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HARNACK INEQUALITY AND REGULARITY OF /?-LAPLACE

EQUATION ON COMPLETE MANIFOLDS

Xi ZHANG

Abstract

In this paper, we will derive a mean value inequality and a Harnack inequality for

nonnegative functions which satisfies the differential inequality

|div(|/Γ2V/)| < A f'[

in the weak sence on complete manifolds, where constants A > 0, p > 1; as a con-

sequence, we give a C α estimate for weak solutions of the above differential inequality,

then we generalize the results in [1], [2].

We would thank Professor Z. G. Bai and Professor Y B. Shen for their long time

encourgement, we also thank the referee for invaluable comments.

1. Introduction

Let M be a complete Riemannian manfold, and / be a real C 2 function on
M. Fix p > 1 and consider a compact domain Ω c M. The /?-energy of / on
Ω, is defined to be,

(1.1) Ep(ΩJ)=-\ I
Pin

The function / is said to be ^-harmonic on M if / is a critical point of
EP(Ω, *) for every compact domain Ω cz M. Equaivalently, / satisfies the Euler-
Lagrange equation.

(1.2) Apf = div( |V/r 2 V/) = 0

Let g e H\iP(Ω) satisfies the equation (1.2) in the weak sence, it is:

(1.3) f .
JΩ

for any φ e Q°(Ω), then g is said to be a weakly solution of eguation (1.2) on Ω.

Key words and phrases: Complete manifold, /?-Laplace Operator, Poincare inequality, Holder

contmuouty, Moser's iteration.
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DEFINITION. / is called a weakly />-harmonic if feH[0C(M) is a weak
solution of the Euler-Lagrange equation of the ^-energy functional (1.2) as
follows:

JM

for all η e C

Regularity estimates for elliptic systems on domain Ω cz Rn, in particular the
Euler-Lagrange equation for /?-energy, were first obtained by Uhlenbeck [3] for
p > 2, and later by Tolksdorff [4] for p > 1. The aim of this paper is to obtain
regularity estimates for a more general class of equations on complete manifolds.
In section two and section three, by using the iteration procedure of Moser and
discussing like that in [1], we derive a mean value inequality and a Harnack
inequality for nonnegative functions which satisfies the differetial inequality of the
following form:

(1.4) \d

in the weak sence for some constant A > 0. As a special case: A = 0, using the
above Harnack inequality, we can derive a (global) Harnack inequality for weakly
/7-harmonic function which is similar to a result of M. Rigoli, M. Salvatori, and
M. Vignati [2]. At the end of this paper, we will give a C α etimate for solutions
of above differential inequality. When p = 2, the above mean value inequality,
Harnack inequality, and Cα estimate is just the results due to P. Li in [1]. On
the other hand, using the above Harnack inequality, we can obtain a Liouville
type theorem which can be see a generalization of the result in [2].

THEOREM. Let M be a complete noncompact Riemannίan manifold with
nonnegative Ricci curvature. Then there exists a constant 0 < α < 1 such that any
p-harmonic function f defined on M satisfying the growth condition

as x —» 0, where p(x) denotes the geodesic distance from o to x; must be identically
constant.

2. Mean-value inequality

LEMMA 2.1. Let M be a complete Riemannian manifold, and geodesic ball
B0(R) satisfies: B0(R)ΓidM = 0. If f e H^p(B0(R)) is a nonnegative function,
and satisfies the following inequality in weak sence:

(2.1) div(\VfΓ2Vf)>-A fp-{

where constants A > 0; p > 1, then for any 0 < r < R, q> p and nonnegative
function η e C^{B0{r)), there:
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(2.2) [ ηP • p~> • \Vf\p < V'^P~}\P • I fq • \Vη\f

JB (r) \Q ~ P "r *•)

Proof Multiplying ηp p p+x to (2.1), and integrating yields

ί η p ' f~p+l' d i v ( | V / | ^ " 2 V / ) > - A \ ψ f «
JB0(r) JB0(ή

Using Green's formula; Schwartz inequality; and Young inequality, we have:

Bo(ή

<A-\
JBo(ή

.\ η
JB0(r)

\ η
JB0{r)

o(ή JB0(r)

<A\
0(r) JBo(ή

{r) Z JB0(r)

JB0(r)

then

\p-ιΓ - 2p (D - l)p~ι Γ

JB0(r) {q-P+iy JB0(r)0(r) {q-P+iy JB0(r)

D
o{r)

PROPOSITION 2.2. Le/ M be a complete Riemannian manifold, and a geodesic
ball B0(R) satisfies: B0(R) Π dM — 0. If there exists a sobolev inequality of the
following form:

0
φpμ/iμ-p) \ < Cs - V(B0(r)yι/μ- r

Bo(r) J
\VΦ\
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for any φ e H{p{B0(r)) and 0 < r < R. Where constants μ>p, Cs > 0, and
V(B0(r)) denotes the volume of geodesic ball B0(r). Assuming f e H\^P(BO(R)) is
a nonnegative function, and satisfies the following inequality in weak sence,

div(|V/Γ2V/) > -A.fp~ι

for some constant A > 0; then for any q > 0, 0 < 0 < 1, and 0 < r < R; there must
exist a constant C\ > 0, depending only on q,μ,Cs,p, such that:

(2.4) sup / < Ci • (Arp + (1 - θ)-p)-p)μ'{q+p)l{p'q) V{B0(r) ι/g Ί
Proof Setting 0 < rx < r2 < r, q > p, and let η e C^(B0(R)) be the cut-off

function

η(x) =
); x e B0(R)\B0(r2)

η(x) e [0,1], \Vη\ < 2/(r2 - r\). Using the sobolev inequality (2.3) and Cauchy-
Schwartz inequality, we have

1f

sq μf(μ-p)

jBoin)

, (μ-p)/pμ

)
{μ-p)/pμ /

= [\ (η f
v {μ-p)/pμ

•q/p\p μ/{μ-p)

Cs • V(B0(r)Y
/f

r \V(η'f/p)\P

\JB0(r)

< Cs • V(B0(r)Y ηP.fϊ
SBJr)

2rl

by formula (2.2), we have:
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(2.5)

Let:

v (μ-p)/pμ

fψψμ/{μ-p)

2r[
JB0(r)

p) q-p

< 17 § Cs

JBβ(r)

'7,\P

(q-p+l)p W(r)

) J

rP

(n-n) )B0{r2)

+

i = P
-p

where 0 < r3 < r$ < r. Denote k = μ/(μ — p), appling (2.5) to r\ = Rι+\,

^z? ^ = <lu w e have:

(2.6)

Arp +• . 2(i+ι)P/k'

Observe that limz _>oo Rt = r$, and iterating the inequality (2.6), we conclude that:

,μ/p

(2.7) sup /> < C2 (^r^ +
rp \ vip Γ

— — A - V(B0(r))'1 - \ fp

where we have used ^ , " 0 \/kι = μ/p, ΣZo (' + ι)lk' = I^/P2* a n d denote C2 =
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(a) When q > p, appling (2.7) to r3 = θ JR, and r4 = R, by Holder inequality,
we have:

2 / f ,, fP \l/P

(2.8) sup / < Cψ {Arp + (1 - θ)~p)μ/p ' o{r) χ

B0(θr)

(b) When 0 < q < p. Let h0 = θr, hx = θr + 2" 1 (1 - θ) n , . . . , ht = A/_i +
2"z (1 - θ) r, for each ϊ = 1,2,3,... applying (2.7) to r3 = Af, r4 = Aί+1, we
have:

(2.9) sup f» < C2 • ( V + jj-^-r-rpY " • V{B0(r)yl • \ f
B0(h,) \ [ni+\ - tlj) / JB0(hM)

< C2 • {ArP + (1 - θ)-")μlp • 2<'+1>* V(B0(ή)-1

• f f". sup p-«
JB0(A,+i) B<,(Λ,+i)

denote Λf(/) = supfio(Ai) / p , (2.9) becomes:

(2.10) M(i) < C2 • (ArP + (1 - θγp)μlp • 2< i + 1^ • V(Bo(ήyι

•ί /« M(l + t) I" ( ί Λ' )

Let λ = 1 — (q/p), interating the inequality, we conclude that:

(2.11) M(0)< f τ | / I f 4
,=o

let j —> -hoo, we have

(2.12) sup f <{C2 2μ'p2 q'\Arp + (1 - .
B0(θr)

In any event, (2.8), (2.12) imply that, for any q > 0, we have the inequality

sup f <CX (Arp + (1 - fl)^)

for some appropriate constant C\ > 0 depending only on μ,p,q,Cs. •

\JB0(r) J
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3. Harnack inequality

LEMMA 3.1. Let M be a complete Rίemannίan manifold, and a geodesic ball
B0(R) satisfies: B0(R) Π dM = 0. If it satisfies the following conditions:

(1) For any 0 < r < R, there exist a constant η > 0, such that

(3.1) V(B0(r))<2»-V(B0(^

(2) Poincarέ inequality, i.e there exist a constant Cp > 0 such that

(3-2) f \f-fB\p<Cp r? \ W\p

JB0{r) JB0(r)

for anyO<r<R,fe Hhp(B0(ή). Where fB = \Bo{r) f/V(B0(r)).
(3) Sobolev inequality, i.e there exist a constant Cs > 0 such that:

Φ^I^-PA <Cs.V(B0(r)yl/μ r
ho(r) )

V .fj 4
\JB0(r) J

for any φ e H{p(B0(r)), 0 < r < R. Where constants μ> p > I, Cs > 0, and
V(B0{r)) denotes the volume of geodesic ball B0{r).

Assuming f e H\ίP(B0(R)) is a nonnegative function, and satisfies the following
inequality in the weak sence

(3.4) divflV/f ~2V/) < A fp~ι

for some constant A > 0; then for q > 0 sufficiently small, there must be exist
a constant Cs > 0, depending only on q, μ, Cs, pη, Cp, (ARP + 1), such that:

JBO(R/%) f "υg \
V(ί(Rβ))

Proof For any ε > 0, setting f£ = f + ε, fε satisfies the inequality (3.4).
Letting ε —> 0, it is sufficient to prove that fε satisfies the inequality (3.5). So we
can assume that / > ε > 0, then the function f~{ is in H\^P(BO{R)) and satisfies:

^ 1 r2{p-λ) • wr2 • w

^-') div(|V/|p-2 V/)
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Applying proposition 2.2, there exist a constant C2 > 0, depending only on q, /?,
μ, Cs such that:

- 1
- 1(3.6) inf / = sup /

\B0(R/l6) ) Bo{R/l6)

<C'2.{ARp \μ{p+q)/{p q)

\ V(B0(R/S)) j

Clearly, the lemma follows if we can estimate the product

i
r sQ J \^/q ( r J.—a J \^/q

V(B0(Rβ)) j ' \ V(B0(Rβ)) f
from above for some value of q > 0.

To achieve this, let us consider the function u — β + \ogf, where β —
—$BrR/2)l°gfdvg; then u satisfies:

(3.7) •v/)
2 V/) - (p - \)f-p • W\p

<A-{P-\)-\Vu\p

Let φ the cut-off function defined by:

0, for xeM\B0{R)

φ(x) =

1, for x G 5 0 [ -

where r(x) is the distance from o to x.
Multiplying (3.7) by φp and integrating, we have:

(3.8) (p - 1) ί lVi/1' V < A ϊψP - lφp divdVwI^

< A ί ̂  + ^ i ί ̂  IVMI*

where we have used Green's formula, Schwartz inequality, and Young inequality,
by the above ineguality, we have

2p
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(3.9)
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[ \Vu\p < \
JB0(R/2) J

-p-l

the Poincare inequality (3.2) and (3.9) implies that:

(3.10)
JB0(R/2) ^ JBO(R/2)

< C6 V(B0(R))

denoted C6 = 2P Cp/(p - 1) (ARP + 1).
For V# < p, using Holder inequality, we have

(3.11) f \u\"<(\ M'Y' ff

On the other hand, let φ be a Lipschitz cut-off function, given by

0, for x e M\B0(p -j- σ)

, for x e B0(p + σ)\B0(p)
σ

1, for xeB0{p).
where />, σ > 0, p + σ < R.

Then multiplying ^ p \u\pa~p to (3.7) for α > 2, and integrating by parts yields

(3.12) (p-l)\φp \u\pa'p -\Vu\p

< A \ Φ P • \u\pa-p - ί d i v ( | V « | ' - 2 V κ ) φ p \u
J J

< A lφp\u\pa'p + (pa-p)-\φp • \u\pa-p~l • \Vu

by Young inequality we have:

(3.13) (pa -p) φp \u\pa~p~x |V«|P

pa-p

pa~P

+ p-l
• φp |V«|P
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and

(3.14) /> ιv«r -ί

^ p -

\pa'p

Using (3.12), (3.13), (3.14); then

(3.15) PO-P . \X7,ΛP\Wu[

p -

2 • 4P~ι

Pa-p+ 2 (4(pa-p-l)\

p-\

pa-p-I

P-1

By setting a = 2, p = R/4, σ = R/4; (3.15) becomes:

| V o | ,

^ T + T - ^ T — V f \u\p + 2'4\ - ί lVwlJ

^ - 1 (/? - 1) RP J )BO(R/2) P — 1 JBO(R/2)
B0{R/2) P - A JB0{R/2)

Using (3.9), (3.10), and the last inequality; then:

V{B0{R))
(3.16) J 4 ι«r \vu\p < cΊ RP

where we denoted Cη = 2 42P-χ/{p - 1) (C6 + l/{p - 1)) (AR* + 1).

Then, we want to estimate 2 from above.

(1) When 1 < p < 2, for any q < p, by Holder inequality, (3.9), and (3.16),
we have:

(3.17) f | H M V M | ' < ; ( [ \U\P • \Vu\»
JB0(R/4) \JB0(R/4)

t
\Vu\

JBO(R/4)

/p

V(Bg(R))

RP

Let / G Z + , such that ^ / - 1 <2<pι\ and let 1 < / < / - 1, by Minkowski
inequality and Poincare inequality (3.2), then
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JB0(R/4)

>

ufT, ί |V(|«|'')|
JB0(R/4)

AP

B0(R/4)

4P <r\ -v ©
-1+O//0

JB0{R/4) J \ \^JJ JB0{R/4)

By Holder inequality, it is easy to show that (JBJR/4) \U\P ) l —

V(B0(R/4)yι+{ι/p) ίBo(R/4) \u\p'. then the last inequality becomes:

\JB0(R/4) ) \ ^ JB0(R/4)

Using (3.17) and the last inequality, we have:

,\P'

Bo(R/4)

(3is) (ί.
(*))

,\Pι

B0(R/4)

Where we have used the condition (1) V{B0(f)) < 2η V(B0(r/2)), 0 < r < R.

By formula (3.10), one can conclude that: \B ,Ru, \u\p < ,R,2, \u\ < Cβ

V(B0(R)). Iterating the inequality (3.18) by finite times, one can conclude that
there must be exist a constant Cg > 0, depending only on p,η, Cp, (ARP + 1),
such that:

u\p' < C8 V(B0(R))

By Holder inequality, we have:

(3.19) f
J 1

IIP1

u\2< 1
\JBo{R/4) J \JB,,(R/4)

Cψ' • V(B0(R))
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(2) When p > 2, we have:

\l-(2//0

(3.20) •
< el1" • V(B0(R))

In any event, (3.19), (3.20) imply that, for any p > 1, we have the inequality

(3.21)
JB0(R/4)

\u\2 < C9 • V(B0(R))

for some appropriate constant Cg > 0, depending only on /?, η, Cp, (ARP + 1).
On the other hand, using the Minkowski inequality and the poincare in-

equality (3.2), we have:

(3.22) f
JB0{R/4)

ZF JB0(R/4)

>
2P

Cp & JB0(R/4) B0{R/4)

IP

Cn RP (ί -V
B0(R/4)

by (3.16), (3.21), then (3.22) becomes:

(3.23) [ u2p < d o V{B0(R))
JB0(R/4)

where we denoted: d o = ( ( d Cp/2?Y/p + 4^ 1"( 1^» CQ)^.
For any q < 2p, using Holder inequality one can conclude:

(3.24) ( \ί | M | 2 Ί
JB0(R/4) J

\ q/2p

ι

0(R/4) J \JB0(R/4) J

< C~fp V(B0(R))

Let a > 2, by Cauchy-Schwartz inequality, we have

(3.25) \V(φ\u\a)\p < 2p[\Vψ\p • \u\ap + ap\u\pa-pφp\Vu\p]

By the Sobolev inequality, one can conclude:
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v (μ-p)/μ v {μ-p)/μ
\a p μ/{μ-p) \a\p μ/{μ-p)

V(B0(R) ι / μ

J/P

R[ MΦWIΎ
\JBo(R) ,

Φp\u ap

2p • cp • v(Bo(R)yp/μ

lB0(R)

2P -Cp • V(Bo(R)yp/μ \Rp 2" •ap\
JB0{R)

φp\u\ap

ί>" • \u\pa-p\Vu\p

+ Rp 2p f \u\ap \Vφ\p+ f Φp\u\ap]
JB0{R) JB0{R) J

Using (3.9), (3.15), and the last inequality, we have:

(3.26)
JB0{p) J

<2 CU'V(B0(R)){
ap ARP

°p) h

p-\

V{B0{R))-ιΛ

Bo{p+σ)

(ARp + l) V(B0(R))

λPa\

JB0{p+σ) J

where we denoted: Cn = 2P . Cf max{23^-V(jr7 - l),23^+1/(/7 - 1)2,2^+1}, k =
μ/(μ-p).

It is easy to show that: \u\pa p <\u\pa + l, and let ρ>R/S, then (3.26)
becomes:

,l/(k-p-a)

(3.27)
B0(p)

ί \u\aφ'
\ JB0(p)

< (2 Sη/k Cn)1//7f l L*

Λ/{k p-a)
•p k

JB0{p+σ)

I I//**
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l/Pa

\pa

\) X/pa

where Cn = 2 8 ^ CU

Let: at = 2k\ σt = 2"4"1, Λ = Λ/4 - Σj=o °J> for / = 0,1,2,..
applying (3.27) to a = αz, /? = ph σ — σt\ then

>_! = Λ/4.

(3.28) ί \u\2pk>+')

A/2pk>

\2pk'

where we denoted: Cn = (Cl2 {ARP + 1) 24+ηι/2p, D
Iterating the inequality (3.28), we have:

(3.29) (V(Bβ(p,))
\

-1 \2pk'

vl/?P

\ /-I /

/ ι=0 7=H-1

+ cί
/ ' - I

-1

where C 1 4 = (8/>/(/> - 1)) UZo(Cn + l)k~' • Dik"'.
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F o r any j > 2p; let leN such that: 2pkι < j < 2pkι+ι, then

(3.30) v(Bo(ξ))~l. f

BO{R/%)

< h* • v(B0(Pι)Γι • \ H2pkM

N2Ί

where C15 = 2" • C M (/^/(2^2) + 1).
By (3.24), (3.30) we have:

— 1 r oo / / r>\ \ —1

B0(Rβ)

(3-31) vU(ϊ))~ • [ e*H = ±(βΓl-q> • v(Be(%))~ [

where C\e, C\η is appropriate positive constantes depending only on Cp, Cs, η, p,
μ, ARp + l. By the Stirling inequality, we have:

JJ<(β)-eJ

then, (3.31) becomes:

(3.32) V{B0 (J)) ί e" M < C1 6 + £ ( C 1 7 ? e)J

Let r̂ < (1/2) (Cπ e)" 1 , we have:

(3.33) ^ί^ίl)) ί e^<CK
\ \ δ / / JB0(Rβ)

where CΊs is a appropriate positive constant depending only on Cp, Cs, η, p, μ,
ARP + 1. Applying inequalities: eqβ fq = e«u < eq'M, e~qβ f~q = e~qu < eq'M;
we have:
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fq\

When q<(l/2)(C\τe) \ by (3.6), (3.34), there exist a positive constant
depending only on Cp, Cs, η, p, q, μ, ARP + 1; such that:

<335) {ΛB'if))"L,A^-Ά/
Combining Proposition 2.2 and Lemma 3.1, we have the following locally

Harnack inequality.

THEOREM 3.2. Let M be a complete Riemannian manifold, and geodesic
ball B0(R) satisfies: B0(R)ΠdM = 0. If it satisfies the conditions (1), (2), (3) in
Lemma 3.1. Fix p > 1, assuming f e H\^p(B0(R)) is a nonnegative function, and
satisfies the following inequality in the distrίbiution sence,

for some constant A > 0; then, there must be exist a constant C\g > 0, depending
only on p,μ,Cs,p η,Cp, (ARp-\-l), such that:

(3.37) sup / < C 1 9 i n f /
B0(R/l 6) B0(R/16)

Remark. When p = 2, Theorem 3.2 is just the result due to P. Li in [L].
In the special case A — 0, by Theorem 3.2, we can conclude a globally Harnack
inequality which is similar to a result of M. Rigoli, M. Salvatori, and M. Vignati
in [2], then Theorem 3.2 can be seen as a generalization of the result in [2].

PROPOSITION 3.3. Let M be a complete noncompact Riemannian manifold
(without boudary), and o be a fixed point in M. Assuming for any R > 0
geodesic ball B0(R) satisfies the conditions (1), (2), (3) in Lemma 3.1. Fix p > I,
let f e H\^p(M) is a nonnegative function, and satisfies the following quality in the
distribίutίon sence,

div(|V/Γ2V/) = 0

then, for any R > 0, there must be exist a constant C20 > 0, depending only on p,
μ,Cs,p η,Cp, such that:

sup / < C2o inf /
B0(R) B0(R)

By the above grobally Harnack inequality, one can conclude a Liouville
theorem for weakly /7-harmonic function.
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COROLLARY 3.4. Let M be a complete noncompact Riemannίan manifold
[without boundary), and o be a fixed point in M. Assuming for any R > 0 geodesic
ball B0(R) satisfies the conditions (1), (2), (3) in Lemma 3.1. Fix p > 1, let f is a
nonnegative weakly p-harmonic function (p > 1), then f must be constantly.

By the Gromove-Bishop volume comparision theorem and the results due to
Saloff-Coste in [5], the conditions (1), (2), (3) in Lemma 3.1 is guaranteed, in the
assumption RICM > 0 on M. Then, we have the following Corollary.

COROLLARY 3.5. Let M be a complete noncompact Riemannian manifold with
nonnegative Ricci curvature, then there is no non-constantly nonnegative weakly p-
harmonic function, (p > 1)

4. Holder estimate

THEOREM 4.1. Let M be a complete Riemannian manifold, and geodesic ball
Bo(R0) satisfies: Bo(R0)ΠdM = 0. If it satisfies the conditions (1), (2), (3) in
Lemma (3.1). Fix p > 1, assuming the u e H^p(Bo(R0)) Π L°°(Bo{R0)) and that
satisfies the following inequality in the distribiutίon sence,

(4.1) |div(|V<-2Vw)| <A

for some constant A > 0; then, u must be oc-Holder contiuous at o. and Holder
exponent α depending only on p,μ,Cs,Cp,η,Cp.

Proof Denote: S(R) = sup5o(Λ) u, i(R) = inf5o(^) u; let / = S(R) — u +

A V(/>-i) . RP/{p-V9 g = u- i(R) + Λ1/^"1) RP/(P~1), applying Theorem 3.2 to /

and g, we have:

where Cγχ is a positive constant depending only on Cp, Cs, η, μ, p. Denote:
( ) / ( + l ) < l , ω = S(R) - i(R), by the above inequalities, we have

(4.2) ω( — ) < α(ω(Λ) + 2^ 1 / ( ; 7 " 1 ) RP/(P~1))

Iterating (4.2), we have:

(4.3) ω(16~m R) < am ω(Λ) + 2Aι/{p~ι) Λ^/^"1)
Ϊ = 1

< α w ω(^)+2^1/^"1)
1 — a



HARNACK INEQUALITY AND REGULARITY OF /7-LAPLACE EQUATION 343

For VO < R < Rι < Ro, let: ( l / l ό ) ' ^ < R < {i/l6)'~ιRu by (4.3), we have:

(4.4) ω ( Λ ) < ω M l

< α'" 1

1 I-a
-Iogα/logl6

1 \-a

let R\ = R*-' Rt, 0 < t < 1, then

-(l-ί) (logtf/logl6)

^γJ ω(Ro)

2 ι l { ι ) H V V V
\-a

let / = (-logβ/log 16) (p/(p - 1) - log«/log 16)"1, and denote α = /?/(/? - 1)
(—Iogα/logl6) (p/(p- 1) - logα/loglό)"1, by the last inequality, we have:

(4.5) ω{R)zR'.(^.

for any 0 < R < Ro. Π

When A = 0, by inequality (4.5), for any 0 < R < R$, we have:

if \f(x)\ = o(/?α(χ)), as x —• 0, where /?(x) denotes the geodesic distance from o to
x; letting R$ -+ 0, then / = constant. This is the proof of the following theorem.

THEOREM 4.2. Let M be a complete noncompact Riemannian manifold
satisfies the conditions (1), (2), (3) in Lemma 3.1. Then there exists a constant
0 < α < 1 SWC/J ίΛαί αnj p-harmonic function f defined on M satisfying the growth
condition

\f{x)\ = o{p«{χ))

as x —> 0, where p(x) denotes the geodesic distance from o to x; must be identically
constant.

COROLLARY 4.3. Let M be a complete noncompact Riemannian manifold
with nonnegative Riccί curvature. Then there exists a constant 0 < α < 1 such that
any p-harmonic function f defined on M satisfying the growth condition

I/Ml = o(p*{x)),
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as x —> 0, where p(x) denotes the geodesic distance from o to x; Must be identically
constant.
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