
NOTE ON DIRICHLET SERIES. (VIII)

ON THE SINGULARITIES OF DIRICHLET SERIES. (V)

By Chυji TANAKA

(1) INTRODUCTION. In the
previous Nor,e ( e n Theorem 3 ) ,
Λ e have established the following

THEOREM.. Let us put

Π ΐ)

( A

/

co)

are both absolutely convergent

in the v/hole plane, and they have

the same order and type in the

whole plane, where the order f
u

and the type -fc; of fyiλ) u = r.j.)

are defined as follows:

Λ

\</ίL<r'tU)\

where OUXJ is oΓ bounded varia-
tion in any finite interval o -άrX

^ X > X being an arbitrary
positive constant. If (1.1; has
the finite simple convergence-
abscissa ϋj , then the neces-
sary and sufficient condition for

j ==u <ri -f u to be the singular
point of (1.1) is that

Jhiί

where

PROOF. From Ib
we have evidently"*

-λ* )

Hence, by Gr.Valiron's theorem
( C2i p.3), the simple (= absolu-
te) convergence-abscissa <r^ of

# C/<J) is determined respec-
tively by

In this present Note, applying
tίiis theorem to Dirichlet series,
w.e shall give a new proof of next
G.Polya's theorem. ( C21 ρ.2ϋ,
ίδi pp.85-86, Γ41 )

G.POLYA'S THEOREM. Let Diri-

chlet series yr(j) = ZZ Qn ̂ f(-ΛmJ)

with -Igζ Iλ-nri -λn) » f >o have

the flnίΐe simple convergence-

abscissa ^ « Then, jrU)

has at Iea3t one singular point

on every closed segment on

qp(A) = σ% v̂ith length z TCΔ ,

where Δ (̂  */>•) is the maximal

density of j^n[ , which is

defined as follows;

4 - 4 * 25" ! " ? *

(2) LEMMAS. For its proof,
we need some Lemmas:

LEMMA I. Under the assump-

tions of the theorem, if •/£* -fc U$\K\ -

and '

so that yjίi) i.L-r.a) ±
a
 ab-

solutely convergent everywhere.

Thus the first part or Lemma is

proved.

By (2*1) and J.Ritt's theorem

( cδi ), the order f
c
 oϊ ftcJ)

( ι=- 1,2 ) is given respectively

by

- J: « -JC
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so that

-A

Taking account of (2.1), (2 2)
and S.Izumi's theorem ( C6i ),
the type *„ of # U; ( L = 1,2 )
is determined respectively by

so that

By (2.2), (2.3), tho second part
of Lemma is established* q.e d.

<r(Jt)

LEMMA II. Let us put

4 §

<rct>

so that

Since 9? 04) is of exponen-
t i a l type on account of (2.,3)^
by well-known Phragmέn-Lindelof !s
theorem, for any given gί o) we
have

\

f*r \C\ > Kit)

uniformly with respect to t C It(Άotj.
Hence, for \<r\ > Kit)

so that

σ-ct; -i 6

Letting g -> o ,

By ( 2 . 4 ) , (2.5) Lemma 2 is esta-
blished, q.e.d.

LEMMA I I I . In the horizontal
s t r i p 7> : \?M)\ -**πvΔ +• ζ, (£>o) ,

ft (A) has the same type as
in the whole plane, i . e .

4t, c?\ •» -Λ/ β β- A.

PROOF. Since /t((<r, j) — /OTΛCTl<f,c<rrti>\

we have e v i d e n t l y

where the horizontal strip

Then we have

REMARK. By (2.3), we have
evidently

<κt)

PROOF. Since

ϊsiίV
we have

Since J<a) = ΣLη$T7Z
has evidently the sane order and
type in the whole plane as ftU)»

?7^GΠ **+('**>*) > either
1/2. ( ^ ^ + 5?^; ) or 1/2. ( ^ti

- Ĵ Ĉ J ) has the same order
and type in the whole plane as

?,(J) . Without any loss of ge-
nerality, wo can assume that 1/2.
( fiU) + 7ι (J) ) has the same
order and type as f,U) Put-

iting 4»
have

ι<n~r,Ji . . . . ; »

Then, without any restriction
of generality, we can assume
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ζj'7) oi, > 0

Now we classify (^*,λ«H) tn
in two classes as follows:

(a) if oUcU-/ >0, iλ*.λ™)
belongs to 2-class*

( θ) i f βU βUrt <O , LXm.λ^i)

belongs to 1-class.

(c) when d*H Φ0 , ol^^d
i f l ί 2 t Ύ T .
LL ***dιni>0, (λt.λi*,) ii. — 71-t'.' -nι

belongs to 2-class, and if
devour* < 4 (Λι,Λif*; U—Ή-?,—-n-O

belongs to 2-claas, but
CA«.Λ*y./j belongs to 1-

class.
Then, by G.Polya's theorem ( ill
p.610), there exists an integral
function CrCz) of exponential
type such that

( a ) Cf(Λ,)>0 9

( 1 2

(bj if ( i», λmi-i ) belongs
to v -class, then

(d) the indicator-diagram
of OfiZ) is the seg-
ment: -ηtA •£.

Then we have evidently

(Λ V) dn <r(λn) ̂  0

(,-nmr.Jt. •—

By Cramer-Ostrowski
!
s theorem

( tδi pp.51-52), and (d) of (2.8),
we have

where (a) ~ ΣL

(b) the path of integration
L is any closed curve
surrounding the segment

Hence, putting # ^ ) - ,

( 2 . 9 ) , (2.10) wVg*et

Now by the definition of 4>,C7>) ,
for any given t C>o) , we have

j*r -j > tUΊ.

Let us take the contour of the
rectangle: fi(U)=>±.t* , f(

u
>~

±^ en-Δ i-e*) (£>t">o) as
the path of integration L. Then
since φ<,<f-u) =*<f~ ryuu-) ̂  0**1* on
L, for -<ί > t," + cw) >

 b
y (2.12)

we have

Hence, by (2.11)

On the other hand, C ί̂/r̂ j
. t^fί-Λ^A) has the sane

order and type in the. whole plane
as ?,tA) = ̂

v
 Λ* //ΌtΛ,,; n+(~ Λ*J),

so that by'(c) of (2.8) and Lemma
1, it is true of ft <<*) -Ό^cH* eta*).

• 7ΠΓ/57Π '^H'^) Hence, 'taking
account of # <<rt ~ ̂ «^ U
and (2.13) wo nava •«<**

^ ( Λ/C?J t- ϊ)

Letting ε', I*-* o,

Thus, by (2.6) and ( 2 . 1 4 ) , Lemma
3 i s e s t a b l i s h e d . q . e . d .

(ό) PROOF OF G.POLYA'S THEOREM.
Let us denote by p the hor izon-
t a l s t r i p : 1/fcM * ntΔtt , c *>><>) .
Then, by Lemma 2 , 3 , we have

It IA 'Λ-ia^e

so that there exists at least
one 1 such that

φ) <rίΐ) •» β/*^

Hence,

<rίϊ)
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Accordingly, by the theorem
mentioned in ( 1 ) , Λ - O*A t JΈ

(ifi ^ ntΔr i) , is the sin-
gular point Γor ~τHA) =» p Qn

wopί-λitΛ) . Let t ing ' t-*o F(J)
has at least one singular point
on the segment: qβ.U) ~σ% ,

\$U) I -4 ΊtrA

By the transformation: Λ —

/-* i<r*-tL.t) , and the similar

arguments as above, we can prove

the existence of the singular

point on the segment: #(J) -=-<rt ,

I ?0) - t \ ̂ ncA , q.e.d.
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