A NOTE ON THE MAXIMAL IDEALS OF ANALYTIC FUNCTIONS

By Sin HITOTUMATU

1. Introduction. At the meet-
ing of the Mathematical Soclety
of Japan on 21 Feb., 1952, Mr. J.
Igusa has remarked that the alge-
bralc structure or the ideals of
analytic functions in a domain
of regularity determines perfect-
ly the analytic structure or the
domain D, using the ideal-theory
of analytic functions due
to Messrs. H.Cartan and K.Oka 2,
Suggested by him, we shall consi-
der the maximal ideals of analy-
tic functions of several complex
variables in this Note. From the
atomic structure of the space,
or suggested by the theory of
normed-ring, one can easily con-
jecture that the maximal ideals
wlll correspond to the points of
the domain. In the case of the
domain- of regularity, this is cer-
tainly true.

On the other hand, the author
has once been asked by Mr. 0.KSta,
whether a closed ideal in a do-
main of regularity has finite ba-
sis or not. I do not know yet
its answer. Here we glve a result
concerning this for maximal ide-
als, even though it were but a
very special case.

2. Notations and Lemmas used
later. We denote by (O or more
precisely by Op the domain of
integrity consisting of all the
holororphic functions in a domain

In the space of " complex
variables z; ,..., Zn . ‘For
simplicity's sdke, we assume that
the domain D 1is always finite

and univalent.

We shall use a few terminolo-
gles concerning the ideals such
as the ponctual ideal generated
by the ideal J at a point &,
the closure of an ideal, etc.,
after mainly H.Cartan (2] , An
ideal <7 1in (> 1is saild to be
maximal i J #(O and if there
1s no ideal Of such that

Tsds 0 -

We use the symbol [ﬁ 5 jcz R
...] for the ildeal generated by
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the functions F1 , F5 ,eee .«
Further we denote by /% the
ideal consisting of all the func-
tions in Op vanishing at a
point a € D . It is evident
that P, 1s & closed maximal
jideal in O’D .

For later use, we assume the
following:

Theorem 1. A domain D is a

domain of regularity 1if snd only
if every closed ldeal (esg)ecially
ideal with finite basts; ¥ 7

in Op satisfies the following
condition G:

G: If a function fe(p
belongs to every ponctual ideal
Ja  generated by at every
point a € D s, then
belongs to J itself,

The necessity is one of the
main Theorems in the thenry cof
ldeals of several complex vari-
ables.® The sufficlency is evi-
dent, because if D 1s not e
domain of regularity, there exi-
sts a point b= ( 61
out of D

yeees Tn

, satisiylng that every

tunction of Op 1is also holomor-

phic at b . Then the function
f=1 and the idea. £, do

not satisf{y the conditivn & .

Corollary 1, Suppose that
is a domaln of regularity., 1f a
systen oi tinite number of func-
tions Fm €0 have no
comrion zero-point in D , we have

[fl;".) f'm,]:_'O"

Proof. Use the condition G
tor the ideal J = [f] ,eeey £
and f = . ‘

FRIEY

Corollary 2, (Weil-}ierez‘)s)
Suppose that D 1s a domaln of

regularity. For every point
& = ( Qg seeey, an ) €D
we have

7%.= [z21-Qy = 5 Zn=Qn],

Proot. Use the condition (
for the tdeal J= (2:-01,...,
Zn - Qan] and f taken arbltrary
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3. We shall prove the following:

from the ideal

Theorem 2. Suppose that D
is a domain of regularity., A

maximal ideal J in Op  with
at most countable basis _® is
closed.

Preoof._ If it were not so, the

closure J of J nmust be_ O ,
for otherwise, we have J &£ 7 ¢
contradicting the mdximality of
.__Hence we may assume that
I§ET=0 . Take & coun-
table basis £ yoee
of 7 . Let F "be “Ehe collec-
tion of all the “zero-points of
fi in D . are relati-
vely closed sets in D , and they
have the finite-intersection-pro-
rty, for otherwlse, we have
persss = (> by Corollary 1. On
the, other hand, we have
f\,_t F = : § , for otherwise, we
have by Theorem 1.
Then the closed sets F'y N
n Fo tm = 1,2,...) never stay
in a compact subset of D
Hence we have a sequence of points
ss++ Which has no
llmit; point in the interior of

RN

D and such that BoeBnAbn.
The set Umet {P.} is then,
an gnalytic variety in , and

so, we have a holomorphic function
4e Op such that 3-(}’24) =
ahd 3(Pig-1) = 1 7,2,
+ss) by the first Cogsig p_x:oblem
for un analytic varlety.? Now,
since an arbitrary element A,
of 7 is a linear combination
of finite number of functions taken
rom ] over ( ,
f. nust vanish on 1Bn} up
to a linite number of exceptions,
which means that @ .
Putting Ob & LT, & , We have
T . On the other hand,
every element of U} must vanish
at {Pe} up to a finite num-
ber of exceptions which implies
that 1 ¢ OF . This means that
J s Ot C contradicting
the maximality of J . Thus
our Theorem is proved.

pgoece

4, We now reach our finil
result:

3. The following four
conditions are equivalent t'or an
ideal 7 in Op , when D 1is
a domaln of regularity.

A O/7 = C , where (@
reans the complex-number-
field.

o)}

&)

B) T 1s maximal with at rost
countable basis.

B') T is maximal and closed.

C) There exists (one and only
one) point & € D such

that 7 =P, .

Proot. It is evident that C}
implies A), B), and B'). We have
already proved in Theorem 2 that
B) implies B').

A) implies C) {by Mr. J.Igusa).
By our assumption, we have con-.

stants  &j € . such that
—~0; €T (§= lyees, n ).
The point & & ( [2¥] sesey An .
belongs to D , for otherwise,
the ideal 22y - A1 yers,
Zn—-anl € is by Corol-

lary 1, contradicting the assump-
tion AS. By Corollary 2, we have
=Pi.cT €O , and. then,
by the maximality of 'fa .5 W8
have 2 = T which proves

B') implies A). Since J 1is
closed and is not (¢ , .there must
exlist at least one point & on
which all -the functions of J
vanish. - The zero-point .of
must be only one point by the .
meximality, which reduces the
condition C). -But we shall. prove
A) directly.

Since 7] does not contain any
congstant other than O, we have.
o/72C . It O/IREC ,
we have a function 2e 7 such
that g4-c for every

[ . Hence the ideal .
O =17, (3-3@n] is dig-
ferent from g but it does not
coincide with O’ » since every
element of O must vanish at

. Theretore we have IO O
contradicting the maximality of

. Thus our Theorer 1s per-
fectly proved.

Corollary,
of regulurity,
naximal ideal in Ob
nite basis.

It D 1is a domain
every closed and
has fi-

Remark. The condition a) im=
pPlies the maximality of 5 for
an arbltrary domain. Because,
1r there exists an ideal such

that 7 & O ¢ ¢ , We have

a function @ ¢ Of and a

constant ¢ ¢ @ , 8such that
2¢T ¢-ceJc 0" )

which impl*es chat O0+c ¢
and then O = (O . o ’



Added in Proof. 1In a paper of
L.Schwartz {11 , similar results
are described for the ideals of
finitely or infinitely differentiable
functiona.

(k) Received Feb. 27, 1952.

1) Theorem 3 later, and further
ccnsiderations.

2) H.cartan (1], (2] ; K.Cka [1],
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