NOTE ON LAPLACE-TRANSFORMS (VI)

ON THC DISTRIBUTION OF ZEROS OF PARTIAL SUMS OF LAPLACE-TRANSFORMS

By Chuji TANAKA

(Communicated by Y. Komatu)

(1) INTRODUCTION. Concerning

the distributicn of zeros cf par-
tial sums of Taylor series, the
rollowlng theorems are known:

JENTZSCH'S THEOREM ({131 p.p.92-
95). Let _ﬁz;-gf 2. Z” Dbe con-

vergent for zy<1~ . Then, every
point on 1zi=1 is an accumulation
nint of zeros of partisl sums

L (Z1= Z: azv (m=71,2--),
L=0
nG0'S THEQREM. Let A2 =
) A 2™ he convergent lor

%zi<2 « Then, every pocint on
z1=21s an _accumulation point

o

of zeros o!f partial sums
,,(Z‘——‘Z: Q z" (R=72-)
=0
ﬂbtﬁ- Lom Nper /1 = L

fvoo

In this Note, we shall esta-
n1lishk analcgous theorers in Laplace-
transforms.

(2) THECREM I. Let us put

-
27 Fb =/ oxp(-41) do(x)

(A=0+.t, A(0)=0),
where o (x) is ot bounded varia-
tion in any finite interval o=

x £X , X Dbeing an arbitrary
rositive number, As an eXtension
of Jentzsch's theorem, we can prove

TYEOREM I. Let (2.1) be simply

convergzent for d>0 . Then every
point on d=0 is an accunmulation
point of zeros of partial sums

¥
Sy () =/o exp-42) dol(T)

(r=122--)

ol =4 =%

where

2%

4 |
22 0 =04 =JFom — b;u Aol (X)

; —‘ f"i l i ]oc,uz)l

REMARK. By T.Ugaheri's theorem
(t21), the simple convergence-
abscissa ] of (2.1) is deter-

mined by
o = dm = Jql/ dd/lll
Lro° 13
Hence, the sequence {%} satis-

rying (2.2) certainly exlists.

Next corcllary 1 immediately
follows.

RY I. Let (2.1) be sim=-
glv ; convergent for ¢>° . [Then,

COROLLARY I.

every point on g¢=0 1s an _ac=
cumulation point of zeros of par-
tial sums

s
Sy =/, exp (-4 ) ook (%)

(o< f <)

Putting o (%) =>Z a, (0%2< <x > 4e),
#e have easily <X

COROLLARY II. Let Dirichlet
series F(n= a, exp (—»,s ) be
simply convergent for ¢ > o .
Then, every point on o = o is an
accumulation point ol zeros ol
partial sums

Sh(s)=2§__:' a;exp (—2;$) (n=t2,-)

Putting wxr = )7 puay s
where F¢1 is R- integraole in any
finite interval o¢=s=Y Y vpeing
an arbltrary positive number, we
get

COROLLARY III.  lLet Laplace-
t_r-w_m__ TRh = [ Texpi-ax) fix) dx
be simply convergent for 4>0
Then, every point on J=o is an
accumulation point of zeros of

partial sums
b4
/4 epp (A1) f(x)dxX

(0<y<vo)

(3) LEwMAS. For the prool of
Theorem 1, we need next Lenma.

LEMMA 1. Let (2.1) be simply

convergent for o¢>o0 . Then, we
nave
(3 7) % Log 1.5y (41

BEP, dEy<I, (7200



< -d v+, + T Ccle 2. p)

7

where (1) @ =), "ort (A=) ddotix) ,
(i1) » 1is a bounded domain, (iii)

¢Cos, 72,70 1s a constant depending
upon only o , 2 , D o

Proot'. Since Fl6:) (os>0) 1is

convergent, there exists a con-
stant x(o) such that

(32 Syl <xoen (omyf<re)

By integration by parts.
Seih =j0,m(—,m del()
=/0’M4,(‘u-mx) P02 dell2)
=[S up-n ]!
+ (A-o’.,)/,,f, @) o (~(4-02)2)4X
= Sy onp (-(d-001y)
+ wﬂ)ly‘fxco’.)a«,ﬂ—(ro’o)z}dl

Hence, by (3.2), we get, for Jep
and o =yp¢on (750,
[ 5y 4] y
= XW3) oxp (-(0-0uf) + 14901 x«m}. okp (-(g)ax

N (0-0,<0)
< Xwi) e (-0 { 1+ %%‘}

(- A%, 2)
(33 < X expl--ound 1 + ol E ,
where Ao, Py =3néwf 4-03 ) ,
so that, for e and I pco, (179),

'?' I’IIJJ(J'I
(-t dst 4 Ciwsp, )
vhere Cr (e, 7.7 =ln3<[ Xwe) (1 + %’:(?Z—h)%

f ¢4

(4) PROOF OF THEOREM I. If
2,=;t, were not an accumulation
point of zeros of Jy ) | lwi=ysw
(r=17 2 ) , there would
exlst a sufriciently small circle
|4-4o| =4 1n which

f;T l&y j,(J)

(twieysxy , v=72 - )

would be regular. By Lemma 1,

T Leg 1y i is bounded
and since Sy converges
uniformly in any rinite domain
contained in J>0 (€31 p.54),
we have uniformly

Lom i ,ﬂvijd)( =0 wm D,

g0

where 2 1s contained in [4-4:(<J]

>0 . Hence, by a well-

known Vitali's theorem, we hav.-
5 i i A = ¢

4 7) l;:r; 7 Aol =0 pml gt

(Iv1s g=2Iv
( y=1/2 = )
Putting Ry g =S =0, oy
and by integration by parts,

xy
t/ AA (2}
K2}

v
= R g, W exp o — 4, / Koo, Al
-

= {5@ (4 = {m"‘"k b b2y

y / Xy{j y }W A%, A2
A (A} - A A A2
Setting (o v
mae | Sy i Z‘fyu thy) , {mavie §s 51
Ik g1y
v
Aot 1))
2wl o 2 gl (il

< 2 (S 1d)] M 14,1 _ U2
» ) &l ot (= ”
Hence,

54|, o]

< g g XU+ w(d 2y %: % L 1500l

1401
where X =2 ";—(li;‘—‘,‘]—‘ N by
(4.1)

v
0= L»rﬁ;bj” k(1 | :é—2[<p
[adad Il[xi’]

which is impossible, Thus, every
point on J'=0 1s an accumula-
tion pcint of zeros of Jyidi s
igds=% (V=72 ) 3 Qe24G.

(5) THEOREM II. In this sec-
tion, we sha prove an extension
ot Szegb's theorem,

THEOREM II. Let (2.1) be simply

convergent for o>0 ., 1If,

furthermore, the regularity-absclssa
o~ 1s o , then evsry point

on o=o0 is the accumulaticn point

of zerns of Syt =7 Tenp 01, adins

(P=r2 i WLER Lom fei sy, =0 s

and %1’: res gy =1 Yo .

If ddmy =0 a=X o py g,
Hamburger's theorem ( (31 p.5by),
A=0 1s a singular point of

(2.1). IHence, we have

COROLLARY I. Let (2.1), with

old (1) =z 0 for 22X , be
gimply ccnvergent for os-0 B
Then, every point on o=o0 1is
the accumulation point o1 zeros
of g b with o gy 4 =0
and f_’?_f Yyer Sy =2 o

Applying theorem 2 to Dirichlet
series, we get

- 37 -



GOROLLARY II. Lot Fid1 =L dsop-hat)
(4= g’-r;f) With -Z"”" ()111’/lw)>0
be simplwy convergent for o>0
Then, every point on =0 is
an accumulation point of zeros of
7R
Spg 1B == 37 A 02 (-An d) (R=7 2 - )
=7

M f::’ —/\"ﬂ,,, //lnk =7

In fact, putting Lz ey A )= >0
by \:.Polya's theorem ’c41 p.140),
every closed segment on =0 witn
length greater than 27/} con-
tains at least one singular point,
and we have easily Lime HAgn=0
(a fortiori, fm - 1 't = o )
Herice, cor‘ollar'y £l 1ollows immedl-
ately from Theorem 2.

Applying Theorem 2 to Laplace-
transform, we get

COROLLARY III. Let f&) (z=re®
be an integral function ol exponen-
tlal type. If FU) = _/ exp(d2)feaidz
is simply convergent for o¢>¢ ,
then every point on o =0 is an
accumulation point of zeros of

5 W=/ Poxplan fraZ (V=72 )

with L j,?.y/yy =0 , and ./wp St [y =1

y»00

In fact, by the theorem (41
p.29¢8, 51 p,75, (61 ), there exi-
sts at least one singular point
on g =0 , 8o that corollary
follows trom Theorem 2.

(6) LEMMA., For the proof of
Theorem 2, we need next Lemma,

LEMMA 2. Let (2,1) be simply
convergent for ¢>0 . Then we
have

7 g A [ Rh] - x B,
AED
Where () Reih = Sy A1 = Ty, A ,
Lz el =2,
(11) P 1g a bounded domain,
(111) é&¢h +o as y—-ow uni-

fermly in 2 -

Proot. Let us put 7= F ey ,
o.d~L o Since ga is
convergant, there exists y ;) such

that
’l
Th-2) | Ry.q w’.')ls% exp(-07X ) dA) |
< X d)
Sor Y >4 =zo

By integraticn by parts,
Ry = [ oppeaz) detca)
-

1
O
[s5)

=//’Wew(—{n>c/o‘/1)w(~a?1) do(1)
= Ry (05*) oxp(-(4-65)¥)
a :l/

t (407 [Ty g (6 exe (Vs
Hence, by (6.2) 4

[ Ryy )1

4Ep dEY J’
X @) oxp(- (-8 U0 a<,<</u/’ eag (- (@) T)el 1

(b3)

'

_L/j_'.__l. X, (g{,)

-0 >0
T ( )

vxe (-(6-6)¢)

In particular,
g/r/

[ Ry (4] =‘/( m()a;d&m;l
Aep gy I
< l;-c:ﬁzi X/ W) exe -0 d
7 ,
so that
Gy g Al
4€p a3y

</+/‘,+7' C;(ﬂ?)

where
Ci(a, 7).—.—.1,3 {¥,@) d(‘fo»’?}s AP L4~
troet 1o 4€p ‘

By (3.3),

[t | = ngpﬂMJ‘ + 1Sy 4]

dep, I5p "
<K @) oxp (601 8) | £+ "‘f‘pj'z";t

Hence,

% 5) w5 L Ry A

Aep, 47
N A R

= -8 +d, o) + -}},—, Cs (0 P) C(p; é‘%%’l)
where ~ g

Ca(0%2) =dog{axon (1 + %'_;_;_')}
By (6.4) and (6.5), we finally get
7 fpiaun!
4ep
<=8 +8 v+ +ou) + 'y; ’7'14/}7'{C1 ’.'1(_'

Since oo is arbitrarily smaill,

we can put

(S = o400, ou-‘f"é; mas '{‘:I,”’z%

(7) PROOF OF THZOREM II. Ir
4o = ito Were not an accumulation
point of zeros of Sy ) W=/ 2. )
by the entirely similar argument
as in the proot of Theorem 1, we
should have

red

Yoy
fom Wyl =

uniformly in I/J‘AaléJ:

whence, tor any given ¢ .(>0) 5
(7-7) [ Sy, d )< (/rE/W
for  A-delsd, v > e



Since

[Redii= (Jy, b+ 0 5y
by (7.1),

»

.% Lviﬁwdﬂ

< 7}; g2 + dmyyy Log (1vE)

for Id-delsd, v>wwe) , By Lo iy,

= 7 , We can put
7 2) 7, Lgloehl < €4
for |d-del = £
where ¢, -0 as y»« uniformly

In ddel= o

Let us der'ine a closed analytic
curve (¢ such that C contalns
a singular polnt 4, on =0
and the arc Jd’ contained in
|S-do I= & lies strictly to
the left oif the imaginary axis.
Now we deflne a harmonic function

’

4(4) such that
(i) on a4 4(4)  continuous,
and o< AWIK-d (>0) ,

(11) on the complementary of
adr Ay =-d o

Then, we have evidently A< -0

in ¢ . In particular,

(73) 44 L -RU) =0

by the definition of A4 s
Lemma 1 and (7.2), we obtain, in

& )
7?; IglRyihl < Ad) + £y
Therefore, by (7.3),

% Log| Ry iyl
< AU+ Eyd <0+ Eyd)

so that,
A

in a neighbourhood of
we can put

4 Aoy 1Ruh < ag g

(0<f<1}) L€

(74 Ry < exp (Y, Lap))
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Since, by byy /sy = o and
J.Valiron's theorem (471 p.4 (71 ),

Liom
Voo

7 kg (~Yvd) is coenvergent for
4 in a neighbourhood of
R4 > © 4
Ay ’ by (7‘4))
E | Ry(hH)
V=1

I

]JZW(JJ— Sy, 4|

oxe (- gf)) <

Hence, A=4, , is a regular point,
which 1s impossible,

~

L 1PTs

<y +00

If there exists no singular
point on =0 , and the sequence
of singular points {dat={on + it}

(m=72- ) approach J =0 asympto-
tically, then taking it, {or sufti-
clently large = as 4, 1in the

above proof, we can establish our
theorem in this case. This com-
pletes our proof.

(#) Recelved July 28, 1351,

rl11 E.Landau: Darstellung und Be-
griindung einiger neuerer
Ergebnisse der Funktionen-
theorie., Berlin, 1929.

t21 T.Ugaheri: On the abscissa of
convergence of Laplace-
Stieltjes integral. Annals
o'’ the Institute of Statis-
tical Mathematics. Vol.II.
No.l. 1950;

C.Tanaka: Note
transforms, (I) On the de-
termination of three conver-
gence-abscisses,

D.V.Widder: The Laplace-trans-
form, Princeton. 1946,

V.Bernstein: Legcens sur les
progres récents de la théorie
des séries de Dirichlet.
Paris. 1933,

G.Dostsch: Theorie und Anwendung
der Laplace-Transliormation,
1937,

C.Tanaka: Note on Laplace-trans-
torms. (III) On some class
cof Laplace-transform. (II)

G.Valiron: Sur labscisse de con-
vergence des series de Diri-
chlet. Bull.Soc.Math.de
France, t.52. 1924.

on Laplace-

31

41

51

61

71

Mathematical Instituts,
Waseaa University, Tokyo.





