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(1) FUNDAMENTAL THEOREM. Let
dL(i) be of bounded variation

in any finite interval o^-έ^T ,
T being an arbitrary positive

constant. Put

o).

In the previous Note (£11 - See
references placed at the end - ) ,
we determined three convergence-
abscisses of Fit) . In this
present Note, we determine the re-
gularity-abscissa 3γ- of jr(J) ,
which is defined as rollows: if

<Tτ < tf , yrU) is regular, but
for any given e i>o) , y(J) is
not regular for σί~$ < <r . The
fundamental theorem states as fol-
lows :

FUNDAMENTAL THEOREM. Let W(J)
have the Unite simple convergence-
abscissa <ti . Then, the regu-
larity-abscissa a^ of 7Γ(J>
is determined by

HZ) σί

As immediate consequences, we have

COROLLARY I. Let,the Dirichlet-
to

series T?U) — ΣL

have the finite simple con-
vergence-abscissa σ% . Then^
the regularity-abscissa <ri- of

is determined by

wnere

In fact, putting old)
 ϊ=
/-^

i
 ** in

fundamental theorem, we *get corol-
lary I.

COROLLARY II. Lqt the Laplace-
transform F(Λ) —Jl &*+(-**)f(K>cCχ.
have the finite simple convergence-
abscissa σΆ , where J-W is
It -integrable in any finite inter-
val. Then the regularity-abscissa

θγ of Kφ is determined by

where

In fundamental theorem, putting
o( (t) -Jffm <i% , we obtain

easily corollary 2.

(2) PRELIMINARY THEOREM I. In
this section, we shall establish
the preliminary theorem.

THEOREM I.
have

For

In the case of Dirichlet series,
M.Riesz ( C2l p.S58, C3̂» p.185)
proved a more general formula than
this. For its proof, we need some
Lemmas.

LEMMA 1. Let the real function
<?Ui) be of bounded variation

in Ca.bl . If <P (t) is non-nega-
tive , decreasing (increasing) and ~
continuous in then"

where

<Λ <

Juή> J cUCb) ( J«+ J
4

This Lemma is the second mean-
value theorem of Stieltjes inte
gral, whose prooi we find in



C61 (p.18)

LEMMA 2. Ψtt) Is simply
convergent In the whole plane.

Proof* By T.TJgaheri's theorem
(£41), σ% i s determined by

CfcJ denoting the greatest inte-
ger contained in ~b

Accordingly, for given ε l>o) ,
there exists τ(S) such that

so that

where
By (2 1) and Lemma 1,

for Hence,

•

Therefore, again by T Ugaher^s
theorem, fiJ) i s simply
convergent in the whole plane*
q e.d

LEMMA^___ Let the real function
h be continuous and the

real "fΐinction <A (t) be of boun-
ded variation in any finite inter-
val
continuous in o <
and be such that

Let f
Λ
 tt) be

<oo

(a) tf) <f
χ

for fixed f.

If is convergent,

tnen

(c)
is convergent,

(d) Mm,

This Lemma is a generalization of
a Perron's theorem ( C5J ) concer-
ning the infinite series.

Proof* Since J?J*to ddti)
is convergent, for given & (>«) ,
there exists T^£) such that

Hence, by (2.2) and Lemma 1,

Z < 6

so that

is convergent.

By the convergence of /•

, there exists X such
that

) / V I < K

Put

for every

y o

say*

By {2*3} and Lemma 1.

IX,} *{*~f\(»ή X;
so that by (b), for sufficiently

large A > /T(t) , we have

f«- X > JfLt).

By (2*2) and Lemma 1,

Hence, by (2.4) and (2.5)

Λ >

- 65 -



which completes our proof.

LEMMA 4.
S-atlsfles

(a) and (b) of Lemma 3.

Proof. Since S~«*(-X>S*<T

, we have evidβnt-

3 is increasing in
D ^ S <+- for f > t
Hence, if A**"* £- P ('+*')/ rns+t)

Kί+t')/ΐ>Ui"t)
t

ΎΠWT

so that

Λ (i' < Λ

, for

so that

In any case, we have

By (2.6) and (2.7), Λ ^ satis-
fies (a) and (b) of Lemma 3.
q e.d.

Proof of Theorem 1. For <rt <</
 f

Tit) ̂ J* Mr(-jx.ϊti*L(x) is
simply convergent. Hence, by Lemma
3 and 4,

-J^HtH-JV.-falJ

By the well-known theorem ( 161 p.54) , <fU-u<)

-J>
in

uniformly convergent
\ Therefore,

h*il -. I ctίU)

H e n c e , by ( 2 . 3 ) and ( 2 . 9 ) ,

~ϊ*(4) =* / β/jCp(u~ QJ^) tf (J-U ) M

q 3 d

(To be continued.)
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where

In
we have

, putting /




