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Introduction, The object of
the present paper is to determine
some types of discrete homogeneous
chains.

Because all discrete homogene-
ous chains correspond one-to-one
to all homogeneous chains, as will
be shown later, it is impossible
to classify and determine the
types or all descrete homogeneous
chains, unless the types of all
homogeneous chains are determinedo
So the author only determined the
special type of discrete homogene-
ous chains, that is, absolutely
discrete homogeneous chains, which
will be defiiied later on.

The same definitions and nota-
tions as in ( 1) are employed,
but concerning the ordinal power,
those in the author's paper C 27
are employed.

In /I, general homogeneous
chains are investigated*

In f2> the construction or ge-
neral discrete homogeneous chains
is studied, and later the absolute
discretoness is defined.

In ^3, some examples oi" abso-
lutely discrete homogeneous chains
are investigated*

In f 4, we shall see that every
absolutely diacrete homogeneous
chain is after all one oΐ examples
mentioned in / 3, and then the
type is determined.

Finally, the author should be
grateful to Pror. H Toyama and
Mr* NoKimura for their kind assi-
stance and instructive suggestions
on this article

β

concerning the definition of ordi-
nal power, we use the following
one, on which the author has stu-
died in a previous paper C2; •

Definition I. Let X and Y be
posets
of Y.

and y
o
 be a fixed element

x -The ordinal power
 A

 Y < y
o
>

consists of"all functions f(x)~y*
from X to Y, such that »the set
{x I f(xjt Φ y

o
{ satisfies the de-

scending chain condition', where
f 4 g means that for each x « X
such chat f(x) 4 gί-Ό, there exi-
sts an x'<x such that f(x') <g(x' .

Based on this definition, we
get a poset *Y<y

o
> without any

restriction on the original po-
sets, such as the descending chain
condition on Xo

If Y is homogeneous, then the
structure of

 x
 Y < y*> does not

depend on the choice of y
0
 , and

the sign <y
β
> can be omitted.

In the case when Y is homogeneous,
the resultant set

 X
Y is also

homogeneous. In the case when
both X and Y are chains, the set
x
Y < y > is also a chain.

About those fact, see the pro-
vious paper i 2 ) .

(I.*) Definition 2. If a
chain X has a transitive automor-
phism group, we call X homogeneous.

Theorem 1 Y are
homogeneous chains, then X ° Y
(ordinal product, cf. C D , p.9)
is a homogeneous chain* If X is
a chain, and ϊ is a homogeneous
chain, then *Y is a homogeneous
chain.

These propositions are corol-
laries or Theorem II snd III of

i* On homogeneous chains.

(1.1) We us© the sane defini-
tions and notations as in C1J ,
unless otherwise mentioned, but

Note I. Let 2 « X y. The
homogeneity of X and Y implies
that of 2. But neither the homo-
geneity of 2 and X nor that or Z
and Y implies that of the rest.
Z may be homogeneous when neither
X nor Y is homogeneous. If Z and



Y are homogeneous, then Y is a
homogeneous interval (which will
be deΓined later on) of Z. But
the existence of a homogeneous
interval Y of a homogeneous chain
Z does not imply the existence of
a chain X such that Z « X o Y.

Example I. Let S be the ho-
mogeneous cEain or all real num-
bers, J be that of all integers,
and S

+
 be the chain of all real

numbers, which are equal to or
greater than zero Then J o s

+

is a homogeneous chain isomorphic
to S, but S

+
 is not homogeneous.

Let 2 be the 2nd ordinal num-
ber, and R be the homogeneous chain
of all rational numbers, then
2o R is a homogeneous chain iso-
morphic to R

β
 But 2 is not homo-

geneous o

We^denote the dual of a poset
X by X and the chain of all ςosi-

+

tive integers by GO , then <-o ° S
is a homogeneous chain isomorphic
to S, but neither <Z nor S

+
 is

homogeneous*

We denote the first uncountable
ordinal by w, . Then the set
S Φ (*>/ S

+
) = T is a homogeneous

chain, and contains a homogeneous
interval isomorphic to S, but
there is no chain X such that T

»X» S. (The last fact can bo pro-
ved from the conditional comple-
teness of T ) The last example
shows the existence of a homoge-
neous chain which i3 not self-dual.

We shall use the notations in
Example I throughout the present
paper.

(1.3) A void set, and the set
which consists of only one element
are homogeneous chains. We shall
call then the trivial homogeneous
chains.

A non-trivial homogeneous chain
contains a subchain which is iso-
morphic to the chain J oi all
integers*

A non-trivial, donce-in-itself
and homogeneous chain contains a
subchain isomorphic to the chain
R of all rational numbers.

A non-trivial, densβ-in-itsβlf,
conditionally complete and homo-
geneous chain must contain a 'sub-
chain isomorphic to the chain S
of all real numbers.

These propositions are oovious.

' (1
Φ
 4) Definition 3. A sub-

chain I of a chain X Γs called
a n
 interval of X, if and only if

a,b 6 I and a-4 c 4 b implies e e l .

The fact that I is an interval
of X, ij denoted by I i X.

Especially, ior any pair of
a,b«X, the set of elements between
(properly; a and b is an interval,
vVe call it an Open interval and
denote it by (a,b;. When two
elements a and b are adjoined to
the open interval (a,b;, we call
it a closed interval and denote
it by Ca,bJ .

(1 5) VVe define the following
three kinds of orders in a family
of intervals of X,

i) We say that I
%
 contains I, ,

if and only if I, is a subset of
I
z
 , and denote the fact by I, έ I

z
.

ii; tfe say that I, _i£ less
than 1^, if and only if a < b for
every pair of ael, and b* I

z
,

and denote the fact by I, < I
t
*

I, and I
t
 are comparable if

and only if either they are dis-
joint or they coincide entirely
with each other.

iϋj If and only if ior any
a e I, there exists a b e l ^ such
that a 4 b, and for any b e I& there
exists an a & I, such that a 4 b,
we say that I

2
 is lower than 1^

and denote the Γact by I, »c χ
z
,

A necessary and sufficient
condition that 1/ is comparable
with I

t
, is that, if one of them

contains the other, either their
upper bounds or their lower bounds
conncide entirely with each other*
(Of cause, this condition admits
the case when neither I, nor 1^
contains the other.)«

The adequacy of those orderings
and the conditions of comparablity
can easily be proved.

(1«6) If neither of two in-
tervals contains the other, there
are two cases.

1) They are disjoint.

2) One is lower than the other,
but their intersection is non-
void



In the case 2), let I
;
oc l

z
, and

if we denote the complement of I
by I', 1,^1^, I, ̂ 1 , , IV „ χ

t

are also intervals which are dis-
joint with one another, and I, ̂ 1^
< 1/r* ̂ 2,<1\ r\ 1& in the meaning
of the order ii) (1.5).

Proofs are evident.

(1.7; Let λ be a homogeneous
chain. Let #χ be the automor-
phism group of X, and let I be a
homogeneous interval of X*

If a,b 6 I, then there is an
automorphism 9 of I such that
9 (a) = b* Consider the follow-

ing inner mapping Q of X:

θ (x) = 9 (x) i'or all xe I,

0 (x; = x for all x < I .

Then, obviously θ is an auto-
morphism of X.

The set cf automorphisms of X
such as β , that is,

jθ θ ( any x

is a subgroup of <βχ , which is
isomorphic to the automorphism
group of I We denote this sub-
group of <$%. by Cfi , and call it
the characterl stic group of I,

(1.8) Let X be a homogeneous
chain, and I, and l

t
 be its homo-

geneous intervals whose intersec-
tion is non-void* Then both
I ^ I

t
 and I, ̂  I

z
 are homogeneous

intervals of X

Proof. If one contains the
other, this proposition is ob-
vious.

Now, let I,« I
z
(l-6; Then

both X, ̂ I
t
 and 1,^ l

z
 are inter-

vals* vVe shall only prove that
they are homogeneous.

Let a,b6l/
w
 I

z
. If these two

elements are contained together
in 1/ , then the automorphism

φ* <Ji, , wnich maps a to b,
displaces no element outside or
I, ̂ 1^ The case when both ele-
ments are contained together in
1^, is similar.

Let a e 1,^ 1^ and beij ^ I
z
.

Take an element c from I
/
^ I^

Then there exist a QeCjfit which
maps a to c, and a γeofχ which

maps c to b
β
 The automorphism

Y <? of X does not displace
any element outside of 1,^ 1^ ,
and maps a to b. This shows that
any two elements of 1,^ I

z
 are

mutually transitive within 1,^ I
tβ

Let a,be 1 ^ 1 ^ , Then there
is a 9 e Cfti, , which maps a to
b , and a y^-^i^ which maps
a to b. Consider the following
mapping θ of X:

θ (x)

@ (x)

(x)

(x)

for x4 a,

f or x > a

Then θ is an automorphism
of X, and maps a to b, and moves
no element outside cf I,/Λ IZ
(remember that 1/ is lower than
1,2.) , This means that any two
elements of I, r\ l

z
 are mutually

transitive within l
t
 r\ I^

We state this fact in the fol-
lowing form*

Theorem £. Let J be a maxi-
mal subset of the set of homoge-
neous intervals of a homogeneous
chain X such that any two inter-
vals in d have their non-void
intersection, then J is a sub-
lattice of the Boolean algebra
of all subset of X.

(If we make use of Zorn
τ
s

lemma, we see that such a maximal
subset always exists, out the
axiom of choice is not assumed
throughout this paper•)

* discrete homogeneous
chains.

(2.1) Definition 4. A homoge-
neous chain X is called discrete,
if and only if there exists a
pair of elements of X which have
the covering relation (cf* (1*3
p.5) .

This definition requires only
the existence of some pair of
elements which have the covering
relation, but on account of the
homogeneity of X, this condition
is equivalent to the fact that
any element of X has an element
which covers it and an element
which is covered by it,

A non-discrete homogeneous chain
is dense-in-itselr.



(2,2) Let X bo a non-trivial
descrβto homogeneous chain. We
define an equivalence relation in
X such that a~b in X means that
there exists only finite elements
between a and b

β

Then this equivalence relation
induces a classification of X,
and each class i3 isomorphic to
the chain J o± all integers.
These classes are mutually dis-
joint intervals. So, ir we intro-
duce the order in the meaning
of ii) (1.5) into the set of
classes, then the set is a chain.

Now, let Tϊt be the set of all
classes. Λ

r
e shall see that the

chain 791 is homogeneous*

In fact, an automorphism y
of X, which maps an element a in
a class I, to an element b in a
class I

z
, maps any element c in

I, into 1
Z9
 for, if 9(c)=d,

then the number of the elements
between b and d is equal tc that
of the elements between a and c,
which is finite.

So an automorphism j> of X
induces an inner mapping of HI ,
which is an automorphism of ΉL
as easily seen, and the transiti-
vity of Cg

κ
 'implies the transiti-

vity of ^ ^ , that is, 1RL is a
homogeneous chain.

The previous fact implies that

X - 7ϊL° J.

On the other hand. W.°J is
always a discrete homogeneous
chain for any homogeneous chain

sffil . So wo obtain the following
theorem*

Theorem 5. All discrete homo-
geneous chains correspond one-to-
one to all general homogeneous
chains, and a necessary and suffi-
cient condition that X is a dis-
crete homogeneous chain is that
there exists a homogeneous chain
^fjl such that

X = Tίίo J.

By this tneorem, the type of
discrete homogeneous chains is
determined to some extent. But,
unless the type of general homo-
geneous chains ia determined, we

can't yet establish complete de-
termination theorem for discrete
homogeneous chains.

However, if Tjl is also dis-
crete in the previous identity,
then 7ίt is decomposed into ^ί/Oj
samely, and if ηηfi

x
 is discrete,

it is all the same, and so on,
What type of discrete chains ad-
mits such transfinite decomposi-
tions without any non-discrete
multiplier set? What about pj ,
where f> is a dual set of an
ordinal number? (See Definition
1.) To answer these questions,
we introduce the following defi-
nition

c

(2.3) Definition 5. Λ nomo-
geneous chain X is caTled abso-
lutely discrete, if and only if
there exists no non-discrete homo-
geneous subchain (including the
non-proper one also), except the
interval consisting of only one
point

(A homogeneous chain consisting
of only one point is regarded as
a non-discrete chain in the pre-
sent paper (see Definition 4 )

0
)

A discrete homogeneous chain
X is absolutely discrete if and
only if the 791 is absolutely
discrete, when we decompose X into
/
9K o J in the form of Theorem 3*

This is a corollary of the
next proposition.

(2.4) Let X = vo z, Y and Z
being homogeneous chains. X is
an absolutely discrete homogeneous
chain, if and only if both Y and
Z are absolutely discrete (except*
the case when Y or Z is trivial).

Proof. The necessity is ob-
vious. Hence, we now give a proof
for sufficiency.

We consider that U is a non-
trivial, non-discrote homogeneous
subchain of γo Z. Especially, U
can be regarded as a chain isomor-
phic to the chain R of θll rational
numbers (l 3 )

β
 An element of

Y ° Z has the form (y., z), where
y « Y and z * Z. Ho call y the Y-
ooordinαto and z the Z-coordinate

Any two elements of U must
nave the different Y-coordinatβs.
Indeed, if both u - (y, z,) and
v
 - (y>

 z
z) have the same Y-coor-

dinates, then the open interval
V = (u, v) in U is also isomorphic
to R, and each its element has the
same Y-coordinate. So V can be
imbedded in Z* This contradicts
the absolute discreteness of Z



So any two elements of U have
the different Y-coordinate, and
U is isomorphic to the subchain
of Y, whose element are the v-
coordinates of the elements of U
But this contradicts the absolute
discreteness of Y.

Example £^ J is an absolutely
discrete homogeneous chain, then
also is J ° J In general, ^J,
where n is a finite ordinal, is
absolutely discrete.

R o J, and S ° J are discrete
but not absolutely discrete.

*LL Examples oi' absolutely dis-
crete homogeneous chains.

We shall show an important se-
ries of absolutely discrete homo-
geneous chains. It is remarkable
that these examples exhaust all
or absolutely discrete homogeneous
chains, as we shall see later on.

(3.1; Example
an ordinal number.

Let P be

Set Hp = ( r implies the
dual of Γ )
(see Definition 1).

That is, an element of H
P
is a

series of integers arranged in
the form of a dually well-ordered
set p , such that only a finite
number of these integers are not
zero, where the order is defined
in the meaning of Definition 1.

H p i3 a homogeneous chain
by the note on Definition 1* Hp
is an absolutely descrete homoge-
neous chain. To prove the fact,
we shall study the construction
of H

r
 .

(3,2) If h6 H/7 , then for a
t * γ , h(r) £ J. We βay the

valυe oί h(r), the r -coordinate
of h, and denote it by hy For
only a finite number of γ , the
y-coordinates of h are not zero.

The set of elements of Hp ,
whose Y -coodinates are zero for
any ordinal Y equal to or larger
than some ordinal Δ < f , is an
interval or Hr . We denote"the
intervals by l

Δ # r
 , but I

A
_
 r

is isomorphic to H
Δ
 regardless

of the ordinal f"
7
 . So we may

omit the subscript p from I
A
 p

When Γ is a discrete ordinal
and /7 = Δ $ 1 , then obviously

H
Γ
 * J

 β
 H

Δ

When p is a limit ordinal,
then

But because each I A is
phic to H

Δ
,

 W Θ
 can write

H,

in the above meaning*

(3,3) Let all H
 Δ
 , A < f

be absolutely discrete.

When H(r = J then the
( ,

absolute discreteness of HP fol-
lows from the proposition (^.4).

Let H p = (JA<ΓH
Δ
 (when p is

a limit ordinal).

If Hp should contain a sub-
chain U isomorphic to R (see
(1,3);, and a, b6U, then the open
interval V ss (a, b) of U would
also be isomorphic to R. But
there exists a Δ < Γ such that
a, b 6 H

Δ
 , and so VCH

Δ
 this

contradicts the absolute discrete-
ness cf H

A
 *

So, every H
r
 is absolutely

discrete.

(3
β
4) vVβ αβfine an additive

operation on Hp .

Let h, keHp , then the sum of
h and k, h 4 k, is such an element
of H r that its every Y -coordinate
is the arithmetic sum of the Y -
coordinates of h and k.

Based on this definition, Hr
becomes a group. Furthermore, it
is an ordered group a3 easily
seen* The mapping

9
K
(h) a h + k

is order preserving and one-to-
one, that is, 9>

κ
 is an auto-

morphism of H
Γ
 .

We make use of this group cha-
racter of H |7 , only for αenoting
the automorphism 9>κ o'ϊ trJ.ε
type by 4 k, and do not use it
essentially in the following.

(3.4) I A is an interval of
H

Γ β
 For any ke H

r
 , the set

- 27 -



k= {l I 1 = hi k, he I
A
j

is also an interval oί' Hp , which
is isomorphic to HA , and contains
k* The elements of I

4
i k have

fixed y -coordinates Γor any Y}*- ,
which are equal to the Y -coordi-
nate of ko So the interval I

Δ
j

k has upper bounds and lower bounds
in H

p
 .

Lemma

1) Every proper homogeneous
interval (non-trivial) I of H

 r

is I
Δ
 -ί- k for some Δ < J

7
 and

a k ί H
r
 .

2) Hp can not be iscmorphic
to its proper interval«,

Proof. Those are obvious for
H,

s
 J . Let the abovo two sta-

tement be proved for H
A
 fcr all

The proof of 1)
 o

i) The case that the P is a
discrete ordinal, and Hp

 =
 J o HA

Let I be a homogeneous, non-
trivial, proper interval of H^ ,
and I gk. Then, I intersects
with I/v. -f k. and so, the follow-
ing three cases are conceivable.

Case 1) I contains 1^ -f k.

Case 2) 1/^4- k contains I.

Case δ) Neither of them con-
tains the other

β

But, the last case is impossible«
Because, if I does not contain
I Λ 4- k, then their intersection
is a proper interval of I Λ •+ k,
which is homogeneous by (l.β).
Since I Λ -ί k is iaomorphic to H

A
 ,

its proper homogeneous interval
has the form I Λ.' + h -j k, where

Λ
/
 < Λ. , and h e !& , but such

an interval has its upper bound
and lower bound in I Λ. 4- k (3*4).
So I is contained in IA + k,
because T is an interval.

In the case ?.), I has the form
I
 Λ
' 4 h + k, Λ ' < Λ , h e I

A
,

by the assumption.

In the case 1), if I = iΛ-ί k,
then the proposition is true

The interval IA.+ fr consists
of al] elements whose p -coordi-
nates are equal to the Γ -coordi-
nate kr of ko So, if I has an
element h outside IA -/• K, then

the p -coordinate hp of h is not
equal to k p , and I contains
IA 4 h all the same, because I
is not contained in 1^ + h. Still
more, I contains all the elements
whose p -coordinates are between
hp and k

r
 , since I is an inter-

val.

If the p -coordinates of the
elements of I have neither their
upper bound nor their lower boυnd,
then the intervβl is not proper.

Consider tnat the P -coodinates
of the elements of I have their
upper bound, for instance, them
some k fe I has the least upper
bound m as :.tn P-coodinate, since
the values of P-coodinates or I
are integers. If another element
h £ I has not the P -coodinate m,
then the automorpnism φ of I,
which maps h to k, maps IΛ, + k
into I

A
 + K itself as a proper

interval of I/v. 4- k. But this
contradicts the assumption of
induction 2).

So, if the p -coordinates of
the elements of I ranges at least
over two integers, then they ranges
over all J, ana so I is not oroper
in Hp .

So, if I is proper anό contains
k, then ̂ either ICI

A
-j- K, and so

I s I A t h for some Δ < A $ or
I coincides with I/ι + k.

ii) The case that p
limit ordinal.

is a

Consider that I is a homogeneous
interval of H

r
, and contains k

β

If I contains I
A
 -f k for any

Δ < p , then I contains all
elements of Hp , that is, I is
non-proper interval.

Now, assume that I does not
contain Iy j k for some Δ! < Γ ,
then we see that I is contained
in I

 Δ
 -f k, quite similarly as

in the previous proof. So I has
the form I

Δ
 + h + k where A</±'

 f

he I
A
' and k e I by the assumption

of induction.

The proof of 2) <,

If Hr is isomorphic to its
proper interval I, then I is homo-
geneous, and so I has the form
I A 4 k where Δ < f , keHf
Then the isomorphism which maps
Hp on I

Λ
 4- k, maps the interval

I
A
 -i- k onto its proper interval.

- 28 -



But I
Δ
 -f k is isomorphic to

H Δ > and this contradicts the
assumption of induction.

(3.5; Λ'e call the eleπent of
Hp , whose every coordinate is
zero, the original element.

It follows from the previous
lemma that the interval of H

r
 ,

which is isomorphic to H Δ ,
Δ < Π , and contains the ori-

ginal element, coincides with I
Λ
 «

We say I
Δ
 , the Δ -original

interval.

But, on account of the homoge-
neity or Hfi , neither the original
element nor the original intervals
have any distinguished character,
unless the group character of H p
is concerned.

4 G eneral absolutely discrete

K a H
r

5hahomogeneous chains,

(4 1) Let K be an absolutely
discrete homogeneous chain* If K
has an interval H isonorphic to
Hp , then it follows from the
homogeneity of K that for any ele-
ment k 6 K, there exists an inter-
val isoraorphic tc Ep , which con-
tains the element k.

In general, if two Homogeneous
intervals, one of which is isomor-
phic to H/* for some ordinal f ,
have their Intersection, then one
of them must contain the other.
The proof is quite the same as in
the previous lemma.

Let Ίfjl be the set of intervals
of K, which are isomorphic to h>
Then the join of the intervals in
q$t covers K ent3.rely, and these

intervals are mutually disjoint,
because of the* above statement and
previous lemma. (Any interval of
qrft can not contain another as a

proper interval.)

So, if we define on 7K the order
in the meaning of ii) (1.5), then
'Jftt becomes a chain. Let φzφK

 f

and M e flR. , then $ (M) is also
an interval of K, and is isomor-
phic to H

P
; that Is, <J (M)eW. .

So an automorphism oi K. inαuces
an automorphism of ffil , and the
transitivity of the automorphism
group of K implies the transitivity
of automorphism group of TΪL .
That is, ήβt is a homogeneous cha-
in, and

(4.*2j If an absolutely discrete
homogeneous cnain K contains an
interval iscmorphic to H

Δ
 for any

Δ < p , where f
7
 is a limit

ordinal, then for an element k* K,
there exists an interval &

Δ
 iso-

morphic to H^ wnicn has k as its
original element (considering that
the same coordinates as those of
the corresponding elements in H Δ ,
are introduced in the elements in
K
 Δ
 ) Then, if A' < A , K

 A
'

is the original interval of K Δ ,
because of the lemma and the nota-
tions in (4.1) and in (3.5)«

It is seen that the set K p s

UΔ<.Γ K
Δ
 ί-

s a n
 interval oί' K, and

further verified Kf is isomorphic
to H/r . So K contains an interval
isomorphic to Hp

Theorem {The main theorem).

Every absolutely discrete homo-
geneous cnain is Isoriorphic to Hp
for some ordinal p

 β

Proof. Let K be an absolutely
discrete homogeneous chain, K
does not contain an interval Iso-
morphic to H A ί'or an ordinal Λ
whose power (cardinal number) is
beyond that of K. So there exists
a least ordinal Γ

7
" such that K

has not the proper intei val iso-
morphic to Hp , that is, K has no
proper interval isomorphic to H/* ,
but K contains a proper interval
isomorphic to H A ί'or any ordinal
Δ < f

i) The case wnen Γ is a dis-
crete ordinal and f

7
 ~ & Θ / :

It follows from (4.1) that K
=: 7 ? L

C
H Δ . But Wί is an absolu-

tely discrete homogeneous chain
(2.4) So ΊfK-fίoJ, and K = n
°J ^ H

Δ
= 'Λ.O Hp c But K contains

no proper interval isomorphic to
Rp , so 71 = 1, and K s U

r

ii) The case when f is a
limit ordinal:

Then K must contain an interval
isomorphic to 11

Γ
 (4.2). But such

an interval can not be proper.
So K = H p .

Theorem 4^ Any αiscrete homo-
geneous chain K can be decomposed
into an ordinal oroduct

K 7K o H
Γ

- 29 -



where H
Γ
 =

 P
J, and € is a 'non-

diserete' homogeneous chain (this
may ron3ist of only one elenont).

The prooi' is similar as that
of the previous tneoreπ.

(#) Received Nov. 13, 1951.

(I) G.Birkhoff, Lattice Theory.
Coll, Publ. of Amβr. Math,
Soc. (1949).

( T.Ohkuma, A Note on the
Ordinal Power and the
Lexicographic Product of
Partially Ordered Sets.
These Hep. (1952).

Tokyo Institute of Technology.




