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ON SPECIAL VALUES OF STANDARD L-FUNCTIONS
ATTACHED TO VECTOR VALUED SIEGEL MODULAR FORMS

NoritoMo Kozima

1. Introduction

Let ¥ be a vector space of dimension n € Z-o over C and sym'(V) the /-th
symmetric tensor product of V with /€ Z-o. For ke Z,, let f be a sym/(V)-
valued Siegel modular form of type det* ® sym’ with respect to Sp(n, Z) (size
2n). Suppose f is a cuspform and an eigenform (i.e., a non-zero common
eigenfunction of the Hecke algebra). Then we define the standard L-function
attached to f by

; -1
(L1)  L(s,f,81) == H{(l - ) [ = a(p)p)(1 - aj(p)'lp‘s)} :

p J=1

where p runs over all prime numbers and «;(p)(j=1,...,n) are the Satake p-
parameters of f. The right-hand side of (1.1) converges absolutely and locally
uniformly for Re(s) >n+1. We put

A(s, ,St) == Tr(s + &)Tc(s + k+1—1) fIFc(s +k— j)L(s, f,St)
J=2
with

Ir(s) == n—s/er), Cc(s) :==2(2n)°T(s),

and
_: { 0 for n even,
’ 1 for n odd.

Then by Takayanagi [9, Theorem 2, Theorem 3], we have:
If k,1e2Z, k>0, 1=0, then A(s, f,St) has a meromorphic continuation to
the whole s-plane and satisfies the functional equation

A(Svfa_S_t) = A(l _svf’&)a
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and if k > n, then A(s, f,St) is holomorphic except for possible simple poles at
s=0 and s=1. Moreover if n#£0 (mod4), then A(s, f,St) is entire.

Therefore the right half of critical points of L(s, f,St) is
{meZ|l <m<k—nand m=n (mod2)}.

For scalar valued cases (i.e., / = 0), special values of L(s, f,St) were studied
by several authors: Sturm [8], Harris [5], Bocherer [2], and Mizumoto [6]. In this
paper, we give some algebraic results for the values in the case of vector valued
modular forms. The main theorem is follows:

THEOREM (Precise statements are given below). Let k,/e2Z.¢ and
k>2n+2. Let fbe a sym'(V)-valued cuspidal eigenform of type det® ® sym’.
Let Q(f) be the extension field of Q generated by the eigenvalues on f of the
Hecke algebra over Q. Suppose the Fourier coefficients of f in Q(f).

Let m e Z be in the right half of critical points of L(s, f,St). If m =1, then
we assume n =3 (mod4). Let

L(m, f,St
A(f) = 7[nk+1+m(nfrr1';—{("1“1))/2(f )

Then we have
A(f)’ = A(f°) for all o € Aut(C).
In particular,

A(f) € Q(f).

2. Preliminaries

In this section, we describe notations and basic notions (see [3], [6], [9] and

[10]).
Letne Z.o,k,le Z5y. Let x=(x,...,x,) be a row vector consisting of »
indeterminates. We put

Vi=Cx1® -+ @ Cxy,

and define a Hermitian inner product on V by

n n n .
Zajx/, ijxj = Zajbj,
J=1 J=1 J=1

where a;,b;e C (j=1,...,n).

We identify sym/(¥) with the C-vector space of homogeneous polynomials
in x of degree /. The inner product on V induces an inner product on sym’(V)
defined by
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1 I
<Ul SV WL WD :ﬁz H<U‘t(j)’wj>’

‘1€ =1

where v;,w;j eV (j=1,...,1).
Let p be the representation of GL(n,C) on sym/(V) defined by

p(g)(v(x)) = (detg)*v(xg), v(x)esym!(V).

Let I'" := Sp(n, Z) be the Siegel modular group of degree n, and §, be the
Siegel upper half space of degree n. For M = (2 5)eIl” and Ze$,, we
put

M{Z)> = (AZ + B)(CZ+D)™', j(M,Z) :=det(CZ + D),
and for f:$, — sym/(V),
(fIM)(Z) == p((CZ + D)™") f(MLZ).

A C*-function f:$, — sym/(V) is called a sym/(V)-valued C*-modular
form of type p if it satisfies f|M = f for all M eT"". The space of all such
functions is denoted by M} ,(sym!(¥))*. The space of sym’(V)-valued Siegel
modular forms of type p is defined by

M (sym' (V)
={fe M,:",(sym’(V))oo | f is holomorphic on §, (and its cusps)},

im (% °) —otoranzes
im =0forall Ze$, ; ;.
A—0 0 il !

For f,ge M, ,;’,,(sym’(V))Oo, the Petersson inner product of f and g is defined
by

and the space of cuspforms by

St (sym' (V)

= {fe M (sym' (V)

(f:6) = Jrn\g p(VImZ)f(2),p(VImZ)g(Z)) det(Im Z) "' dZ

if the right-hand side is convergent.
For fe M] ,(sym’ (V)), f has a Fourier expansion of the following type:

f(2) =) ar(f)e = <FD, (ag(f) e sym'(V), Z € )
R>0

where R runs through symmetric, semi-integral, semi-positive matrices of size n,
we denote such R by “R > 0.
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Let K be any subfield of C. We put

Vk :=Kx1 @ - ® Kxy,
M (sym! (V) == {f € MJ (sym! () | ar(f) € sym/(Vi) for all R > 0},

and for any subset X of M,Z,(sym’(V)),
Xy ==X N M} (sym'(V))g.

For o € Aut(C), we put
ZaR(f)g antrace(RZ

R>0

Then by Takei [10], if kK >2n+2 then Sk,(sym (V) = S,:’,,(syml(V))Q@)QC.
Therefore Aut(C) acts on S7,(sym!(V)) by f > f°.

Let L(C") (resp. L ) be the abstract Hecke algebra of degree n over C (resp.
0), and let

t: LY — Endc(S] (sym'(V)))
be the C-algebra homomorphism defined as in [1]. We put T¢ := t(L(C”)) and
TQ = I(LQ )
Let fe Sy ,(sym/(V)) be an eigenform, and for T € Tc, let A(T) € C be an
eigenvalue on f

Tf=MXT)f forall TeTc.
Then A defines an element of
Tc = {T¢ — C: C-algebra homomorphisms},
and each element of Tc is obtained in this way.
For AeTC, we put
Spi(2) = {f e Sp (sym"(V)) | Tf = A(T)f for all T e Tc}.
Then the space of cuspforms decomposes into eigenspaces:

StA(sym! (V) = @ S¢,(2)
lGTc

We note that for any f, € S7,(4) (j=1,2), (f;,/5) =0 if 4 # 4.
For A eTc, we deﬁne an extension field of Q by

(%) := QUT)| T e Tg),

and for f e Sy ,(4), we put O(f) := @(4). Then by Takei [10], Q(4) is a totally
real finite extension of Q.
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3. Differential operator and the pullback formula
We put
Vi=Cxi @ - @ Cxny, e1:=(X1,...,%),
V) :=Cxpp1 @ -+ @ Cxan, €2:= (Xpt1,.--,X2m).

Let : be an isomorphism from V) to V, defined by i(x)) = x,y, (j=1,...,n). It
induces an isomorphism (also denoted by 1) from sym/(¥;) to sym/(¥;). For
j=1,2, let p; be the representation det‘ @ sym’ of GL(n, C) on sym'(¥)) as in
Sect. 2.

For se C and A€ Z, we put

(s), = s(s+1)---(s+4-1), if 1>0,
AT, if 1=0.

For M = ({ 5)eSp(n R), we put

A 0 B O I, 0 0 O

0o 1, 0 O 0 4 0 B
M = " M=

cC 0 D 0} 0o 0 1, O

o 0 0 1, 0 C D

For ke2Z.y, se C and Z€ $H,, we define the Eisenstein series by

(3.1) G(Zs)= Y JMzZ)7FiM, 2,
MGP,,V()\I—"

. * * n
Pn,r = 0(n+r,n—r) " el .

The right-hand side of (3.1) converges absolutely and locally uniformly for
k+2Re(s) >n+1. We consider also

EM(Z,5) := det(Im(Z))* G\ (Z, 5).

where

As is well known from the Langlands theory, the Eisenstein series E,((")(Z ,8) has a
meromorphic continuation to the whole s-plane. Moreover by [11], E,(C") (Z,s) is
holomorphic in s at s =0 for each Z€ $,. So we define E\(Z) := E"(Z,0).

ForveZspand Ae C—{j/2|jeZ,n—2v+2 < j<2n—1}, let Z} be the
differential operator defined in [2], which acts on C*($,,,C). For k,l e Z,,
let L*! be the differential operator defined in [3], which maps each element of
Cw(ﬁva C) to in Coo(f’n X g)n’symzl(l/} @ VZ))

Let k,/,ve2Zsy, k—v>0, seC and k—v+2Re(s)>2n+1. For
Z,We$H, we put



260 NORITOMO KOZIMA

n 2 Z 0
FD) (2, W,s) = (Qk,v,z,sG,i_”i)(( " w)s)

where a differential operator 9, ;s is defined by
Di,v,1,s = Lk det(Im(3))s9?,:_v+s.

Then F(") (Z,W,s) € M} (sym!(11))” ® M} (sym'(V))” and we have the
followmg

PROPOSITION. We assume v #0. Then we get
F) (Z,W,s)

(32) Qk v(s) L 1\
(2ni) 2 (~3)

Lik,s) > Pu(Z,W,T,s)det(T)",
TeT™

ka Hﬁ( k—v+s) +J—2——— )

=0 7=1
12 i\ (2k =2+ 2j),0(—s),(k +
a(l,u,k,s>:=i2(—”"”(1)( e
(k)1 = M S =2k =1+))._,
4] 0
T .= teZso(j=1,...,n), ti|---|tn ¢,
0 tn

PuZ,W,T,s):=Y Y {det(Im(Z))’ det(Im(W))°*
gier” gfeF"(T)\l""

x |det(1, — TWTZ)| *p,((1, — TWTZ) ") (e; T"ey) ™
x (e1(1, — TWTZ)Im(Z) ™' !(1, — TWTZ)'e)*
x (e2(1n = TZTW) ™' (1, = TZT W) Im(W)™""e2)"}|(G1) | (d1) 2

where (), (resp. ()y,) denotes the action on Z (resp. W) and

0o 7! 0 77\
T o )\ o '
Proof. For 3 € 9,,,

GIB,s) = > 3T, 3)7.

M e Py, o\I'™"

™(T) := {g er”
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By Garrett [4], the left coset Py, o\I'’* has a complete system of
representatives g;glgig, gy with

1, 0 0 O
0 1 0 0 - 0 0
- n — (r) —
9= 0 7 L ool T_(O T(’))’ TeT (r=0,...,n),
T 0 1,
gl € Gn,h g2 € Pn,r\rn7 g{ € Fr(T)\Gn,rv gé € Pn,r\rn7
where

l,_, O 0 0
o A4 o BO®
oy o= " s r T Fr fad Gn re
Gy, o o 1. o |€T '(T) = ,

o c» o p»
Hence we put M = g;5lg1d; g5
By Bocherer [2, Lemma 10],

DRy (W, 3) 71 = g (5) det(T)” (M, 3) ™.

Therefore
det(Im(3))° Dy, (i, 3) " |j(m, 3)| )
= oy")(s) det(T)" j(M, 3)™*|j(M, 3)| > det(Im(3))".
If rank 7 # n, then (3.3) is equal to 0. So we suppose rank T =n, i.e.

T=TeT™. Then we can put g, = l5, and g5 = 12, By Takayanagi [9,
Lemma 1, Proposition 2], we get

D1, (GO, 3) (M, 3)]7>) 523,

(3.3)

(n) 1/2
v(s) v 1\ . )
— (’;’ni), det(T) ;;0<_Z> a(l, p, k, s) {det(Im(Z))* det(Im( W)

x |det(1, — TWTZ)|™*p,((1, — TWTZ) ")(e1 T'ey) "
x (e1(1, — TWTZ)Im(Z) (1, — TWTZ)'e)*
x (e2(l, = TZTW) ™ (1, = TZTW) Im(W) ™ "e2)*} (1) w(d1)

where 3, = (g

0
0
Thus, we obtain (3.2). O
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4. Special values of L(s, f,St)

THEOREM. Let k,l1€2Z ¢ and k > 2n+2 Let feSk,(sym (72)) be an
eigenform with the Fourier coefficients in sym'((V>) o) Let me Z be such that

l<m<k-n and m=n (mod2).

We assume
n=3 (mod4) if m=1.
Let

L(m, f,St)
AV = e 02 (7, 7

Then we have

A(f)? = A(f°) for all o€ Aut(C).

In particular,

A(f) € Q(f).

Proof. Let feS] ,(sym/(773)) is an eigenform. Taking the inner product
of fand (3.2) in the variable W, we obtain the following in the same way as in
[9):

(fa F]g“);,l(_z> *aj))

1 Rt —k=25)~L 4L jnk (1) /2~ 1H F(2k+25s+2j-2n-1)
B Tkt 25+ j—n—2)

Tk+s+12-DC(k+s+1/2— 1/2)F(k+s—n)F(2k+25+l—n— 1)
Fk+s)Tk+s—1/2)T(k+s—-1)T'2k+2s+1-2)

= Ql(cn)v( 5)

x {25+ k—v)7! ﬁ§(4s+ 2k —2v—2/)"'L2s + k—v—n, f,St)
J=1
x (' (N)(2).

Here the convergence of the left-hand side follows from [7, Theorem 5.4].
Moreover the expression holds if v=0 in [9]. We note that L(s, f,St) is
holomorphic at m. We put s =0 and v = k — n — m, which satisfies the required
condition: ve2Z-y and k —v > 0. Then

(4.1) (f,9(=Z,%) = (' (N))(2),
where
9(Z, W) = a~km-m pn  (Z, W,0)

0
- m —n—m 2
=(n n(k—n—m) r k, lgr]:z—kn EC "n)< ),



ON SPECIAL VALUES OF STANDARD L-FUNCTIONS 263

1 2n(n+1—k)—1+1l-nknn(n+1)/2—l—n(k—n—m)

Ii (2k +2j —2n — 1)

T T2k+j—n-2)

T(k+1/2— DIk +1/2 — 1/2)T(k —m)[(2k +1 —n— 1)
X TRk —1/2)T(k— DL (2k +1-2)

x {(m+n)"! f[c<2m +2n—2j)" L(m, f,81).
J=1
Since

n

C(m+n IHC 2m+2n—2]) m+2mn+n)Q ,
J=1

L(m, f,8t)

e(f) = kA TEm(nt D) —n(n+1)/2

x (rational).

Therefore it suffices to show that

) Y__ef) i
((f,f)) =77 for all ¢ € Aut(C).

We have a partial Fourier expansion of g(Z, W):

g(Z, W) = Z Z gR,g(W)fez’” trace(RZ),

R>0 ¢eX,

where X, := {[[L; x," |aj € Z»0,> -, =1}, which is an orthogonal basis

of sym/(¥;). By Weissauer [11], E,(,i'l),, is a holomorphlc modular form with
rational Fourier coefficients. Since n"k"-m[k!gk-n-m preserves the ratio-
nality of Fourier coefficients, we have

gr.c € MY (sym'(V2)) .

From (4.1), for any symmetric, semi-integral, semi-positive matrix R, we
obtain

(fs9re) = c(Nar (' (f)) for all Se X,

where ag ¢(-) is the é-component of the Fourier coefficient ag(-). Let hg ¢ be the
projection of gg¢ to S¢ ,(sym’(73)). Then we obtain

(f,hre) = c(far (! (f)) for all e X,.
We fix R and & such that ag :(17'(f)) # 0.



264 NORITOMO KOZIMA

Let A€ Tc be an eigenvalue on f. Let o € Aut(C) and N :=dimc S¢ ,(4).
Since f € Si;(4)g(,, by Takei [10, Theorem 1],

f7eSE (A7) o
and there exists an orthogonal basis { fj}fil of Sy ,(4) such that
Sfi=f and feS (Mg, (=1...,N).
Let h(4) be the projection of hg ¢ to Sf,(4). Since hg ¢ € Sy (sym'(V2))g,
h(2)° = h(i%).
Writing (1) = Y, B,f,, we have
e(Nar e () = Bilf, /)
On the other hand,
(f)ar e (f) = BI(f7, 10).

Therefore
( c(f) )": BT _ <)
(£,.N))  are@ () (f°.f°)
Thus Theorem is proved. O
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