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ON PROPERTY N
p
 FOR ALGEBRAIC CURVES

EDOARDO BALLICO AND MARCO FRANCIOSI

Abstract

Let C = Cx U U Cs be a reduced, but reducible, curve and let Se in Pic(C) be

very ample. Here we give conditions on deg(j£?|c,) insuring that the embedding of C

induced by j£f satisfies Property Np.

We also study the minimal free resolution for general projections of smooth curves.

Introduction

Let X cz PN be a projective scheme and let «/ = <fχ/p» denote the homo-
geneous ideal of X. We recall the definition of Property Np as introduced in [G].

Let E. be a minimal graded free resolution of J> over the homogeneous
coordinate ring S of PN:

0 -> EN+\ -> EN -> >Eχ-*f-+0

where Et = ®S(-ay). X ^ PN satisfies Property Np if

Eι = ®S(-i- 1) for 1 <i<p.

Property No holds if and only if X is projectively Cohen-Macaulay. Property
N\ holds if Property No does and the ideal «/ is generated by quadrics.

If if is an invertible sheaf on a projective scheme Xf, we will say that if
satisfies Property Λ^ if if is very ample and φ^(X') := X a PN satisfies Property
Np.

For a smooth projective curve of genus g in the papers [G] and [G-L] it is
proved that an invertible sheaf if of degree deg S£ > 2g -b 1 + p satisfies Property
Np.

In section 1 we study the case where C is a reduced curve, under some
numerical conditions. Our first result is the following (for the definitions we
refer to the next section)

THEOREM A. Let C be a connected reduced curve, and let <£ be an invertible
sheaf on C.
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Assume there exists a decomposition C = C\ U U Cs (Ct irreducible com-
ponents of arithmetic genus g(Ct)) such that, if we set Y\ = C\ and for i = 2,...,s
Yt := Yι-χ U Q then

Yt is connected; degJS?|yf > 2g(Yt) + l+p
deg JSP)Cl = di > max{2g(Q) + Y^.Q +p9 2g(d) + Q.(C - Q) - 1}
where for i = 1 we let Yi-i.C, = 1 by definition.

Then £P satisfies Property Np.

By theorem 1.1 of [CFHR] the linear system |JS?| is very ample and defines
an embedding φ^ : C ^^ PN. Furthermore from theorem A of [F] 5£ is normally
generated, that is, φ\&\(C) cz PN is projectively Cohen-Macaulay.

Thus, cf. Remark 1.2, to prove Property Np for ψ\&\{C) it will suffices to
consider a generic hyperplane section.

Notice that with only the condition

but without any further assumption on the irreducible components the theorem is
no longer true. An easy example is the case where C — C\ U C2, with C\ an
irreducible curve of genus 1 and C2 an irreducible curve of genus 0, such that
their intersection Q.C2 = 1. If i f is an invertible sheaf such that degJ2?|Cl = 3,
degJ^|c2 = 1, then i f is very ample and ψ\^\(C) c P3 consists of a cubic plane
curve plus a line (not contained in the plane of the curve) which intersects the
cubic in exactly one point. Then it is easy to see that ψ\&\{C) satisfies Property
TVo (cf. also [F]), but obviously φ\&\(C) is not cut out by quadrics!

In section 2 we study the minimal free resolution for general projections of
smooth curves.

To this aim we introduce the notion of Weak Property Np for projective
scheme of dimension < 1:

DEFINITION. Let X a Pn be a projective scheme of dimension < 1 (we allow
X to be not equidimensional or with embedded points.)

We say that X satisfies the Weak Property No if for all t > 2 the restriction
map

pt : H\P\GF*{t)) -+ H°(X,Θx(ή)

is surjective.
We say that X satisfies the Weak Property N\ if it satisfies the Weak

Property TVQ and the homogeneous ideal of X is generated by quadrics. For 2 <
p < n — 2 we define inductively that X satisfies the Weak Property Np if it satisfies
the Weak Property Np-\ and the /?-sygyzies of the homogeneous ideal of X are
generated by linear forms.

Our result is the following
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THEOREM B. Fix integers g,d,p,n with 3 < n < d — g and assume d>
max{2# + 1 +p + 3(d - g - n), 2(d -g-n)+n}

Let C be a smooth connected projective curve of genus g and <£ ePic ί / (C).
Let φ\#\ : C <̂-» P(H°(C,^)V) be the complete embedding associated to \S£\ and
let X a Pn be a general projection ofφ^(C). Then X satisfies the Weak Property
Np.

The proof of the above theorem will follow by a degeneration argument and
the study of the Weak Property Np for a curve with embedded points.

We remark that under these conditions ψ\&\{C) <= P(H°(C, J£f)v) satisfies the
Property Np, while a projection of φ\&\(C) never satisfies the Property Np (since it
does not satisfies the Property No).

Thus to study the minimal free resolution for projections of curves the notion
of "Weak Property Np" turns out to have a relevant role.

The method we use to prove both the theorems is based on the analysis of the
O-dimensional scheme obtained taking a sufficiently general hyperplane section.

For this case the following remark turns out to be fundamental.

Remark C. Fix integers /?, r, d with 0 < p < r — 2 and d < 2r + 1 — p.
Let Z c Pr be a O-dimensional scheme of length d for which there exists a

partition Z = Σ U Γ into disjoint subschemes with the following properties:
(a) length(Σ) = r-j- 1, Σ is reduced and Σ spans Pr;
(b) length(Γ) <r—p, dim(<Γ» = length(Γ) — 1 (i.e., Γ is in linearly general

position) and for any Σ' c Σ with card(Σ ;) = p and every Q e Σ\Σ' there exists a
hyperplane H of Pr with Σ' U Γ c H and Q φ H.

Then the method of [G-L], Theorem 2.1, gives that Z satisfies the Property
Np.

Notation

For all the paper we will assume C to be a reduced curve (a pure projective
scheme of pure dimension 1 such that for every point P e C the local ring Θc,p
has no nilpotent elements) over an algebraically closed field K of characteristic 0.
For the positive characteristic case see Remark 1.4.

$£ An invertible sheaf on C.

I i f I Linear system of divisors of sections of H°(C, <£).

deg j£f|C The degree of 5£ on C; it can be defined for every torsion free sheaf of
rank 1 by

g(C) The arithmetic genus of C, g(C) = 1 -χ{Oc).

If C = A U B scheme theoretically with dim AΠB = 0 and x e AΠB, we can
define (cf. [Ca], p. 54)
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(A.B)x = length ΘAΠB,X; A.B = ^ length ΘAf]B,x

Notice that if C = ^ U B, with dim ,4 Π i? = 0, then we recover the classical
formula

g(C) = g(A)+g(B)+A.B-l

Sometimes, with abuse of notation, we will denote the curve B as C — A.

1. Property Np on reduced curves

Let C, <£ be as in Theorem A. Then we have deg i£\B > 2g(B) + 1 for all
subcurve B of C. Thus from Theorem 1.1 of [CFHR] the linear system |J£?| is
very ample and it defines an embedding φ^ : C °-> PN.

Let us consider the sequence of Theorem A

d. = F! c r 2 c c γs = c

where the F/s are still connected. The following restriction lemma holds

LEMMA 1.1. Let C and <£ be as in Theorem A.
Let C\ = Y\ a Y2 <= cz Ys — C be the sequence of Theorem A. Then the

following restriction maps are onto

(a) H°(Yι+uJ?)->H°(YnJ?) V/e{l,...,*-l}

(b) H°(Yι+uJ?)^H°(Cι+uJ?) V/e{l, . . . , j- l}

Proof Considering the exact sequences of coherent sheaves

o

0

the lemma will follow if

(a;) Hι{Ci+uΘcl+ι{#)®Sγt)=0 V/e { 1 , . . . , J - 1 }

(b') Jϊ1(r I,β?F |(jS?)®Λ: I + 1)=0 V / 6 { 1 , . . . , J - 1 }

(ax) We apply the fundamental argument of [CFHR], Theorem 1.1 to Cι+\.
Indeed, Cι+\ is reduced and irreducible and by our numerical hypothesis we

have degJSf|Ci+1 > 2g{Cι+ι) + Yt.Cι+ι - 1.
Furthermore Yι Π Cι+\ is a 0-dimensional subscheme of Cι+\ of length

r,.CI+i. Call it C.
We have β?Cl+1 (^) ® A = ^c ί+1 (^) ® Λ a n d

where - means duality of vector spaces and ωC/+1 is the dualizing sheaf of Cι+\.
Now Theorem 1.1 of [CFHR] yields Hom(JSf ® Λ»ωcI+1) = 0 since degif|Q+1 >

) — 1 +length(C), which concludes the proof.
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(V) Let Yι+ι := YtU Cι+\. Then ΘYχ ®</cI+1 defines on Yt a O-dimensional
scheme of length Yι.Cι+\. Call it ξ.

Since

deg JSP,ς > 2 # ( ς ) 4- Cy.(C - Cy) - I for all ς

by the genus formula for a reduced curve our numerical hypotheses imply

deg $£\B > 2g(B) + B.Cι+ι - 1 for all B <= Yt

which is equivalent to

deg JS?,* > 2g(B) - 1 + length({ Γ) B) for all B c y |β

As in (i) we can apply Theorem 1.1 of [CFHR] to the O-dimensional scheme ξ

and the invertible sheaf &\Yι to get Ή 1 ^ , & ® Sξ) = Hl(γι, & ® Sc1+ι) = 0. Π

Remark 1.2. By an induction argument using the above lemma and the
classical results on normal generation (cf. e.g. [G]), or applying Theorem A of
[F], we see that $£ is normally generated, that is, ψ\&\{C) <= PN is projectively
Cohen-Macaulay.

Thus, as shown in [G-L] Proposition 3.2, if ΛΌ e |jSf | is a generic hyperplane

section and Z := ψ\&\(C) Π {so = 0}, a minimal free resolution of Jφ (Q/pN

restricts to one of SZ/PN-I, which implies in particular that ψ\#\(C) satisfies

Property Np if and only Z does.

Therefore Theorem A will follow if we prove that Property Np holds for a
generic section of |JS?|.

For simplicity, from now on, we will identify C with ψ\&\{C) a PN and,
similarly, its subcurves with their images. Note that each Q c Wt, Wt linear
subspace of dimension Nt := H°(Cι, J?) — I, satisfies Property Np relative to Wι

and furthermore a general section of \S£\c\ cuts on Ct dt points for which the
uniform position principle holds (relative to Wt).

PROPOSITION 1.3. Let <£ be as in theorem A and let C c PN be the image of
the embedding ψ\^y

Let so e \££\ be a generic hyperplane section and H := {so = 0} = PN~ι be the
corresponding hyperplane.

Then Z := CΠH a H satisfies the Property Np.

Proof. Let so e \S£\ be a generic hyperplane section, H := {̂ o = 0} = pN~ι

the corresponding hyperplane and Z := CΠH a H ^ PN~ι.
We want to apply Remark C, finding a decomposition Z = Σ U Γ such that

deg(Σ) = N and Σ spans H ^ PN~ι;

deg(Γ) <N-p and for all Q e Σ, for all Σ' c Σ\{β} of degree /? there
exists a hyperplane /Γ in PN such that β ^ H\ but Σ ' U Γ c /f;.
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Related to the sequence C\ = Y\ c Y2 a a Ys = C of Theorem A we have
a sequence of linear subspaces V\ cz V2 a c F5 = PN where Vz = 1,..., s
Y,c Yι^H\Yι^).

We construct Σ c Z , inductively, in the following way:

• we start from Σi := Σ|Cl on C\ of degree degΣi = A°(CΊ,if) such that the
linear span (Σι} = HΠV\ and the points of Σi are in linear general
position;

• by induction we may assume degΣjy, = A°(Yi,if) and that Σ\Yι spans
Vt Π H; on Cι+λ we let Σi+i := Σ|C + 1 of degree = A°(C/+i, if <g) ./y,) 'so that
<Σ I + iUΣ| y | >=K I + i .

Indeed, by Lemma 1.1 we have = A1 (Cz+i, if φ./y,) = 0, which from one
hand means that Yt Π Cι+\ imposes independent conditions to the system |if|c1+j
and from the other implies the exactness of the following sequence

0 -> H\cι+uGcι+ι{&)®*γt) - #o(rI+i,0y l+1(if)) - H\γuoγχse)) -+ o

Thus we can conclude by induction. Furthermore, since each Yι is connected it
is easy to see that for each point .SeΣ we have

K ^ Jϊ°(C, X ® JfΛ{s}) -+ H°(C, <£) -* H°(Σ\{S}, &) ^ ΘΛ{S]

that is, the points of Σ are in linear general position and <Σ> = H ̂  PN~ι.
Let Γ = Z\Σ and Γ, := Γ Π Q.
Since deg^ | C > 2g(C) + 1 +J9 and degΣ = N = A°(C, J^) we have degΓ <

It remains to prove that for all QeΣ and for all Σ' <= Σ\{Q} of degree
/? there exists a hyperplane ^ x in PN such that β ̂  Hf, but Σ ' U Γ c ̂ ; .

We will prove it by an induction argument, making use of our numerical
conditions.

For Y\ = C\ the proposition follows by the standard arguments of [G-L] p.
309.

For Yι+\ let us consider the decomposition Yι+\ = Yt U Cι+\. We recall that
the restriction maps H°(Yt+u&) -> ^°(C,,if), i/°(Γz+i,if) -+ H°(Yt,&) are
onto.

If Qe Yl9 by induction hypothesis, for all Σ ' ί l ^ c Σ ί l Γ , of degree <p
there exists an hyperplane H[ c <F,> such that Σ ' n r , c #/ but β ̂  H[. Then
we simply take H' such that /Γ Π <ΓZ> = ΛΓ/ and <Σz+i> c i/7. Indeed, let j / e
|jSf|yf| be a section such that s[(Q) Φ 0, ^(Σ7 Π Yι) = 0. By our construction of Σ
and the surjectivity of the restriction map then there exists s' e |if | such that
s' \-*sl and /(Σ ί +i) = 0.

If Qe Cι+U degif|Cί+ι > 2g(Ct+ι) + Yt.Cι+i +p implies

ί degΣ,+i = di+\ - g(Ct+\) -

\ degΓz+1 = gf(CI+i) + y,.C/+1

This means that on Cι+\ there exists a hyperplane H^ which contains Γz+i UΣ + 1
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but not Q and then we can proceed exactly as in the above case taking H' such
that H' Π <C,+i> = Hΐ+X and <Σi U UΣ,> c H1. •

Remark 1.4. The results in [G-L] and [CFHR] are stated and proved in
arbitrary characteristic. In the proof of the above proposition we used char(A') =
0 to ensure that a general hyperplane section of Cι (for all /) is in linear general
position in its linear span.

Now deg(JSf|c,) > 2g(Q) + 1 +p. If p > 1 then the general tangent line to
Q has order of contact 2 with Ct and indeed this holds for every tangent line at a
smooth point of Ct; if p — 0 a general tangent line to Cι has order of contact at
most 3.

Applying the theory of duality of projective varieties (see e.g. [H-K] for
details) we can see that if either char(K) > 5 or char(JϊΓ) = 3 and p > 0, then each
Ct is reflexive (cf. [H-K] Theorem 3.5) and in particular it is not strange (in the
sense of [Ha], IV, §3).

Under these assumptions on char (A'), then Q is not strange in its span,
which implies that a general hyperplane section of Cx is in linear general position
(cf. [Ra], Lemma 1.1 or Corollary 2.2).

2. Weak Property Np for generic projections of curves

In this section we prove Theorem B.
The proof will be based on a degeneration argument and on the analysis of

the Weak Property Np for the curve obtained taking a "flat limit" of reduced
curves, which will turn out to be non reduced and with embedded points.

First we introduce the notion of planar fat point.

DEFINITION 2.1. Let Z c P\ r > 2, be a 0-dimensional scheme with
length(Z) = 3, P e Pr and M a plane with PeM aPr. We say that Z is a planar
fat point supported by P and contained in M if Zred — {P} and Z <= M, i.e., if Z
is the first infinitesimal neighborhood of P in M.

Proof of Theorem B. Let d be the degree of «£? and g be the genus of C,
X c Pn a generic projection of ψ\&\(C).

We identify P{HO(C^)V) with Pd~d. After this identification the mor-
phism φ^ depends on the choice of a basis of H°(C, <£). If we change the basis,
the new curve will differ by an element of Axxt(Pd~g).

As in [B-E 2] we define Pr(£>,d-g)

Pr{2?,d- g) := {f{φm{C))\f e Aut(P^)}

Thus Pr{5£\ d — g) is an irreducible closed subset of Hi\b(Pd~g) and we will see it
with the reduced structure. Hence Pr{S£, d — g) is a complete variety.
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, d — g) contains the reducible curves T defined as follows:

fix an effective divisor 2 on C with deg(^) = d - g - n, say 3) =
Pi + + Λ/-ί,-«; set ΛT := S£{-9i)\ since deg(^) > 2# + 1, Jί is
very ample; let φ^ : C ^^ Pn ^ W a Pd'g be the complete embedding
induced by Jί\ for every integer / with I < i < d — g — n, let Z>; c=
Pd~9 be a general line which intersects the curve ψ\jt\{C) in
set Γ := p | u r | (C) UZ)i U U A

Indeed, iterating [B-E 1], Proposition I.I and 2.5, (or use [B-E 2], Theorem 0 for
a full statement) we can see that T e Pr(J£,d — g).

Fix P i , . . . , Pd-g-n general points and let M be as above. From now on
we will take W = P{H°(C,Jί)v) as our ambient space Pn, so that {C,Jt) ^

We define Pr(i?, Jί) to be the closure in Hilb(P") of the set of all curves
obtained from a general projection of a curve in Pr{5£\d - g). Notice that by
the irreducibility of Pr(£?,d — g) and of the Grassmannian of (d — g — n — 1)-
linear subspaces of Pd~g\ Pr(J£, Jf) is irreducible.

Thus to prove the theorem it will suffices to show that for a general B e
Pr(£f,Jί) the Weak Property Np holds.

To this aim we will apply a degeneration argument to find a curve A e
Pr(J£, Jί) with embedded points for which the Weak Property Np holds and then
we will simply apply semicontinuity.

Notice that for every curve A1 e Pr(J£,Ji) (even with embedded points) the
curve ψ\jf\(C) is an irreducible component of A'red and that by semicontinuity

Construction of A. Let us take β i , . . . , Qd-g-n e C more general points and
for every integer / with 1 < / < d - g - n let Sî  be the tangent line to ψ\jt\(C) at
φ\jt\{Qi), Rι be the line of Pn spanned by ^ ( P , ) and ψ\M\{Qi):

First, we fix an integer / with 1 <i <d - g-n and we consider the points
Pt and Qh

Since d > 2g + 1 +p + 3(d - g - ή), we have for all i deg(^T(-P, - β, )) >
2g and hence Ji[—Pι — β/) has no base point. Since n > 3 this means that
the line Rt of Pn spanned by φ\jg\(Pι) and ψ\j(\{Qϊ) intersects φ^(C) only at
{ψ\jt\(Pι)iΨ\j/\(Qi)} a n d quasi-transversally (i.e. both the curves are smooth at
the two points and have distinct tangents).

Fix an integer / and take a flat family of lines {^MLeΔ (Δ smooth irre-
ducible affine curve) of Pn with q>\jt\{Pt) e Ri(t) for every t and Ri(0) = Rt for
some 0 e Δ. Since Hilb(Pw) is complete, the flat family {<P\jr\(C)\JRi(t)}teA has
a flat limit for t going to 0.

It is easy to check that this flat limit is the union of ψ\Jί\(C)\lRι and a
certain nonreduced scheme χr We have length^) = 3, χred = φ\jt\(Qi) and χt is
contained in a 3-dimensional linear space, Vu containing RtUSi (see [H], IΠ.9.8.4
and Fig. 11 p. 260 for a similar case, or [B-E 1], figure 2).
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^ contains the first infinitesimal neighborhood, ξt, of ψ\jt\{Qi) *n K
and it is just the scheme-theoretic union JRjUS/U^. Moreover since the linear
space Vt depends on the flat family of lines we chose, varying this family we may
take as Vι a general 3-dimensional linear subspace of Pn containing Rt U S, (see
[B-E 1], Figure 1 and Figure 2).

Notice that for a general hyperplane H of Pn the 0-scheme χt Π H is a flat
planar point contained in VtΠH and it has β f as associated reduced scheme.

Repeating the above argument for all indices /, \ <i <d — g — n, we obtain
a non-reduced curve

A := Ψ]Jί]{C) U Λ, U • U Rd.β.n ΌXι U U *,_,_,,

of degree d and with d — g — n embedded points.

Weak Property Np for A. Fix a general hyperplane H of P " with
ψ\jι\{Qi) G ϋΓ for every i and set Z := A OH.

Our aim is to apply Remark C to Z.
Z a H ^ Pn~ι is a 0-dimensional scheme of length d + (d — g — ή) formed

by d — g — n planar fat points {γx,..., γd_g_n} and δ — d — 2(d — g — n) reduced
points {Γi, . . . ,7i} .

By our assumptions on d we have δ = d — 2(d — g — ή) >n.
Furthermore δ > n implies that we can find a splitting Z = Σ U Γ, where Σ

consists of n general points and Γ is the union of the d — g — n planar fat points
{ϊi ^ »Ύd-g-n} a n <3 d — 2(d — g — ή) —n reduced points. By our choice of d we
have

length(Γ) = d+(d-g-ή)-n<n-p-\

Indeed, the above inequality is equivalent to d < In — p — 1 — (d — g — ή).
Writing n — d — g — [d — g — n) this is equivalent to d < 2(d — g) — p — 1 —
3(d — g — n) which follows since d > 2g + ^ 4 - 1 + 3(d — g — ή) by assumption.

Since the F,'s are general 3-dimensional linear subspace of Pn containing
Ψ\jί\{Qi) w e m a y assume H to be transversal to each Vx and furthermore the
linear span U := (V\ Π / / , . . . , Vd-g-n Π H} a H is "general" and has maximal
dimension.

This means that the span (yλ U U γd_g_n} a H has maximal dimension.
Furthermore, taking the projection njj with center U, πjj \Pn —> Pn\ we can
apply the "uniform position principle" to the image of ψ\je\(C). This corre-
sponds to say that the linear span of (yx U Uγd_g_n} and any h points
7 Ί , . . . , Th (A < n — 3(d — g — ή)) has maximal dimension, which implies that the
splitting Z = Γ U Σ satisfies the assumptions of Remark C. Thus Z satisfies the
Weak Property Np.

Notice that deg(.4) =d = deg(Z) -(d-g-ή) = deg(Z) + n + 1 - A°(C, i f) .
Hence we see that every quadric hypersurface of H containing Z lifts to a unique
quadric hypersurface of Pn containing A. Thus A has the Weak Property Np.
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End of the proof of theorem B. Since h°(A, ΘA(ή) = λ°(C, i?®') for every
ί > 0, we may apply semicontinuity to conclude that a general B e Pr(^, Jί) has
Weak Property Np. This means that a general projection of <P\&\{C) into Pn

satisfies the Weak Property Np, proving the theorem. Q.E.D. for Theorem B

Remark 2.2. The above theorem holds also for C irreducible curve of
arithmetic genus g (possibly singular), since by [CFHR] an invertible sheaf of
degree > 2g is non-special and base point free and if the degree is > 2g -f 1 then it
is very ample.
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