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(1) INTRODUCTION. Concerning
the distribution of zeros of par-
tial sums of Taylor series, the
following theorems are known:

JEMTZSCH'S THEOREM (CΠ p.ρ«92-
95;~ Let -f-iz) = jfi £-» z? be con-
vergent for \x\< i° . Then, every
point on iz.i =-1 is an accumulation
point of zero? of partial sums

£.<*»- fL ^ ^ (-n-f.ji. • • ).

JSZEGO'S THEOREM. Let
XL CL^Z^ be convergent 1'or
Ίzκ-t Then, every point on
usi =»J is an accumulation point
zeros of partial sums

22

In this Note, we shall esta-
blish analogous theorems in Laplace-
transforms .

THEOREM

= y

Let us put

%) ddIX)

REMARKo By T.ϋgaheri
1
s theorem

{ί2i), the simple convergence-
abscissa (Tj of (2.1) is deter-
mined by

d = ZZi -I- Xη \j\oiut I

Hence, the sequence ^ 1 satis-
lying (2.2) certainly exists

0

Next corollary 1 immediately

follows*

COHOLLARYJU Let (2.1) be sim-
ply convergent for (f>° o Then.
every point on <f - 0 is an j c -
_cumulation point of zeros of par-
tial sums

y

/

( o <

Putting J

HQ have easily "
<κ

qOROLLARY_II» Let Dirichlet
series F(si = Σ a

n
 ^ f (-*-„ s ) be

simply convergent for </ > o
Then, every point on <r — o is an
accumulation point of zeros of
partial sums

J =

where ô ίcjc; is of b o u n d e d v a r i a -
tion in any finite interval o •£=.

x ^ X , X being an arbitrary
positive number. As an extension
of Jentzsch's theorem, we can prove

THEOREM I« Let (2.1) be simply
convergent for ΰ

/
> 0 . Then, every

point on d •-= o is an accumulation
point of zeros of partial sums

Putting 3iί«; = J* /df) *f ,
where /(?> is R-intograole in any
finite interval o *. y ±Y T Deing
an arbitrary positive number, we
get

COROLLARY III. ^Let Laplace-
transform TilA) = _/ VtpL-4% ) ftX) dX
be simply convergent for 4>o

 e

Thenj_ every point on J— o is an
accumulation point of zeros of
partial _sυrns_

where

2) o = ^ = .

(3) Lgi«MASj> For the proof of
Theorem 1, we need next Lemma

β

LEMMA lo Let (2.1) be simply

convergent for <f > o
 e
 Then, we

have

(
3
 f) -j- % ĵ y ί̂ ; I

- 96 -



< - +
 y ?. ?)

where (i) V ^ j V c v ^ ^ ; ^
( i i ) τ> i s a bounded domain, ( i i i )

CC<n,y ,̂-p) i s a c o n s t a n t depending
upon only <r0 , £ , j>

Proof* Since Firi) (<^>ί>) i s
convergent , t h e r e e x i s t s a con-
s t a n t χίcr0) such t h a t

0
 Hence, oy a well-

known Vίtali's theorem, we ha^.

^1TI ~
x
')

Putting Ήj, yι

and by integration by parts,

x
 — 0

•-V"^ " V

By integration by parts. Setting

\f

Jgcσ't)e*f(-U-<rJ.)i)dX

Hence, by (3 2 ) , we get, for J e -p
and y ̂ .? ̂ LΪ>O),

( (Γ- <r; < ί )

where ^ί<^
so that, for > a n d

«r., Ϋ 7;

(4) PgOOF_OF THEOREM L IΓ
Ao=*Lb<> were not an accumulation

point of zeros of Λ/
 (
>̂ ,1.^1*^

C/= Λ Λ J , there would
exist a sufriciently sinall circle

[j-joiikf i n w h i c h

y / ^ J^ ίJ)

C ί a ^ i ^ ̂  - ^ ' = /, -* ••- i

would be regular. By Lemma 1,
-γ Jίof\JyU)\ is bounded

and since Jy φ converges
uniformly in any finite domain
contained in <f> 0 (C3τ p.54),
we have uniformly

where 1

Q Q I

is contained in

Hence,

~h 1*3

where
(4.1)

< Γ

which is impossible. Thus, every
point on </̂ = 0 is an accumula-
tion point oX' zeros of Jy»̂

j(i
 ,

C3f </ 3 ̂ y * Λy ( / «. 7 ̂  ... , q 0 9 . α.

(5) THEOREM II. In this sec-
tion, we shall prove an extension
of Szegδ

f
s theorem*

ί-̂ i

THEOREM_II.. h^^ίΆΆl
 b e

 simply
convergent for & y o . J_f

Λ

furthermore, the regularity-abscissa
^r _L§ O , then every"'point

on <^= 0 is the accumulation point
of zeros of ^V, ιΛ- = / '

y
^

d

(/=/, J .. with /, ̂ ^
and /^ ^

/ / Λ
, ̂  ̂ ^

j ^ ίCoίίor ^ r ^ α ΐ & X , by Ho

Hamburger's theorem (c^i p.δyj,
ί̂—ί? is a singular point of

(2
0
lj. Hence, we have

COROLLARY I L£t _(_iί_. 1) ̂ _. w_i_th
cίd (%} ̂  o χor Λ ̂ X , be

simply convergent for <r> c?
Then, every point on <f — o _is_
the accumulation point of zeros
9l Jy

y

 (
J
}
 with &™ <*$>>"/il ~ o

and £i*v #,+, /^ = j * o

Applying theorem 2 to Dirichlet
series, we get

- 97 -



!!_ „ Let jr(J)~IL4»»*t
(yd -(fi-L-t) with •&»" oUw -J.̂  > o

be s imply convergent for <r> o •
Theji^ every point on a*** o is
an accumulation point of zeros of

*** ~~ 2~-—> *"
•7t~T

Hence, by (6.2)

In fact, put/cing ^ ί ^ ' λ i - p ;
by 3.Polya

f
s theorem \ c4i p 140),

every closed segment on S= o witft
length greater than -2̂ /f. con-
tains at least onv singular point,
and we have easily Xw -fcJl*j7i = o
(a fortiori, £** -$- JUJX ~ o ).
Hence, corollary 2 follows immedi-
ately from Theorem 2.

Applying Theorem 2 to Laplace-
transform, we get

COROLLARY III. L e t ftz> (z = r<l<p)
be an integral function or exponen-
t i a l t y p e , " i f 7r(J) = Jo ~(Mj> (-j%) Jr*f HI
is simply convergent for cΐ>t ,
then every point on <r̂ = <? is an
accumulation "point~of zeros of

C γ ~ r . * ••• )

and -/"^ fo'/fr-J

In particular,

I

so t h a t

where c

By ( 3 . 3 )

In fact, by the theorem ( C4^
p

o
298, C5

]
 p 75, tto ), there exi-

sts at least one singular point
on J = o

 f
 so that corollary

follows from Theorem 2
O

(6; LEMMA• For the proof of
Theorem 2, we need next Lemma.

LEMMA 2c Let (2,1) be simply
convergent for &> o Then we
have

Hence,

where

15?

By (6.4) and (6,5), we finally get

' ̂  ^-V (so)
 =
* d ) ~ rJ^f

(11) y i s a bounded domain,
( i l l ) tyΐλ) -+o a_s Ϋ-+6O u n l -
fcrrάly in p

t'_* Let us put
. Since

uonvergont, there exists
that

By integration by parts,

is

^ ) such

Since <rΌ is arbitrarily small,

we can put

(7j PROOF OF yHSOREM II. If
^̂

 β
 :r~

 w
βr*e not an accumulation

point of zeros of -S^LA) {v**, Λ .
 f

by the entirely similar argument
as in the proof of Theorem 1, we
should have

u n i f o r m l y i n \A-Λo

w h e n c e , f o r any g i v e n £ (>ΰ
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Since |

by (7.1),
ΞΞ ! JV, ι

Since, by j& ^
v /

^ = ^ and
s theorem ( C4 i p

β
4 L 73 ),

-̂
s
 convergent for

in a neighbourhood of

)

f o r M - Λ « | » < >> > fit) . By l<m, iiH/ifμ

— X , we c a n p u t *~*

}+T \λ~2o\ iz f

where t
y
φ -v o as v-*-<*> uniformly

in μ-jo! -έ (Γ

Let us define a closed analytic
curve 0 such that C contains
a singular point A on </— 0 ,
and the arc 55/ contained in
\J-Ao {•£• f lies strictly to

the left of the imaginary axis.
Now we define a harmonic function

JL,CJ) such that

(i) on old' , ΆU) continuous,

and o < -hU) <-f ι>o) ,

(ii) on the complementary of

Then, we have evidently -AίA) •
in c, c In particular,

Jkih) < -XίJi) =0

ι

By the definition of -&^)
 f

Lemma 1 and (7«2), we obtain, in

Therefore, by (7«3),

so that, in a neighbourhood of

y
j, , we can put

= r.

Hence, ^ = J/ , is a regular point,
which is impossible.

If there exists no singular
point on J — 0 , and the sequence
of singular points {Jn\^{<^t^oi^\
ί<n=7,j., -) approach S—o asympto-
tically, then taking it^ for suffi-
ciently large -n as At in the
above proof, we can establish our
theorem in this case. This com-
pletes our proof.

(•*•) Received July 28, 1951.
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