NOTE ON DIRICHLET SERIES. (VII)

ON THE DISTRIBUTION OF VALUES OF DIRICHLET SERIES ON THE

VERTICAL LINES

By Chuji TANAKA

(1) INTRODUCTION. Let u# put
(11) Fd) = ff, Qu 0xp(-And)
/
( A=c+it | 02X LAa< o LA T

ir 7 has the uniform con-
vergence-abscissa oy <+® , then
for ou<o , F(r+it) 1s an
almost periodic function of +

by H.Bohr's theorems. ( £l pp.
48-49, €21 ) If we assume only
the existence of the simple con-
vergence-abscissa i <+® , what
we can say about the behaviour

ot Dirichlet series on the verti-
cal line RMUI=d¢>0% ? Con-
cerning this problem, we have not
any knowledge except K.Ananda-
Rau's short note.( (31 ) In this
present Note, we shall establish

THEOREM. Let (1.1) have the
simple convergence-absclissa
ga<+® ., Then, on the vertical

line ®W@) =do >04 , next three
cases are possibple:

(a) on =D =d >0 , Fotet)
is bounded and it is an _almost
periodic function of t .

(b) On ®RUy=d >d5 , Flotit)
is bounded and it has no limit
as t—++»® (or -» ), Further-
more, for any given ¢ (>o0) R
in the vertical strip: ou<dg<rd)
<o+, F(d) assumes every value,

except perhaps two ( ® Included),
infinitely many times.

(c) on ®RW = >0 , Frit)
is unbounded, but it is impossible
that we have simultaneously

tim | F@rib =+, |argFerit) -6 | ST
t>ew (oT-@) ’

where & (e =0 <2mw) , ¥ (0 <¥<T)
arbitrary but fixed constants.

(2) LEMMAS. For its proof, we
need next Lemmas.

LEMMA 1. Let (1.1) have the
simple convergence-absclssa ¢a<+®.
Then we have

F4)
= L awerp-hd{1—orp (¥ o)}
An !
4 g Vv F(x) exp (w(z-d)
% (z-4) (z+V-4)
g

fop ML (0, 0-V)<B<a &=
where w, V .are_arbitrarv but
i xed positive constants.

: : By Perronts fornula
( €13 p.9), we have

(2-7) -~ X7 Gn 0%p(And) ~ Fl4)
; /ll< ”

4 BH® gz exe (w(z-d)
—2’”“//# Z!‘-/A.' ax

i
ror 03 LB Lo =R 5

(22) }L;w G 02p (“An (4-D))

o L BHY g ep(w(ZH7D)
27 / _(Z——‘—-,df}’} —adx

priw
for -V < . Hence, by
(2.1), (2.2),
Y an 2p (b {1- (/XJ’(VU»'M})} - FU)
Sl
= 1 ﬂ'm{_i__ 1
T ) goioo x4 " Tl
A A 2 oxp (& (2-4)
LY @d) zr A
g

ror - max (41, o-P) (g <I=RW . q.e.d.

LEMMA 2. Let (1.l) have the
simple convergence-abscissa da<t®,
If |FrU| 20 on xd) =d, 05 ,

Eh_ﬂ \Fuilz M for xwuizara-

‘. Since o4<o , Lor
sut'ficiently small ¢ (>0) we
have

{, F(z) exp (w(x4d))dZ



03 <% - € L0

so that FW) is evidently
simply convergent for fm=dgi-¢ .
Hence, by the well-known theorem
( tl1 p.8), we have

(2 3) | Frity| = o (1))

uniformly for o¢»«d ., Putting
Ademyre’?! =g+it , We have by
(Re8),
|7
= |F(erib]
= o(It1)
= o (rieaygl)
= o (T)
whence, for any glven € (>0) ,

for 191

(24) |F| = o (xp(eT) for 191£ T

Since |FU 1 & on ®U =d. ,
by (2.4) and Phragmen-Lindelor's
theorem ( (41 p.43) we have

|IFh! &M for W = & .
q.o.do

;@«HM 3. Let (1.1) have the
pimple convergence-abscissa

os<+® o Then we have

Qn
drT .
= tim L. writ) oxe(Anierity) at
dm + ].a Flrti )
(m=27 a, )

Lor dac<d , where o : an _ar-
bitrary but fixed constant.

W ., It 18 well known that
this jormula is valld 1tor F<<o ,
where % 18 the boundedness-
abscissa, whicn is derined -as
f'ollows: tor any given ¢ (»0) ,

Fiorit) 1s regular and
uniformly bounded for Fre=mwd .
( r11 p.15)

But the existence of F is not

necessary for the vallditv o
this formula. :

PROOF. Let us put
. A D -
- Q. 4 E a; p ((Ae=)i)d) f.z:, dcm(‘u#)c)‘)
il ‘=g
= s + 3+ (-Td $a(D)

where —r
(i) Jor = )Y, a; o2 (Q,-A0d)
=

Giv gt =£ a, oy (-A D),

imar

Ta = ey~ An >0, A= A, ’)4# =0

Sfor = met
Hence we have

orT .
(2:5) L [ Rt apOawrit) dt
T Ja

ol tT dtT
- an + -%j Toihat + 1‘-—] o2 (b gt
ot ol

= Qn + Iy ‘P.IJ_ s Aa’x
with regard to I, , we have
I,
= 1
?/dqg, w at
&
4 7~/ d+T
=4 Z 4 [ aa((eaoweit) dt
(=X o
- orT
= ’4" f’,/ a mtu--):)l)-[m (()..-A;ut)]
so that 77 ¢ Onad Ja
Ix,
(24 "I" L exp ((Ax=hri)d)

< 2 L
e 2 e PRI A

Now let us derine the angular
domain » as rollows:

W oy -l P T aGoca <o
{(ii' r+id €7

As regards I, , by Cauchy's
theorem we have Fro@rT) .
27 I; = —— w&("&)l’,“’u
€T ) orid
(m RU=d)
A 4 Tt eltT)
- -—‘- + —1-‘ ! t 7
IT Jorid o, T Jaa
(m gu)md ) (v RUI=RU)) (o FO=alrT)
’ 7
+ I, + I , Aaf,
where (1) 4» 1s the intersecting
point of two ,gtraight
lines:

F =d+T, arg (4-a4) =

(11) A= 0di+rid, o =gibs)

By the well-known theoren
( €11 p.5), & converges
uniformly in 2 , so that there
exlsts a constant X such that

2-r) | §s 1< K for 4ep.

Since JW®) =d
in » » by (

is contained
.8) we have

o

4 "
@29 111 &+ /r' Y (-Tad ) K Ao
X 00
<7 / we-or)ad = o %)
"



Since the segment: d = Jw) Sd+T ,
®d) =4, 1is contained in » ,
by (2.8) we get
wr !
+
= %/d P (-Tadi) K dt =K exe(-tad))

Since ¢ =0(r) , we have evidently

(2:70) 1L\ % K 0% (- Tn O(T)) = 0(7)
ad T —~» +oo

Since %) is simply conver-
gent for o@i<¢d , by the above-
mentioned theorem ( (11 p.8) we
have

9o o+ t) = o(it1)

uniformly ror ¢, <¢ . Hence,

. A
@777 1L éj 0 (-Tad)
g

-
< o) j X9 (- Trd’) dd’ = o(7)
(-4
od T —» 100

By (2.7), (2.9), (2.10), (2.11),

[Tal < ot7) LY T ~* v

so that by (2.5), (2.6) we get

dtT .
Lim R / Farit) exe (A oril) at =a,
o

Twoe

q.e.d.

(3) PROOF OF THEOKEM. We distin-
guis ree cases:

(a) On 2 =d >0 , F) 1is
bounded and it is also bounded
on RW =g’ (03 <0<d), where o'
is a suitable constant,

(b) On RW =c >0 , FU& 1is
bounded, but it is not so on
®UA) = o’ , for every o
(daco'<co) *

(¢c) On g =d >0 , F 1is
unbounded.

[} : Applying Lerma 1,
in which we put o ¢e'¢d-y <g<o
we have

(32)  Fh) = L Qwexp(-Aad) { 1= 03p 02 (Aa-l)
Ankw
(Y 2 e (w(z-0)
"””/ (x-4) (z+V-4)
peiv

By Lemma 2, there exists a con-
stant M such that

§alor )| o
T

RIOIE=PA for R zo’

Then we have
‘ e BT® Y Fiz) exp(w(x4) az
i g (z-4) (Z+V=4)

)58 - (- I
S b (-0(T-p) /” @A) (Z+P-A)

1o j

[N

[tezt

I e © 1 y
ol A R L A e e

= 011) p (-wld-p)) ,

where O(1l): a constant independent
upon ¢ . Hence by (3.1) we get

F+it)

= 37 n i (D i) {2 - 0rp (Wf“/)}
Andw

+ O (rp (-wi-p))

Since €-p>0 , O(exp(-w-f)
tends to 0 uniiermly lor
o ( t<+w s 8O that

(3-2) F(o+it)

= j’j”’,., A%,wa.. oup (Ao tit)) {J—Mp(yu,,—w))}

for -w (t<re . On the other
hand, 7 4. ep (e 0hit) {1-exp (¥ Uaeoll}
Ll

is an almost periodic
function ot t , so that by (3.2)
F(+t) is also an almost
periodic function or 't ( 581
p.186), which proves (a) ol our
theoremn.

Case (b): Since F4) is
bounded on ®4) =¢ , by

Lemma 2 there exlists a constant
M such that

(3-3) [ FA | <M for v =z

Let us del'ine the rectangle R(¢)
as follows:

| BB -G | £ 0, 14) = 1+6 , (€>0)

On account or the hypothesis,

on ®() =d-% mHis unvounded.
Then without any loss of gene-
rality we can assume that 7
1s unbounded ror ®w)=c-4§ ,

J 20 , so that therg

exists a sequence {Sa} such
that

(i) RGB) =0-§  gSa)++e

(3-4)
Gi) Lim ‘F(Sa)l = +0
Ry

Now in R(%2) we consider tne
fnnctlons-family { Fwt={Fld+ian)}



( = 1,2,...). By (3.4) in
(%) thcere exists a sequence
{dal such that

G RA) =6- &

(s.5) { G» S = Jre ti27e

Giiy | By (B | = ven

Then {%A(4)} 1s not normal in
RC¥2) . In fact, by (3.3)

and (3.5), any partial sequence

of {Fauﬂ neither tends to o«

uniformly nor tends to the finite

analytic function in (%) .

Hence, there exists at least

one not-normal point of { A4}

in  R(%) , so that in @) -7|<¢,
g >-1-¢ , & rortiori in

the vertical strip: |2 -0 <€ F&)

assumes every value, except per-

haps two { e included), infi-

nitely many times, which proves

the second part of (b) or our

theorem.

ad R +voo

Tf Fle+it) should tend to
the finite value @ as torte
then without any loss of gene-
rality, we could assune that

=0 , In fact, it suifices
to consider FM4) -0 instead of
F@ . Hence there exists a

constant Te (€) such that

|Florityi <€ for t > Ta(€)
Therefore by Lemma 3 we have

@6 an =Ldim ‘—'/ r(a‘rut) otp nlerit)) ab

Tye
Te odtT
tm 7))
TR o Te

=Adm (I, +I,) |, Aaf
TP

Then we get

15

ik

L) & (Tw-r.)-—;— £ U Aac) = O (£)

ad T —»too
Hence, by (3.6) we have

x| % o(1) + O(E)

Letting E+v , Qp =0

[ m=1,2,...), which 18 impos-
sible. Thus the first part of
{b) 1s proved.

ase _(c): J1r we shoula have
simultaneously

Lom | Flerit)] =te,
t-» voo (or-00)

|arg Flerit) -0 124 < W

L Wwrit)| (To-dl)- ?) =02
Tmnlr tittl (To-d). eap Und’) otF)

then without any loss of gene-
rality we could assume that
M=0 , =0 . In fact, it
suffices tc consider g enp(-.6)
+a instead of' Fwdd) R
where

d =0, ‘f a %0, Ar =0

d>0 ,if a¥o | Ar>0

Then, by Lerma 3, we get

@) a,_l«m—‘/ r(o’ﬂ.i)d.f
T> e

Since dim, |Ftit)|=ve0
t-rtio

3 e
|arg Furrity | =2 < T2 » e hav

(i) |Ferit)] > K for t > Tetk)

where /T : an arbitrary
30 positive constant.

(i) R{F@Hb] = e |Fared)

By (3.7), (3. 8)

R (@) =Lr Floriti} at
frt [ niron)
z e aef / ;rwﬁdudt
(-3
A odrT
LT

z {Zr'ﬂl——-onm lrw#dn

T» éti
+ dim THTe )} =y et
T>» -
Tetting K = +0° s Wld) = +t@

which is impossitle. Thus (c)
of our theorem is proved.

(*) Received September 25, 1951.
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