%] <1 . Then we obtain
a Fuchsian group (F) in

8,1 < 1 . We map the univer-
sal covering surface of @ on
1ZI < Rby & = h(w) (h(e)=10),
where R is determined by the con-
dition:

gy=0, §loy=1, (1
§(2) = h(£(z)),
Let ¥ ( & ) be the Fuchsian

group corresponding to W (& )
in 121 < R, Then by the remark

where
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in the beglnning, (F) is
mapped on % ( $ ) hormomorphi -
cally, such that to an element of
(F), there corresponds an ele-
ment of @/ (& ), but an element
of % (F), which is the identity,
may correspond to the identity
of Y(E). By &=9(z),
F is mapped confornally on a pro-
per part of the fundamental domain
of 9(E).
Let
. i, _ o
s §°'.—.--e'—-—(f_-_"—--‘i'—2 (v=1,2,)  (2)
l-as 5,

be an element of
homomorphisan,
an element S,

% (F), then by
S, corresponds to

of Y( P ):

) 2
S : §'= ei@v_@_(i“_‘l_v_)_ (‘“v‘< R)
v R-""‘ o,vS

(v=1, 2, ). (3)

e assume that F does not admit
a Riemann sphere or a closed Rie-
mann surface of genus 1 as its

continuation. We consider all
continuations & of F and let
sup R=R, . 4)

Then there exist continuations

a (n=1,2,...) of F, such that
Ry — R, and let  Sufz) { y,00)
=0, . (0) = 1) be the cor-
responding functions.

Let a schlicht fisclz| < § be

contained in F. Since 9, (z)
is schlicht infjz| <® , by
Koebe's theoren, S (2), 3’,:(2),

1/ $2(z) are uniformly bounded
in [z|£ 9 <P . Since 9P,(z) is
locally schlicht on F, we see
easlly that $,(2) is uniformly
bounded in any compact domain on
F.

Hence we can find a partial
sequence, which we denote again

o (2), such that
lm 94020 = §(2), (0)=0; Fl0)=]
(4)



converges uniformly in the wider
sense on F,. ¢ (z) is schlicht
on F.

Let

Sm) 93") R,: (g -aV)
¢ ; ! R&__"(!\g

(L))
#TLEm ) (R
- Rﬁ..‘ﬁ'—“ (V:Q, 2,.)
(s)
be the element of I ( 2.,

which corresponds to (2) by homo-
morphism. By (4), se see that

(vet, 2, ) (¢)

‘ n

gn e, =a,
exists and we may assume, by ta-
king a sultable partial sequence,
that

m O™ = - (¢))
bn 6, =0, (mt2,)
exists.
f Rg = o and R, > e« , then
by (b , (6), (7),
n) 1 H
SI’ g Sv,' $ = e‘e"(S_Q'v) (y=|,z'...)
Since @ (F) has no fixed points,
6,= 0, 80 that
M
SV: ¢ = [ a, (v:“z}... ). (8
By Koebe's theorem, the image

of 1z < § by §.(z) contains
a disc 13)1< ¥4 , hence the
group @ generated by Sy 1is
properly discontinuous. Hence ¢}
is either the ldentity, or a sin-
ply periodic group of translations
of a doubly periodic group of
translations. Since F is mapped
contormally on a part ot the tun-
damental domain of , F admits
the Riemann sphere or a closed
Riemann surface of genus 1l as
its continuation, which contradic-
ts the hypothesis. Hence R, { o,
so that by (5),

s‘"’__,s . ;'= ciav R!(S a,)

v v RL 3,8

(lay| <R, ) (vetiz,ee ). (D)

Since the group ¢} generated

56 -

by S, 1is properly discontinuous,
let D be its fundamental domain,
then F is mapped by & = $(2)
conforrmnally on a parb of Do D
can be considered as a Riemann
surface , 80 that & 1is a
continuation of F.

; We shall prove that @ 1is
maximal,. Suppose that & is
not maximal and. can be mapped
conforrmally on a proper part of
another Riemann surface @, .
As berore, we map:the universal
covering surface of &, on

15,1 < and let 9 (2)
( ?(o)=- 0, $/(0)=1) be the
corresponding funct*on defined
by (1) for %, . Then I3I<R,
is mapped. on. a proper-part of

18,1 < R, , which is the image
of & . Let 3 = h( &)
(h{o)= 0 ) be the mapping func-
tion, then by Schwarz's lemma,
It (o)l < R,. /R .. Since

= h( §(z}) and SHo):- ht{o

9 (0), @4(0) =1; ¢'(o)=1,
we have h'(Q0)= 1, 8o that 1< -
Ri/Rq , or R, < Ro , which con-
tradicts the definition of. Ry s
Hence @ 1is maximal,

9(2)
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