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(3) PRELIMINARY THEOREM II.
In this section, we shall prove
next preliminary theorem,

THEOREM II

where

n«r; \<f«rtU)\

By Lemma 2 of (2), f(j) is
simply convergent in the whole
plane, so that J1(<r; <*, p) has
the meaning in -» <<r<+A>
For its proof, we need some
Lemmas

LEMMA 1.

Proof Put

* <r » 6 being an arbitrary
positive constant. Hence, there
exists a constant X independent
of ί id^f^ρj such that

Λ
 (i\j

< X

for every 7ί > 77

By (3.3) and Lemma 1 of (2),

w(Lΰ ίteιt) ίf

<f

so that
ίi it; <*,

Therefore,

where *t, ct.f) - j"e"
isi

Since F(J+ifj *— F, ιJ) , the simple
convergence-abscissa of ft (A) is
equal to e~Λ , so that, by T.
Ugaheri

f
 s theorem,

(3 1) J^ -f £^\J
i
 4dL,c1,Tj\

By (3.1) and Π, H ̂  p> * J/ ^w/./y

(J ^) y -2 ^ Γ -ί JUξJX, Li;*,?)

By the well-known theorem ( C6 3
p 54), TU) is uniformly con-
vergent in oi ̂ rέ ̂ ^ , <ίί + e

Letting

By (3.2) and (3.4),
q e.d

LEMMA 2

where

ϊ *

/' .-*

Proof By Lemma 1, for given
, there exists

- 67 -



such that

fit ί i ; ot.

for i*
7
 ,

By (3.5) and Lemma 1 of (2),

u:t~
Lfx
 / duett

for
t h a t

SO

Hence,

U k)

Accordingly,
q.e.d

t 1

•k ^ e

We are now in a position to
prove theorem 2.

Proof of Theorem 2 Since

for any given (Γ (>*i , there
exists a constant Tit) such
that

so that

for ô  ̂  ί ?̂p , ίti >T(f/ .

Lett ing t -

Hence,

Putting Cxi
we have

n

fjr.ri

77

Accordingly, by Lemma 1 of (2) and
(3 .6 ) , for (r'<o , cί'έtf+p ,

jr, > Tit) f

r.
L e t t i n g TS •* +βo ,

<r

We have eas i ly,

I s jrcn — e*
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Hence, Hence, putting _f - w(u-<r'-Li) «

' e'

for sufficiently large

By (3.7),

/έ>e,Λ ~

for *<T
C
 - <,*

On account of

( <Γ — Xη 4- ) 9

(J/Lj,) Έ(fι*
s
) is regular for

By Theorem 2,

for f7?i > T(t)
large |</j

u
and sufficiently

y"
where £ -£'£..

/ r ( / + Γ j
 . Therefore,

for sufficiently large \<^\ ,

I 3 Λ \ ί , Tt I I ^

(3-9) \ I \ -C e/tbλ'ό
\Jo I ι

By ( 3 . 8 ) and ( 3 . 9 ) ,

•[ /ic*(*+e)+i \-

for o(^r*p and sufficiently
large \<f\ . Thus, we have
finally

Letting

where JXif-

I f «rn f) I

By a theorem on Laplace-transform
(ί6J , f7l p.49)

uniformly in t-o

Taking account of (4.2), (4.3),
(4.4) and a theorem of Laplace-
transform (C8.1 tδi p.298), (4.1)
is absolutely convergent for
1L (xe'

u
) > -hit) , and it is di-

vergent for <vι(%e,~
ii
) < Altj

 9

and there exists at least one
singular point with finite coordi-
nates on & ixι~

ιt
) *~Aitι , where

Let us put

(fit) — \

q.βod.

(4) jProof of the fundamental
theorem.

In Theorem 1, putting
it» «-* , r-**-

J
 ,

f η ) and ^/^
/ = a

we have easily ^

Putting
2 ) , we have

~ e
T
' cσiit - t'J .

If Adi >o 9 a-ttt *~ACt/ and
(4.1) is absolutely convergent in

(Γ* > Aoj &-Ct) - Jl<η c*4 ( t ~ t')
Moreover, on <r'~ 4q<rth-Jq <*< *-O ,
there e x i s t s at l e a s t one singular
p o i n t Φf F(J) Ji^noL jr(jj iό r-cju/ar fa
<Γ4 <CΓf tkίi (ZtiiuJt i
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tt' s lη (fit) - iη t*.(.i -tΊ
 t

Hence,

If Λtt> ^ o
 9

 (4.5) is evidently
valid. Thus we have

If ^ < <T
r
 , there would

exist at least one singular point
A, - F-^cF *

 s u c h t h a t

On the other hand,
is regular in <r',>

which contradicts (4 7) Hence,
by (4.6),

Since

•( β, Λ cf/ f

EM III. Let (1.1) have
the finite simple convergence-

THEOR
e fini

iabscissa σj The necessary
and sufficient condition for
j^tA-rct to be singular for
(1.1) is

Put

L
 t )

where μi-m is the Mobius s func-
tion. Since */rtii is evident-
ly absolutely convergent for ί < <r ,

/ΓίJj has the finite simple
convergence-abscissa <ri
Hence, by corollary 1 of (1), we
have

THEOREM IV. The well-known
Riemann's conjecture on ϊU>
is equivalent to

where

by ( 4 . 8 )

-*> 4.K+*
<rtti\

tη\JU-mήr bf

-Ή f >
~ Juφ

which i s to be proved.

(5) APPLICATIONS; By what has
been proved above,"Immediately
ί'ollows
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