ARG-WISE CONNECTED SUBGROUP OF A
VECTOR GROUP

By

A theorem that an arc-wise connected
subgroup of the n-dimentional (real) vec-
tor group 1s also a vector group, was
proved recently by Iwamura, Kuranishi,
and Homma and Minagawa, each b{ different
methods. In this paper I shall give ano=-
ther proof. I shall show, in addition,
some integral equality concerning perio=-
dic functions.

It 1s sufficient to prove the fol-
lowing

Theorem 1. Let in the n-dimensional
Buclidean space E™ there be . continu-
ous curves fi;(t), OoOst=1 (vector
functions) i=t,2,--m, f® joining the
orlgin to the end of the i~th unitvector

€; » And let each coordinate be taken
modulo 1. Then the vector sum { f (tp+
w4 faltnd; 0s¢; 1} covers the whole
space,

Proof. The whole space E™ , each
coordinate being taken modulo 1, is a
torus ™ ., Vsctor sum F={Ff )t +£(tn
(mod. 1); ostis1} is compact in T~ ,
for +;(t) are continuous In osts1
and n is & continuous image of E™
If ¥ did not cover T™ , the rest would
be open and contain an open sphere (of
radius & ). So if we substitute f£;(®
by slightly different continuous curves

g:) so that fiw-Juwi<Sm, G={9.(e)
et nltn) (med.1) 3 o=t:s1} would not
cover n, eilther. In particular we may
take for g;(¢) partially linear curves,
each having a finite number of corners:

Git0r= 3t o §tn GOGD, R ST fotmms

being constant vectors and & (& *w i)
=€; o In that case we shall get the
following identity. Let A(x.---.x™ be
any continuous function on ™ , then
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where on the right side x’=82(to+-+8iltn)
The integral on the right side ia to be
taken as the sum of ‘N Rismannian in-
tegrals of the type
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We have only to show (1) in special cas-
es where we take A(x! - ,x™)= e2Milhix™+lax™)
, ( {4} being any set of integers), on
account of the completeness of the tri-
gonometric functions (for an arbitrarily
given €&, A(x,--,x*) 18 approximated uni-
formly by some trigonometric polynomial).

But these are verified by straightfor-
ward calculation:

n ; t
(we put }E QJ &;‘33‘4;*% and ‘Er.(g.,‘ =Hi ).
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(when a}Xl ¢, are not zero),

since in the last determinant sums df
components which are in the same column
are all zeros., When L= d,=:--=Lfn=0 »
the value of the integral is 1, as read-
ily be seen, Hence (1) is proved.
If & did not cover 7™, the rest
would be an open set H , If we put for
Ak, --,xz") a continuous function that
is positive in H and i1s zero outside of
H , then the left side of the equallly
(1) is positive and the right side would
be zero. That is a contradlction.
We can also prove the following
Theorem 2, If in Theorem 1 fi(t)
belong to C™ class, then for an arbi-
trary contimious function A (x',--.x™)
on T,

2 e ™ dig= | At XOdf ot
(2) If' nA ofﬁteii

|



where on the right side x'=flto+--+

f-n’ltup) ; ™
roof. e integral on the
side 15 & rient
' n df‘)[‘l'
A" dat| 228 at . gt
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Lek us substitute fit) by partially
llnear curves ¢:ity whose corners are
9i(ki )= (R/n), %=1,2,--,~ . For an ap-
bltrarily given positive number § , we
can choose n sufficiently large such

E i i i
)~ 3. o f: .
that ff,(t) % [t)’< € and ]‘O_L‘Tlt) — d__gi.t.‘t_)‘ <£3

consequently we get

2,4 , ‘3{;(1‘:)
A(x(5) dat {452 — A (xc)det] 222 |<8
and error of the integral (2) and that
substituted 3:(t;) thereinto is less than

& « Then, on account of (1) our resu-~
1t followsa.

(%) Regeived March 7, 1949.

tokyo Institute of Technology.

VECTOR-GROUP IN REAL EUCLIDEAN SPACE

By Tatsuo HOMMA

and

Takizo MINAGAWA,

We shall describe in this paper an
elementary proof of the theorem which has
also been proved in this volume by Prof.
Iwamura, Messrs. M. Kuranish! and 7.
Hayashida. .

We denote “fres vectors” in an n-
dimensional real euclidean space Rn by
LYy %y ey G DG ,40..., and the corres-
ponding points in R, by the same sym-
bols, f.e.,"a point =x" medns the point
which 1s located by the free vector X
starting from the original point O pre-
viausly determined in Rw . The distan-
ce between any two points X and is
defined by the euclidean one, l.e., Ix-Yl,
We shall prove in this paper the following
Theorem and Corollary.

‘THEOREM. Let ™M be a real euclidean
vector-group in R, and contain a conti-
nuwum K . Then ™M contains the whole
straight-line through any two distinct
points of o

COROLLARY. Let M be a real eucli-
dean vector-group in Ra and let any two
points of M Dbe connected by a continuum
in M . Then M coincides with a real
linear vector-group.

We shall prove the theorem by the
induction with respect to the dimension-

number w of Rn . If wn=1 , the theo-
rem is evident. Suppose mMm > 1

LEMMA 1. Let K De any continuum
inM . We define WK as the aggregate
of all the points X~-Y+Z , whers X,y
and Z run throughout K. Then K 1is
also a continuum in M and K< K

The proof 1s immediate. W& are
going to prove that the straight-lins
segment joining any two distinct”point':s,
agnd P of K 1s contained in K'=(K')' ,
As K is connected, o and P can be
connected for any positive € by an
€ -chain with its points of joint all be-
longing to K . This chain can be repre-
sented by

x{%) 5

ostsgl,

where X(t) is a continuous curve in
ost< 1l , with 1ts points of joint X{$;):
0=toc <t . . .{tny=1211 belonging to
X end the parts (), tist £ tin »
i=0,14,2,..m=1 are all straight-line
segments. Moreover Ix(by)-X(td|<E |
for i=0,4,2,..., m-1.
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