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Let R" be the n-dimensfonal Eucliw
dean space. Each point of R™ 1s de-
termined by its n Cartesian coordl-
nates. We denote by a + b the point
(at’+ bi) for a = (&) and b = (b*)
of H™ and by of & the pbint (dat) for
a = (a®) and a real number « .

J,et us consider the set of points
K¢(E), in association with a set of
points K of R", which is defined by
induction as follows:

1) K,(E)=faa +pb; 2arp=Lt;xpz0,
a, b €E »

2) KB)=K (K, (8)).

A set of points K 1is called convex

if K,(E)=E. It is clear that 1if
Ky(E) 1s convex for some sét of points
E and, an’integer r, it coincldes with
the minimal convex set including E;

in this case we say that the set ¥
belongs  to K -class. In-the present
note-we shall establish the following
theorems.

Theorem 1. let w(n) be the number
>f figures in dyadic expansion of n.
fhen every set of points E of R™
velongs to K ™'™._class. loreover, if
8 be an integer: such that s < w{n},
there exists a set of points E’ in R"
which does not belong to K¥-class.

o B em 2, -A set of points .E of
R which can . be decomposed in less
than n-+ 1_ connected components be-
longs to X™'" 1 _¢class,

First we deal only with a finite

set of points F={a,, ..., ay] of
R™ . We denote by A f(a,, ..., a,) or
simply by A(F) the set of all the
points which can be written in the form

dy8, *esot dya,, 2, %=1, % =20,

If the.points &g,..., 8, are linearly
independent 4 (F) is a so-called r-
simplex .whose vertices arse 8 seces 8o o

Proposition 1. For each point a
€ 4 Ea,,..., a.} and a given:integer
k < r, there exist a’e Qageevs B g

and a* € A la,,, se+e) 8,) such that

a= Aa'+pa’, Arp =1, Xp o0,

Proposition 2, A {a,,..., 8,) 1s

the minimal convex set containing the
points 8 5444, 8,0

Thess two propositions.are the im-
mediate consequences of the preceding
definition.

Proposition 3. Ala se.., 8.}
coincides with the sum of all simplexes
of which vertlces form a linearly Iin-
dependent subset of ia,}..., a,i.

It follows from Proposition 2 that
the sum of such simplexes 1s inecluded
in Af{a, .es, 8y)s So-‘we need only
to prove the next proposition,

Propogition 3'. Any point a € &
(8,5.+45 8¢) 18 contalned in a certain
simplex which satisfles the above con-
dition,

The proof is by induction. For

r = 0 the statement is obvious as in
thia case’ (a,) 1s composed of a sine-
gle point a, . Assume that the pro-
position 1s proved for r = p~l, we
shall then prove it for r=p. Let a be
a polnt of A (8.see0s a3l From Pro-
position 1 and our hypothesis we get

a= Aa,t pld el +..04da ),
Z:O(A',=1’ D(izol

where a,; ..., ay% form & linearly
independent subset of { 8,404, a{} .
We may ‘suppose that of % o for i=
lyeess ke

The proposition holds naturally 1f
elther 8,, &/ ,.e., 2k are linearly
independent or the point a is contain-
od tn Af{a] ,e..; 8% ) Now con-
sider the other cese. Then we can find
k real numbers d ,..., d% such
that

I
ZO(L=10

= q'al o
a,% & a8 te..f dy af
Hence we have

(1) &, = ’*""L 3 +-%~Z(§o(;+’x‘«¢’)&1

for every palr of positive numbers 4 s
%,  satisfying the relation 5+ 7 = 1,
Let 1, be the solution of the equa-
tion

-7« 1% = o.

Since d; must be negative for some
index 1, some of M,veey Tx are
certainly positive. so we can assume
that 1, 4s the minimal one among
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those positive solutions. Of course

7.< 1. By setting 1- %= $. and
Lo+ 4l = o , it follows from
(1) bhat

a= -’-‘—-}?’-‘a, + %(d:az teoutdag ),
where h--q, + “' (o) 4o v o )1,

Here - 1 should be positive. Because
i1f the contrax-y were true,

ret vpey = (Ae o #(1ex - 1)
= (o -l ) (7, -2)
o by
= T‘-’ (7. -») -".(;(':7;)20
. »
for %{ ¥ %; , This contra.dicta the
supposition that a & Ala) seeey 85 )

Moreover we obtaln for o/ # «x;
L)

o(; (€3 ~E ) o+ {1, 1) o«

il

.

It i3 clear that A% 0 for d=di .
Therefore we get aeA (a,,8, Heeuy

a% ). The linear independence of the
points &, az geees 85 follows readi-
1y from our assumption that o, % 0 for
1=1,...,k. Thus the proposition is
completely proved,

Proposition 4. Every finite set of
r+l _points Beiongs to K™ -class,
Let F Dbe a 3et of polnts dosseey

ay « To prove the proposition it 1is
sufficlent to show that

(2) Koqey(F) =Qlay500e, 8, ).

The proof is by induction.” The rela-
tion holds apparently 1ln case T (¥) =0
or T(T)=1 . Suppose that the equall-

ty 1is established for T (¥)= -1 ,9-2

we shall then prove it for T(ri=?} .
In this case 1t can readily be seen
that p~1 ¢ -1
T= 2 +9, 029 <2

Let k Dbe the integer such that 2k +
1xzr 2 2k and F’ Dbe the set of
points a,,e4ee9 84 « Then, from above

relatlons, we have
(k)= p-1, p-1 2 g(r-k)

zp-2.

Therefore both F’ and ¥ - I’ belong
}:o) K?~! -class. From this we obtain
2).

Proof of Theorem 1.

Let M(E) ve the minimal convex
set including a set of points E. Then
it follows from the preceding propo-
sitions that the set M(E) is equal to
the sum of all simplexes .of which ver-
tlces are the points of K. usince
there exist at most n + 1 linearly

(LG =y 2 % (1-E ) 3,

independent points in K™, the set of
vertices of every such simplex belongs
to KT _class. This implies Ky ,,
(E)=M(E}, and the first part of the
theorem 1s verified.

To prove the latter part we shall
show that the set ¥ of n +1 1i-
nearly lndependent points does not be~
long to K® -class. We obtaln by 1)
the inequallty

dim Ko (¥) + 1 &2 (dim K, (F) + 1).
Therefore, in view of the relatlion dim
F=0, we have dim K (F)¢ :° -1. On the
other hand
dm A(F) =n g2 WM~
where n(n) - 1 2 s. Hence we get
dim A (F) > dim K (F).
This proves our assertion,

Proof of Theorem 2.

# First we construct the set of points
E'= U“M(I:. ~ H) for every hyperplane H
of R™, Since the set ¥ . H belongs

to Kn(" - -claas, we have E* *(,,..)
(E). Tet us prove that the set E
includes every simplex -

ay ) whose vertices are the points

of E. This assertion is obvious for
r<£ n., So we shall consider the case
r=n alone.

Let a be an inner point of A (a
enes 9‘1&)' Then we have

(3) & = X Qo4+, .+ Aya, ,
ZCK,; =1, « z o.

Here we may aessumeé that the points a,
and a, are contalned in the same
connsected component of E. We denots
by A(a, 8,5...5 8p) the set of all
the points x's satisfying the rela-
tion

=Aa - (Ma+ +Apla ),
where A, 2 0, M= (Ajrore )z,
It follows from (3) that a,€ A(a,
8y yeesy 84) and a, & Ala, a,,...,
ay)s Therefore the boundery B of
Ala, 8,,.0.5 8,) contains at least
one point a/ of E, Since the coef-
ficients A , A, 5 ceey A n are the
continuous functions of x, some of
them must be zero for xe€ B, For in-
stance let a’/ Dbe a point in A (a,
Giyeess Bn-y). Then we have a ea(a ,
81,0005 Bn-¢ )s This implies a € E*
and the proof is completed.

Corollery. For n=2%, r =0,
l,..45 a 38t of points E of R™
which satlsfies the preceding condition
belongs to K¥ -class.
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Appendix. Having finished our pre- (¥X) Received Dec. 1, 1950,
parations we found that our Theorem 1
had been proved several years ago by Nagoya University.
Mr., Seiji Nabeya, a member of the In-
stitute of Statlstical Mathematics at
present.
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