
ON DISCRETE SUBGROUPS OP A LIE GROUP

By Hiraku TOYAMA

The 1-dimensional commutative Lie
group (j , whether a vector group or a
circle, can b.β approximated by discrete
subgroups© Or in other words, we can
construct an infinite sequence

$ι > Sx. > $3 ••••• #~ •••••
 o f
 discrete

subgroups, so that for any given open
subset \J of Qr almost all ̂  except a
finite number of them have a non-empty
intersection with U .

This fact holds clearly for n-di-
mensionaΓ commutative Lie groups, because
they can be decomposed into vector group
and circles*Ll3

In this paper the author intended
to discuss this problem of approximation
by discrete groups for non-commutative
Lie groups The main result obtained is
the following

Theorem l Let Q- be a connected
Lie group with the discrete center, then
it cannot ba approximated by a sequence
of discrete subgroups.

Proof, In Q we construct a cano-
nical system of coordinates of the first
kind,[2l where any l«parameter subgroup
can be written as follows; %ίt) = atίit\<ot)
In accordance with it, there exists an
open subset \J

 9
 every point of which

lies on one and only one 1-parameter
group

Let the commutator X J 1 ' *f~' be
written in a power series

and for & sufficiently small sphere
it can be written [31

and therefore

At first ire assume that such a se-
quence really exists.

Let α be an arbitrary point in S
and U (

α
) &e some neighborhood of CL

 β

We designate by Cc one of elements- of %:.
whose distance from € is the smallest*
Then for any X € $ Π g

t

) x c
L
 α"

(
 Cf w > ί i

hence XC: X"
;
Q' =̂  6 that

with every element of S A
d commute a

We denote the 1-parameter subgroup
Cct(jtj<. OL) by K

L
 , thθn-^ cuts a

boundary B of $
 i n a

 point C/
 9

 Be-
cause 5 i

s
 compact, {c/} has at least

one limiting ppi/it C » or we can choose
a subsequence (C' } which converges to
C

Let; ^ b© an arbitrary point in ^

and U(a) be an arbitrary neighborhood

of %• , then by the above assumptiont7φ

has a non-empty intersection with %c

(C«̂ N+.'
;
 --")* Let %, he one of §, which

lies in \Ji%) &s Q.^ com«ιutΘ3 with

% *•«. 5 C
 K>Λ
" ° ormau t e â  w i bh | ̂  »

We can suppose

fr
for a suitably chosen element ^̂ , of
and for every point p on el: Oΐί-<©0

because IC'*!"̂  Op then by the continuity
of multiplication

Hence we can conclude that p com-
mutes with evex*y-j eleaient of S and by
the connectedness of Gjr

 9
 with ®veι*γ

element of Q
Thus Q" must have a non« discrete

center* This conclusien contradicts
assumption of the discrete center,,

The above problem of approximation
remains unsolved for Lie groups with
non-discrete center. In the following
we will show two examples of non-commu-
tative Lie groups with non-discrete cen-
ter, the first of them being ©.pproxima-
ble by discrete subgroups and the second
being not approximative

The fi^st example.. Let Q be a ?-
•dimensional group of matrices»

f ί a
!Z
 a

where

bars* We denote by
are BΛIJ real

Λ
 a subgroup of

56



matrices;

where -V-/2, &t3
7
 vz3 are integers and A

a real number© Then Ox can be appro-
ximated by a sequence %\

 9
 when Λ —* 0

The second examplei Q consists
of matrices

' d,f &IZ O '

/

\o o
where &„

 f
 Q

33
 are'real positive and Ct

tz

Such a matrix is denoted simply
a' a ) if {a a a )

real.
by (α,,
( #// Ψ I
group %
suogroup
If € $ C~ι

ίβίi,-β

and

s m
a33 ) β i f {a,t, af3Lt j 3

) belongs to a discrete sub-
, then a suitable conjugate
<$C

{
 contains α« (a

ιlt
 o, tf

33
).

contains an elements 4-~
make a commutator of -£

Let ΎL tend to — oo in the case Q.
u
 > /

 p

and to t<?° in the case β,,< / , then
it converges to ( / , *$ιz, I )«
Hence C $ C~

!
 is not discrete and the

same for g- Therefore $- does not
contain such a element Tr ( -̂

/a
, ̂ =0 )

9

and ia^commutativΘβ which cannot approxi-
mate Q

 β

However, our problem is completely
solved for compact Lie groupss

Theorem 2
β
 Every non-commutative

compact Lie group is not approximable by
finite subgroups.

Proof is easily established, if we
consider the Lev! decomposition of Lie
groups, and the commutativity of solvable
compact Lie groups*

(*) 7, !94β>

(1) L,Pontrjagin,Topological groups, p.170.
(2) loc.eitop.,187,
(3) lococit.p
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AN EJJi^ENTARY ίδKTHOD TO DERIVE THE
NORMAL FORM OF N-DIMENSIONAL REAL

EUCLIDEAN ROTATION

By T a k i z o MINAGAWA

It is a well-known theorem that n~
dimensional real orthogonal matrix A.
can be transformed into a direct-product
of several δ-dixnensional rotations and,
if it exists, one reflection In this
paper an elementary geometric method is
explained. The essential point of this
method is to find the fixed planes of
the rotation*

Let %.,%> %,***
 9
 ΛίP,c

r
.. be real

vectors in n-dimensional real euclidean
space R

n
 , and let A,B,C, ... be real

orthogonal (n,n)-matrices, while small
Greek letters mean reml numbers

 o
 W©

use the ordinary symbols of matrix-cal-
culus, i e

β >
 zi and ' K mean the trans-

posed ones, K
x
 is its inverse and E

is the unit-matriXo
THEOREM. Let A

 f
 be any real ortho-

gonal matrix, i.e , A = A
 β
 Suppose that

x'Ax uίiίk lxl»l» attains the maximum
value λ. for x = α

 9
 where ια| = i .

Then iλl ̂  i and

a if Λ =• 1
 9
 A Λ = &• 5

bo if Λ=*-l , A--E1 }

c if ~[<\<L, A*α-2λAα+α - o ,

i β e β , α andAO.

span a fixed plane of A .
Proofs Put

(1) \ ss YHύVX
{XI = i

Then it is evident that IΛl = i . Since
the unit-sphere S* in R

n
 is compact,

there exists at least one vector α.
with iβij = 1 , where

(2) α'Aa.

-\XH\ if and
are linearly de-

i f \ i A 0

We know that [x\ \u\
only if x and ψ
pendent* Therefore i f \ , α ,
i β , α is a fixed pointo If λ = -1 ,
we have x'Aΐs-i for any x . ixl = 1 ,
i β e β , A. »- E . Finally If - | < λ < l ,
two sectors α. and AOL are linearly
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