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Let L be a Lie algebra over a
ground field p and x—^αXXx) be its
adjoint representation. If the number
Jίx. of characteristic root Q of aJ-CQ

attains the minimum for xβ L* , 3C is
called a regular element of /L, , and
it is well known that the eigenspace P
of <XMJL) for the root 0 is a nil-
potent subalgebra of order £χ of L .
Such a subalgebra p is called a Cartan
subalgebra of L .

Now if F is the complex number
field, it is known

(1)
that, for any two

Car tan subalgebra s P, and P
A
 ,

there exists an element <Γ in the
adjoint group of £, , i.e. the linear
group generated by exρ(Λct(Λj> ), %6 L* ,
such that

However, for general ground field
P , this does not hold. .For example,

if p does not contain <** for some
<* € F » the simple Lie algebra of

type A of order 3 over fjr , given by

contains two Cartan subalgebras P =
(•$+«*/•) F and & ~ ( ^ i tίr) F cor-
responding to regular elements If +• <W
and 4£ 1- ίtr , respectively, such that
for any automorphism *£- of i,

 f
 ve

have

This shows that for the conjugateness
of Cartan subalgebras some conditions on
JΓ and Li will be necessary. In this

not© we shall study such conditions us-
ing the theory of algebraic Lie algebras
of C Che valley

1
.*'

Ve call this decomposition L
a ^normal decomposition

1
 of L, .

Lemma 1. "Let £j be a nilpotent
Lie algebra and let M. be its repre-
sentation space, and let X — ^ Pί^)
be the representation given by M *
Le* the following conditions be satis-
fied:

(i) If />(X) ?α»O for all %€>. L
and for some τjt6 ̂ j , then
necessarily _J*L « O \

(ii) The image C * pCL) consists
of only semi-simple matrices/*'

Then the first cohomology group^ of

L by M vanishes: K*(L, M )
8 2 0

 "

Proof. First, we assume that all
eigenvalues of γl?C), X6 L , belong
to the ground field /Γ . Then by
(ii), M is a direct sum of f(L) -
invariant subspaces of dimension one,
so we may assume further that M. is
1-dimensional. Now if fix) eΣL'ΪL, H)
then

 J

and it follows from (i) that
and for some χ

o

/

=^0 .and for
Hence if we put

%1)

6 *0
) ψ

namely f<X) , tΛ)
In the general case, let f

1
* be the

finite Galois extension of p contain-
ing all eigenvalues of PCX), X£ L< ,
and let Gf be its Galois group. Since
the same assumptions hold for the scalarth m s p

extension /-ft* and

exists

, M
M

we have
Now'if fCx)
then there
h that

§1. In this section, let f be an

arbitrary field of characteristic

Ό
Let Ls be an ^-algebraic

 l)
 Lie

algebra over p ( Lc^tζ^m.)), R, its
radical, and let one of its Lβvi decom-
positions be L ~ R + S , then as is
known,

ί3
Hhere is an ideal M of L con-

sisting of all nilpotβnt matrices in
ft, and a subalgebra C of L con-
sisting of only semi-simple matrices
such that

{o},

Let /
β

then for ve nave

averaging over we have

where fP fe M > Q.E.D.

L πsma. S. "Let L be a solvable 1-
algβbraic Lie algebra and L - N t K,
mhJ^Wz be two normal decompositions
of ϋj « Then there exists an element
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X t £L
)
 L 1 such that

H,
 β

where, as is well known, <xd.&) is a
nilpotent derivation on L> and

* <uL{χ)}
 J
 (finite series 1)

gives an automorphism of L
 n

Proof, i) The case where PJ is

abelian: Put No **tf~ Z(H>) iVλ £ίtf«J
(where Z(H,.) denotes the centralizer
of
 He in L ' i

 β thθ sθt of
 Φ

 θlθ
~

ments X in L such that CX, Hfc3"
then by the complete reducibility of
as an α«£CH,)-modul<

7
' there exists a

subspace jtyj of }f such that

and let N
matrices in
that

bβ^the set of all nilpotent
L
 s

 then we have easily

N + H,

and that this is a normal decomposition
of L * . Now it holds that

In fact, as ff. is in the center of P
t

we have ZCIU'D β * . ConversβOy, let
X € L * be such that IX, H 1-0

Let us denote by M the sum of all the
eigenspaces of cuLCα) which do not be-
long to eigenvalue o As F, conta-
ins a regular element a , we have

L-P.1-M, P,
Λ
M-{ >, α*( jM-M

Then we have

Now decompose ace

Put

then, as can be seen easily, the map-
ping X—-ϊ

ί
i
ι
 **fCX) belongs to the first

cycle group zJCHi, Ni) so that by
Lemma 1 there is an element SβA^cCi, L
such that £tf) « £χ, Z] (for all χ€ H T
and hence ''

£ )
so "fca., >• is respectively the semi-
simple and the nilpotent part of a semi-
simple matrix (β*f>Z)Xζ v*pt-Z)) ,
whence ^ * d which yields % 4 B C 4 O U Z » H ,
C H i . A s

 r
eoO><«^(^) is an

automorphism of L , so comparing the
dimensions, we have

, ~H
a
 .

ii) General case: Induction on dim A/"
gives the result without much difficulty.

Theorem 1. "Let L be a solvable Lie
algebra over fP , and let P, ft be
two Cartan subalgebras of £, '. Then
there exists an element x:e t L Ll such
that '

* (X ~

a nilpotent derivation aswhere X
in Lemma

Proof, By the use of the adjoint
representation, it can be easily seen
that we may assume without loss of gene-
rality that L, is a linear Lie algebra.

Denoting the smallest ^-algebraic
Lie algebra containing L W Lr > vhich
is also solvable, we h a e Φ

L*«U + P,* , p,

Let the normal decomposition of R be

R*

Then the semi-simple part U. of CL
which belongs to H, has the following
properties:

XI β

Hence we have

Similarly, we have for

p/

and to a normal decomposition (\ =*jf\/jL +
corresponds the normal decomposition o£

Now we have by Lemiria S. there exists an

xeCL* L*1"CUL] s u c h t h a t

H, ,
as exp X is an automorphism of LJ*",
taking the centralizer of both sides,
we have

«>X<P|*) -Pa*
Now since L is an ideal of X/ , we
have

L) - L,
So we have

a.
- 58 -



Remark. From the uniqueness of Levi
decomposition

ki)
and Lemma 2 we have easi-

ly the following L

Lemma 2*. "Let L he an
braic Lie algebra and

^-alge-

be two normal decompositions of L ,
Then there exists an element Xe j\/s\tL, L 3
such that

(X

(of course e^f

St. Theorem 2. "Let f* be the real num-
ber field, and let i be a Lie algebra
over f , anc

1
 & its radical. If any

two Cartan subalgebras of L/fL are
conjugate to each other under the adjo-
int group of L/P^ , then the same holds
for L. (So that the problem on con-
jugateness of Cartan subalgebras of a
real Lie algebra reduces to the case of
s5.mple Lie algebras.)

We shall give only the outline of the
proof of this Theorem, making use of the
following two lemmas.

Lemma 3. "Let L be an Jί -algebra-
ic Lie algebra over a field of charac-
teristic 0 , R, its radical and let
F be one of its Cartan subalgebra be-

longing to regular element (K. . Let H
be the set of all semi-simple matrices
which are replicas of α. , then

and lot *P be the natural homomorphism
of L, on S&L/R, and put ψ(H)^B
then B is abelian and since J\[(H

 f
R

ί s H + R./^ , the normalizer of B
in β coincides witii & . From this
it can be shown without much difficulty
that B is a Cartan subagebra of Jg
and B is composed of only semi-simple
matrices. Then since C H ^ R , 83 =O ,
(H/-\R.)i~B is composed of only semi-
simple matrices, and we have

H + L/ «* H + RL "• B f K

and this gives two normal decompositions
of an Jt -algebraic solvable Lie algebra
H + ί̂ , } ΣO there is an element X ί / . /

such that'

How (H
Λ
 FO + β = H' satisfies

so the same holds for Q.E.D

Lemma 4. "Let L be an i -alge-
braic Lie algebra over the real number
field F and let & be its radical.
Suppose that any two Cartan subalgebras
of L/R, are conjugate to each other
under the adjoint group of L//ζ,. Then
for any two regular elements α

( t
 d

a

of L the subalgebras K, and H i be-
longing to A, and da. respectively are
conjugate under the adjoint group of L .

Proof. There exist by Lemma 3 two
normal decompositions of JL such that

L •*"

gives a normal decomposition of p,
there exists a Levi decomposition of
such that

Proof. Decompose L, into eigenspa-
ces of CL as follows:

bJo being the set of all nilpotent
matrices in P , then

R - Σf.. (Me A No

and hence we have

R.
Take the corresponding Levi decomposi-
tion of L ί

+ L
ding Le

CH^R, 5 1

Then, by Lemma 2', there exists an
element X € |\J

 Λ
 Γ L L I such that

then we have

Now by assumption there exist elements

Ϊ ,S»,' , ϊr
 to
 Λ such that

Now since £ C
α

whence we have

= d we have e*/> V

e. ε. o.
Proof of Th. 2 comes now immediately

from Lemma 4, note (10), and the similar
reasoning as in Th. 1.
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Cf. G. p.36, since «tff X ($) =* (ê > x)

3(4tf*xO
 holάs

>
 w e have

 e*ρχ(tf)
C. flf.' Lemma 1.
G. ^ 4.
G. Lemma 10.
We call R the subalgebra belong-

ing to a . H i s abelian as H
is composed of polynomials of u, .
It is shown easily that Kc^ZίH)
and we shall denote H by H(a)
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