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(1) FUNDAMENTAL THEOREM. Let
&(t) be of bounded variation
in any finite interval o=t <«T ,
T being an arbitrary positive
constant. Put

(10 FU) =/ oxp(-4%) donix)

(4 =c4it, d(O=0).

In the previous Note (L1l - See
references placed at the end -),
we determlined three convergence-
abscisses of F() , 1In this
present Note, we determine the re-
gularity-abscissa o% of Fid) ,
which is defined as rollows: 1if

e ,  Fd) is regular, but
for any given g (>0) , m(d 1is
not regular for ogi-g ¢o . The
fundamental theorem states as fol-
lows:

FUNDAMENTAL THEOREM. Let #(d)

have the tinite simple convergence-

abscissa 9% . _Then, the regu-

larity-abscissa o7 of x4
is determined by
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As immediate consequences, we have

COROLLARY I. Let the Dirichlet-
Fud) = i. @ xp(-And) (02A N
n=/

where

series

{~Au>t») have the finite simple con-

vergence-abscissa o3 « Then,

the regularity-abscissa a9 _of
F) is determined by
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In fact, putting °ld)=xz<'t @r  in
fundamental theorem, we get corol-
lary I.

COROLLARY II. Lgt the Laplace-
transform Fld) =_/,” exp(-42) Ax) dx

have the finlte simple convergence-
abscissa a3 , where F(x) {is
R _=-integrable in any finite inter-

val, Then the regularity-abscissa
of __of F(d 1is determined by

o".
=tdup Tm {lo;‘&;*}?(nat)l-ta'} (%0z)
~ve <<t Fr-t0 ’

where
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In fundar%ental theorem, putting
AW) =/, fx) 4z , we obtain
easily corollary 2.

(2) PRELIMINARY THZOREM I. In
this section, we shall establish
the preliminary theorem.

THEQREM I. For

have

+00
FW) -=/ enp(u-e“) P(d-u) du
-t

03 <d , We

In the case of Dirichlet series,
M.Riesz ([21 p.258, (31 p.185)
proved a more general formula than
this. For 1its proof, we need some
Lemmas.,

L_E];@]A l. Let the real function
AD) be of

bounded variation
in Ca,bl . If #(t) is non-nega-
tive, decreasing (increasing) and
continuous in [a,b] , then
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This Lemma is the second mean-
value theorem of Stieltjes inte-
gral, whose prooi we Iind in



t61 (p.18)

LEMMA 2. P64  is simply
convergent in the whole plane.

Proof. By T.Ugaheri's theorem
(41), 03 1is determined by
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3 denoting the greatest inte-
ger contained in ¢ .

Accordingly, for given & (>9) |,
there exists T(E) such that

l/uz: dotz) | < ex ((%+e)ct)

For 1> T (€),
so that
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Jr wa>T(e) (=72),

where (b) =of k) +< dach)
By (2.1) and Lemma 1,

’/*dp(l)’

'/ T 4ae|
< Fz%tl—) wp ((3+€)th)
for 1> T(€) . Hence,
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Therefore, again by T.Ugaheri's
theorem, pL) is simply

convergent in the whole plane,
q.8.d.

LEMMA 3, Let the real function
_ft) e continuous and the
real runction J(f) be of boun-
ded variation in any finite inter-

val o&t=aT . Let £ () be

continuous in o&at < s
and be such that

{(a) oA <Kl fu ¥t
(v) :\&_‘;.:;f‘({) =1 for.fixed t,

o
If [_f‘ﬁ detit) is convergent,

then
(e) LTFb A et) dech)
is convergent,
() .fm / HH £ b dact)

= /, f(f) dd(t),
This Lemma is a generalization of
a Perron's theorem ( (5] ) concer-
ning the infinite series.

Proof. Since | F6 del(d)
is convergent, for given ¢ (>0) ,
there exists T(E) such that

w
-2
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Hence, by (2.2) and Lemma 1,
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is convergent.

By the convergence of /e ety st
, there exists X such
that

(2-3) ,/ Ft d&(hf < K
for every w: m&) =0,

Put /’ﬂh{ 1~ o} dot(t)
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= I, + I, say.
By (2.3) and Lemma 1.
IZ) %= {1~ A@f X,

so that by (b), for sufficiently
large A > jr(e)y , we have

(2-4) 141 < &

S A > N(E),
By (2.2) and Lemma 1,
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Hence, by (2.4) and (2.5)
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which completes our proof.

LEMMA 4. Rd) = %fwt—nrta
satisfies

(a) and (b) of Lemma 3.

L4 t
Proof. Since Sew(-93° 4T
=y (+t) , we have evident-

ly

(2:6) o< fb<t f;g;ﬁ(f)_i

/
g* t is increasing in
D& § L+ ror t¢>t .

Hence, if XYt 2 n(nt)/ mi/vt)

for o <3y <A
s ¢ Pt/ Pty
ie,
st 3t
4Gz 7= ¢

so that
AW <A@

If At s purt e

F>A s ft’ > ft
Therefore, 4Gad VZGa1]
1 - A

= men.
n PO a4

> 7 - At

o0
-_-/. mcp(-f)_;’(;rt_,_ a5
so that
AW < A t)
In any case, we have
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for

By (2.6) and (2.7), A(t) satis-

fies (a) and (b) of Lemma 3,
g.e.d.

Proof of Theorem 1. For dia<o ,
Fl =_/,% enp(-22) dokix) is
simply convergent. Hence, by Lemma

3 and 4,
o
@ 8  F =/, exs(-A%)dd(x)
= ltm
Fees 5y ) ,

where
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In S\i4 » Putting f <eap(u, ,

we have
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By the well-known theorem ([61 p.54), ¢(4-«)
00
(-W«)1) ¢ -
f[ lg}ﬁﬂﬁ‘dﬂﬂis uniformly convergent
in v Lu e Lg A . Therefore,
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Hence, by (2.8) and (2.9),

4
U =/ ep(uU-e*) Fd-u) su
-0 *
qe3.d.

(To be continued,)
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