INDEPENDENCY OF AXIOMS OF LATTICES.

By Naoki KIMURA

1. A lattice 1s defined by the fol-
lowing four pairs of axioms

d) ava=a, (1) ana=gq
,

2, avo = bva, @) anbabna‘

@) (avbr)vec= avcbve),
() (anbINnC=an(bac),
) av@nab) = a, (%) antavb)=q,

It is well known that both (1) and
(1) are implied by the other axiomes.
Therefore, to define a lattice it is
sufficient to demand only (Z), (3) and
%). We have not seen discussions on
the independency of these axioms. In
this note we shall show that each of
them is independent of the other five.

2. Independency of (Z).

Let G be a family of all subsets
of a set JL , which is supposed not
to be a null set.

We shall define Join and meet ope-
rations in & as follows:

AVB=A’and ﬂ/\B=A6 (inter-
section of A and B8 ), for any pair
of subsets A and 8 of (. .

Then & ig a system satisfying_the
axioms (2), (3) and (4), but not (Z),
for

avo=N%0=o0ovdl,

(Null set is indicated as 0.)

Hence we can conclude that §§) is in-
dependent of (2), (&) and (3).

3. Independency of (3).
Let_© be a lattice with five ele-

ments 6, A, 8, T and I, and has
the following Hasse diagram:

=y

2
- ni
&

)
let @& be a set of five elements de-
noted as o, A, 8, ¢ and I , and
their join and meet operations are de-

fined similarly in :
i.e., X %2Y¥Y=2Z 4n G,
when X %Y = Z in G,

with only exceptions being
Av B=PBpvAE= I.

_ That the system G satisfies axioms
(8) and (3) is clear. But it does not

satisfy (3):
Av(Bvec)= AvC =C,
and @VB)V(‘=I\IC=I.

It can be verified easlily that it
satisfies (4).

Hence F) is independent of (),
(3) and (3).

4, Independency of (4).

Let © be a set of four elements
denoted as o, A, 8 and I , and
we shall define join and meet opera-
tions as follows:

IvXx=XvI=1I (X=A, B
AvB =BvA =1, or 9),
OvX = Xv0o=X (X=Aor8)

and
TAR=XKnl=X (x=1I, A 8e0),
A~X=XnA=X (X=A, B or 0),
BAX=sXAB=X (X=B .ro)'
on0 =0,

Now we shall verify axioms in this
system.

By definition, it ig clear that
satisfies the axioms (Z).

The Jjoin and meet operations of
this system are considered respectively as
the join and meet operations of lattices
which have the following Hasse diagrams;

I

A 8

o D>

o -
So, this system satisfies axioms 2).

As for (4),
I~(@vk) = InI=g,
An(AvX) = An(Awl) = A,
Br(BvX)=Bna(BerI)= 8B
and 5 . (oux)= OnX =0

But as for (4), we can give the follow-
ing case:

AvAnB) = AvB =1 %A,

Hence (4) is independent of the
other five axioms.

(*) Received 6th April, 1950.
(1) For example, (Z) means both (2)
and (2).
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