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H.Ruse has studied on Laplace’s
differential equation in Riemann spaces,
and recently arrived at the idea of re-
current curvature spaces. Direct cause
of this problem was originated in the
study of the case where
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are the functlon of S only, where S
means the geodesic distance from a

ixed point (X3) to any variable point
f X ? P he author of ge present gote

can not see ‘the’ original papers, and
has known only some of results in Ma-
thematical Reviews. As far as the pre-
sent author knows, these studles are
mainly connected to lower dimensional
spaces, and 1t seems that there is no
systematic study of the case of general
dimensions.

In this paper, in order to keep
away from the formerly obtalned re-
sults, we characterize this space by
means of geometric consideration which
differ from Ruse’s originael stand po-
int, and then give some answers for
Professor A.Lichnerowicz’s conjecturs. &l

1. At a point P of Riemann
space V, , we consider the twe dimene
sional vector space [£785]. wet EC
be its current Plicker coordinates.

Let us consider a geomstric object
(figure):
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at every point of /. , where
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Following Ruse, we call the flgure
(1.1) Riemann complex. We assume that
this complex does not degenerate, that
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wherelF&»rx»wyl denotes the determi-
nant whose row and column are ()TA) and
(vw) respectively.,

We consider the space whose group of
holonomy fixes the Riemann cemplex at
every point. The definition of £

gives ; "
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therefore, by parallelism, we obtain
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Now we shall investigate the condl-

tion
(13) ARyt ") = O R 6™E™

where 0 1s an erbltrary scalar fac-
tor. By means of (1.2), (1.3) implies
(th') R"‘n)‘z_ rnr:;w = R')‘n)‘z (“-t‘a 9«:
where 0 = D.dx*® and symbol * ;”
denctes the covariant differentiation.
(1.4) 1s a necessary and sufficient
condition in order that the parallelism
of this space fix the Riemann complex.

Ruse has defined the recurrent cur-
vature space K, as the space which
satisfles the curvature condition (1l.4),
and looked upon it as a generalization
of Cartan’s symmecric space.

2, Now from (1.4), we obtain

(2~l) R)r‘;d‘—‘:fz)r 90‘ ; R;qﬂﬁeo‘:

If Rap=¢ 3rp, $#0 , 1.e. our space
is an Einstelin apace, then B«=0 and

K becomes Cartan’s symmetric spsce.
Hereafter, we must assume that our space
is not en Einsteln space. If
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(2.2)
Qﬁ(‘?ﬂ:—:‘ R;Taew 2
then characteristic space of R with
respect to fundamental tensor G,e. be-
come the parallel vector space respec-
tively, and honce K» shall be redu~
cible (locallyf Now we assume that
» has been decomposed inbto twe ir-
reducible subspaces Vo end Vas .
In convenience, we assume that the inw
dices take the values
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Let K, be reducible, then we have

(2.3) R%=R3a® 5 Rirs=Rirs
\ .

but all the other similar quantities
vanish., On the other hand, we obtain

O“: Ra$3 rz Ra& 9? s

0= Rm;a‘: Rp% Ba -
If Q,C.# 0 , then (2.4) implies
eP“:O > Gazo ,

(2.4)

that is, K., becomes a symmetric space,
in the sense of Cartan.

If Rau¥*0 , then K, is
Cartan.

Theorem,
a symmetric space o

3. Now we deduce an Important re-~
lation on curvature quantities in K, -

We have the Blanchi’s identities:
A P PN
R prw;d +R paviewt R («wcx:u“—‘o .

Contracting A and d , they become

fww d'*'Rf«xv,w +Rr¢wd, =0,

that 1s
of
R (uvw,'d = Rt\w;w—R‘uw;p
And hence, we have in K,

(3'5) [eryw Bd = R(\w gw"R(Ud 9»,
(32 2R°,6.,= R6O..

In thils circumstance, we have
Ropunsa R7E7S
=(Ropwas = ;)R
= (R b =Rewa 6) R0
= ZRaura R 670,

(xt)
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Roc =Rgc (X9 5 Ryp=Ryr(xh),

= 2(Rybr-Runf ) (RTG= ~R"6")

= 4( R"(“ R”“e,e = Rur 6°R"6))
=4R,uR'T6, o' -R*0.6™ .
-'-(R,,.m R 4R R™+R* ) 000 .

Therefore

. Afavw

D RupuR = 4 RuRECRE
or

.. o

i 0,6 =
Ir 3» is positive definite, 11)

implies that Km 1s a symmetric space,
hence we restrict ourselves to the case
i1). In the case 1), if Ryu= 0O s
then R’T"“’ 0 l.e. Ko 1is flat.

Thus we can conclude that the K, s
may remain in its proper sense when and
only when they have indefinite funda-
mental tensor and Riccl curvature R)r
being zero.

Now, it is seen from our result that
any K, which has posltive definite
fundamental tensor 1s a symmetric space
what has been conjectured by Lichnero-
wicz.
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(1) Recently Prof. A.Lichnerowicz
has corresponded to the author his
kind advice and some conjectures, For
his generous and stimulating councel
the author eagerly extends his warm
thanks.,

(2) See T.Y.Thomas: The decomposi-
tion of Riemann space in the large,
Monatsh. Math. Phys. 47. (1939). The
present author discussed the second
order symmetric tensor whose characte-
ristic spaces are parallel vector
spaces (in Japanese), The Study of
Holonomy Groups, No.l3, 1949, Dsc,
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