ON CARTAN SUBALGEBRAS OF A LIE ALGEBRA

By Nagayoshi IWAHORI and Ichir® SATAKR

(Communicated by Y. Komatu)

Let L. be a Lie algebra over a
ground field [ and X -—ad(x) be its
adjoint representation. If the number

£x of characteristic root _Q of ad(x)
attains the minimum for x6él., X is
called a regular element of L , and

it is well known that the eigenspace P
of ad(x) for the root 0 {is a nil-
potent subalgebra of order Lx of L .
Such a subalgebra P 1s called a Cartan
subalgebra of L .

Now if F' 1is the complex number
field, it is known™that, for any two
Cartan subalgebras P and P, ,
there exists an element ¢ in the
adjoint group of [, , i.e. the linear
group generated by exp(ad(x)), xsl. ,
such that

v(R) =P,

.

However, for general ground field
F' , this does not hold. , For example,
if F does not contain o for some
«€e F , the simple Lie algebra of
type A of order 3 over F , given hy

L=uf +vF +wf

M vlev, [uwl=-W [vwl=LW,

contains two Cartan subalgebras P =
(% +«w)F and R =(¥+w)} cor-
rzsponding to regular elements ¥ + X W’
and % - wr , respectively, such that
for any automorphism 2= of /[, , we

have
T(R) # R.

This shows that for the conjugateness
of Cartan subalgebras some conditions on
F and [, will be necessary. In this
note we shall study such conditions us-
ing the theory of algebraic Lie algebras
of C.Chevalley.’

§1. In this section, let ' ‘be an
arbitrary field of cliaracteristic

0 .

Let L. be &n ,e—a ebraic @ Lie
algebra over fF ( L<ge(F,n)), R its
radical, and let one of its Ievi decom-
positions be L =R +.5 , then as is
¥nown,!) there is an ideal N of L, con-
sisting of all nilpotent matrices in

and a subalgebra C of con-
81sting of only semi-simple matrices
such that

R=N+C, NAC={o}, [C,81={},

We call this decomposition [ «(N+()+§
a 'nmormal decomposition' of [, .

Lemma 1. %"Let L, be a nilpotent
Lie algebra and let M be its repre-
sentation space, and let X —» P(X)
be the representation given by M .
%e‘dthe following conditions be satis-

ied:

(1) If POIM=0 for all Xe&l
and for some méM , then
necessarily n.=0 H

(i1) The image L = p(L.) consists
of only semi-simple matrices,®

® of

Then the first cohomology grou;r N
=0

L. by M vanishes: H'(L, M

Proof. Flrst, we assume that all
eigenvalues of P(x), X€&l, , belong
to the ground field f . Then by
(11), M 1s a direct sum of P(L) -
invariant subspaces of dimension one,
so we may assume further that is
l-dimensional. Now if fax)eZ'(L, M)
then

0= §fiX 1) = poofiy) - Pfe) + (L )

and it follows from (i) that F(lx 21)
= and for some Xo, P(Xo) .

Hence if we put f° = m /m, we have
fo = peaf, =3, (x),
nemely f(x) € B'(L, M) .

In the general case, let F* be the
finite Galois extension of PR contain-~
ing all eigenvalues of PX), Xe€l, ,
and let G be its Galois group. Since
the same assumptions hold for the scalar
extzz!tx'sion * and Mpex , wefl_xave

1] =

) =0 . Now if f(x)
'i z'[Zj lﬂ)c Z'(Lpx Mg®) then thére
exists e Mgx such that
*
JoM < paof* ol Xelpa
Lot Fo = F Zeeq oL, (r=[F:F))
then for xé L, we nave

) = o (§0) = PO c’(fa*)
averaging over Gr , we have
fo9 = pea o fr xels

where f. «M Q.E.D.

lemma. 2. "Let L. be a solvable 1-
algebraic Lie algebra and L= N+ H,
= N ¥H, be two normal decompositions
of I, . Then there exists an element



x e[, L] suh that
explad(x) H, = He

where, as is well kuom(,‘) ad(x) is a
nilpotent derivation on” L, and

2

epX <1 +5+ Ko

(X~ ad()),

gives an automorphism of L .m

(finite series!)

Proof. 1) The case where N is
abelian: Put Ny, =N~ Z(H,) = N~ Z(Hs)
(vhere 2Z,(H,) denotes the centralizer
of H; in y 1.e. the set of all ele-
ments & In L, such that [X, H,1 -7&,
then by the complete feducibility of
as an ad (H,)-modul ¢? there exists a
subspace N, of N such that

N=N, tN, , N.aN.={¢}, [H,, NJEN,.
Now decompose X ¢ H, :
x=ﬁz1‘3°*". , Ba€H, Yo€No, },éN,,

then, as can be seen easily, the m&g-
ping’ X — 4, = fX) belongs to the first
eycle group z/(H,, N,) so that

Lemma 1 there Is an element 2e&N,c[L, L]
such that fx)=(x,z]) (for all xeH )
and hence '

X+0,x3 = RarYe = exp(ad(2)) X
a(exp 2) X (expe-a))

so %2, Y« 1is respectively the semi-

simple and the nilpotent part of a semi-

simple matrix (Bxpz)x ( emp(-2)) ,

mgnce Yo =0 which yields exp(ad(z)H,
. As (¢ is an

automorphism of L‘“’,’ 80 c?mparing the

dimensions, we have

exp(ad(z) H, =H, .

11) General case: Induction on dim A
gives the result without much difficulty.

Theorem 1. "Let L. be a solvable Lie
algebra over , and let P, Py be
two Cartan subalgebras of [, . Then
there exists an element xe[L,LJ such

that
(epX)P =P, (X =)

where X i&)a nilpotent derivation as
in Lemma 236) #

Proof. By the use of the adjoint
representation, it can be easily seen
that we may assume without loss of gene-
rality that L[, is a linear Lie algebra.

Denoting the smallest -[-alge ralc

Lie algebra containing by [*, which
is also solvable, we have(®

=L +PR*, B =LARY.

*
Let the normal decomposition of P be

Pl*'* Nl +H,

and let N be,the set of all nilpotent
matrices in s; them we have easily

that
L\* = N + H4

and that this is a normal decomposition
of LL*%. Now it holds that

Z(H) = R* .

In fact, as H is in the center of R*
we have Z(H)>D P* . Conversely, let
xel* “be such that Lx, H J=o0 .
Let us denote by M the sum of all the
elgenspaces of ad(a) which do not be-
long to eigenvalue O . As P, conta-

ins a regular element a4 , we have

L=P +M, RAM“{’} , ad(adM=M |

Then we have

L*<P¥+M, P*AM < {o) .

put

I=xa+x1, I.,GP,*‘ z,EM.

Then the semi-simple part a of a
which belongs to H, has the following
properties:

ad(e)M =M,
o=ad(a)X=Ca, X =La', % +X]
- EQ" ‘.'t,] .

Hence we have

A.
X, =0, X=x,€P .
Similarly, we have for P,

Pz=LAP1.* Pa*=Z(Hz),

2

and to & normal decomposition B_*-'-'Nz + Hz

cﬁz’lresponds the normal decomposition of
L= N+H, .

Now we have by Lemms 2. there exists an

xell* L¥1=CL, L1 such that
WXPX(.H,)= Hy , X =ad),

as exp .\ is an automorphism of L)X,
taking the centralizer of both sides,

we have
X (P*) =P .

Now since [, is an ideal of ], we

have

wPX( L,) - L.
8o we have .
QILPX(P')"‘W(P»*AL)‘PLA L‘Pa,

Q. E.D.
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Remark. From the unigueness of Levi and let % be the natural homomorphism
decomposition‘Pand Lemma 2 we have easi- of L, on S« L/R and put ¢(H)=R
ly the following L then B is abelian and since N (H*tR/R)
=H+R/R , the normalizer of B

Lemma 27, "Let L. he an {-alge-~ in coincides’wit:: B . From this
braic Lie algebra and it caane shown without much difficulty

c that is a Cartan subagebra of &

L\=(N*cr)+ Y "(N"' Cz) +5. and B 1s composed of only semi-simple
ratrices. Then since [HAR, B] =0 ,
(HAR)+B is composed of only semi-
simple matrices, and we have

H +LJ' =H+R =BtR = B*(Hak)*/.f}

be two normal decompositions of L .
Then there exists an element Xe MALL, L1

such that
epX (C) =Ca, epX(S)) =232,
and this gives two normal decompositions
(x =q,a(,(1)) of an {Q-algebralc solvable Lie algebra

(of course ea.pX(N) =N )n,

§2.Theorem 2. "Let [ be the real num—
ber field, and let [, be a Lie algebra
over F , and its radical. If any
two Cartan subalgebras of L/R. are
conjugate to each other under the adjo-
int group of L/R. , then the same holds
for [, . (So that the problem on con-
Jugateness of Cartan subalgebras of a
real Lie algebra reduces to the case of
simple Lie algebras.)

We shall give only the outline of the
proof of this Theorem, making use of the
following two lemmas.

Lemma 3. "Let L, be an £ -algebra-
1c Lie algebra over a field of charac-
teristic o , its radical and let

P be one of its Cartan subalgebra he-
longing to regular element 4 . Let H
be the set of all semi-simple matrices
which are replicas of a4 , then

R,—*'(H/\R-) +L‘.L )

L*={x;xel, texy)=o for ot gl )

gives a normal decomposition of R, and
there exists a Levi decomposition of [,
such that

L=R+S, H=(HAR)+(HAS) .

Proof. Decompose L into eigenspa-
ces of & as follows:

L=Mot M+ +M, , M=P=HtN,

No being the set of all nilpotent
matrices in P , then

RQZ;,(M;/\R), Mnr\L_:Lr— No,
MDAR;’(H/\R,)"'N,) .
MiaR =M LY (421)
and hence we have

R =(H~R)+L"*

Take the corresponding Levi decomposi-
tion of [, :

L-R+S, (H~AR, 82 =o

H+ , o there is an element xe/,*
such that

expX (H) =(H~R)+ B, X=ad(x),
vow (HAR)+B =H’
H =H®A-R)+ (H'A S)

so the same holds for H , Q.E.D.

satisfies

Lemma 4. "Let [, be an £ -alge-
braic Lie algebra over the real number
field F and let R be its radical.
Suppose that any two Cartan subalgebras
of L/R are conjugate to each other
under the adjoint group of L/R,. Then
for any two regular elements a,, Q2
of L. the subalgebras H, and H, be-
longing to &, and 42 respectively are
conjugate under the adjoint group of [, .

Proof. There exist by Lemma 3 two
normal decompositions of L. such that

L=(N+C)+ 3.,

Hi=(Hi~R) #(HiAS.), HAR=C,
L=(N+C)+S,,
H.=(Haa R +(H2nB2), HanR=Ca.

4 Then, by Lemma 2', there exists an

element xe N.[L,L ] such that

%PX(C)“C?., “/X;OX(S,) =S, ,

then we hove

exp X (H,) = Co t (epX(H)AS.).

Now by assumption there exist elements
Yo, Y2, Yy in S’ such that

oxpY - exp Y (exp X (H,). S,)

=Han 8o . (Yi=ad(}), 1sisv).
I.io.w.since [C:, S:1=0 ve have epY,
whenc'eo‘aeY ﬁavne,' = Ca
xpY, - expV, exp X (H )=H,,

Q E, D.

Proof of Th. 2 comes now jmmediately
from Lemma 4, note (10), and the gimilar
reasoning as in Th. 1.
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