where on the right side x'=flto+--+

f-n’ltup) ; ™
roof. e integral on the
side 15 & rient
' n df‘)[‘l'
A" dat| 228 at . gt
0551 ! .

Lek us substitute fit) by partially
llnear curves ¢:ity whose corners are
9i(ki )= (R/n), %=1,2,--,~ . For an ap-
bltrarily given positive number § , we
can choose n sufficiently large such

E i i i
)~ 3. o f: .
that ff,(t) % [t)’< € and ]‘O_L‘Tlt) — d__gi.t.‘t_)‘ <£3

consequently we get

2,4 , ‘3{;(1‘:)
A(x(5) dat {452 — A (xc)det] 222 |<8
and error of the integral (2) and that
substituted 3:(t;) thereinto is less than

& « Then, on account of (1) our resu-~
1t followsa.

(%) Regeived March 7, 1949.
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VECTOR-GROUP IN REAL EUCLIDEAN SPACE

By Tatsuo HOMMA

and

Takizo MINAGAWA,

We shall describe in this paper an
elementary proof of the theorem which has
also been proved in this volume by Prof.
Iwamura, Messrs. M. Kuranish! and 7.
Hayashida. .

We denote “fres vectors” in an n-
dimensional real euclidean space Rn by
LYy %y ey G DG ,40..., and the corres-
ponding points in R, by the same sym-
bols, f.e.,"a point =x" medns the point
which 1s located by the free vector X
starting from the original point O pre-
viausly determined in Rw . The distan-
ce between any two points X and is
defined by the euclidean one, l.e., Ix-Yl,
We shall prove in this paper the following
Theorem and Corollary.

‘THEOREM. Let ™M be a real euclidean
vector-group in R, and contain a conti-
nuwum K . Then ™M contains the whole
straight-line through any two distinct
points of o

COROLLARY. Let M be a real eucli-
dean vector-group in Ra and let any two
points of M Dbe connected by a continuum
in M . Then M coincides with a real
linear vector-group.

We shall prove the theorem by the
induction with respect to the dimension-

number w of Rn . If wn=1 , the theo-
rem is evident. Suppose mMm > 1

LEMMA 1. Let K De any continuum
inM . We define WK as the aggregate
of all the points X~-Y+Z , whers X,y
and Z run throughout K. Then K 1is
also a continuum in M and K< K

The proof 1s immediate. W& are
going to prove that the straight-lins
segment joining any two distinct”point':s,
agnd P of K 1s contained in K'=(K')' ,
As K is connected, o and P can be
connected for any positive € by an
€ -chain with its points of joint all be-
longing to K . This chain can be repre-
sented by

x{%) 5

ostsgl,

where X(t) is a continuous curve in
ost< 1l , with 1ts points of joint X{$;):
0=toc <t . . .{tny=1211 belonging to
X end the parts (), tist £ tin »
i=0,14,2,..m=1 are all straight-line
segments. Moreover Ix(by)-X(td|<E |
for i=0,4,2,..., m-1.
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Wow let  Rna be an  (-1) -dimen-
sional hyperplane in Ra through a and
b, two distinect points of W . Than
the Ra.i separates 2u inkto two closed
convex point seta Hy and Ha .

1LEMMA 2. There sxists & line-seg-
ments~- € =chain in Ws connecting & and
b with 1ts points of joint all bslong-
ing to K' .

Proof. To construct thia new € -
chain, we replaece every part of the chain
x(LY 5t s1€T, 4, <y, where X(t;)mean
points of Joint and

x(t)eH, , x(tg) €H, ;

x(ty) € Hy, £, < T < tk,, 5

by the following chalns
yle) = xlty,)~ x(ti,+ by~ 1) +lt)

for ;<% <'t§v .

This new chain 13 evidently & straight-
line-segments-f-chain in H; connecting
& and b 4 and their points of Jjolnt
ell belong to K' . Hereafter we denote
this ehain by ‘3‘“) » ¢f which points of
joint are 4,9 Now let us displace
tnta chain formly within its § -nei-
ghbournood so slightly into a new s,~l.-
8.-f=chain that it remains in H{ and
no two of its podnts of joint have the
same height from the -t excopt the
couple, @ and b whoee heights are
both zero. Iet us introduce into this
chain & new parameter £ a0 thet t is
proportional to its curve-Iength between
two consecutiwve points of joint. Now
let us represent this chain by 2(}) ena
let Z(t) have the maximum height from

the Ry.y at the unique o) 2
b LRt que point Z(WP) ?
MMA 3. For the above mentioned

chain Z(%) s 0st<si,@@)=a, 2(ij=1
there exist two one-ve,llued cor;’cinuous

real functions t(u) and
which satisfy . Au} in osusi
H(0) = A(0) =‘tp , t1) =0, A1) =03

octiwyety , <ol for ocucd,

and 2{t() snd Z(8W) have the same
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height from the Rut for any u, oswusl,
and reciprocally. Let F be the set

of all the points (t,5) , where
oststy, tp€¢a< i and 2Z({) and £(4)
have the sdme height from the n-y .
It can easily be seen that F 1s a com=-
pact and locally connected set. In
fact, any point of F , except (©0,1) and
“P,tb) , has for 1ts sufficiently
small neighbourhood relative to F two
different strelght-line segments, where
the considered point of F 'belongs sim-
ultaneously to one end of each segment,
In other words, the relative neighbour-
hood of any point of ¥ except the two
points, if sufficlently small, ls home-
omorphic to a line segment and the poift
1s not on its end. As for the two.ex~
ceptional points, their relative nelgh-
bourhoods sre both straight-line segments
but they lie on one end of each one.
From the above mentioned propertles we
can easily conclude that F has a simple
chain (i.e., having no loop} jolning
(O,4) and ( ‘tp,t‘,), ). If we repressnt |

this curve by
te) stp, Aloy =tp
(ta, s(W) * pw =0, sw=1,

osu<lt,
These t(u) and »(W) are the desirsd
functions.
LEMMA 4. There exists .a continum
in &"n Re-y joining O and b
Proof. We can see easlly that the

Xw) = A+ 2Usw) - ZHw)
1ies in the Ry~ and there exista

at least one polrnt of K" within J3&-
nelghbourhood of eny peint ol the curve,
If we tend € to zero, we can concdvde
that the Racontains a curve in the K
connecting @ and b . Qe0.ds

The Lemma 4 has reduced the problem to
the, cage of (n-t1)-dimensional space.
This completes the induction. The theo-
rem and the corollary are immedlate con-
sequencea of Lemma 4.

continuous curve

Raceived March 10, 1949,





