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A NEW INTERPRETATION OF THE BACKLUND
TRANSFORMATION OF THE SINE-GORDON EQUATION

ZE-JUN HU AND ZHEN-ZU SUN*

Abstract

Using special geodesic orthogonal coordinates on surfaces of constant Gauss
curvature —1 m R>, a new imterpretation of the Bicklund transformation of the sine-
Gordon equation 1s given by elementary geometric procedure.

1. Introduction

Let ¥ = y(u,v) be a solution of the sine-Gordon equation

(1) '//uu - lPuv = —Sinlﬁcos I/’
Then for any constant 7 (with sin27 # 0), the following system of equations

@ sin 7(o, — ) = cosTcosacos ¥ + sinasiny,
sin7(o, — ¥,,) = —cos tsinasiny — cosacosy,

is solvable with integrability condition being given by (1). It is easily seen that
every solution o = a(u,v) of (2) satisfies

Oy — Olyp = SIN G COS &,

and hence the solutions of (2) produce new-solutions of the sine-Gordon
equation. This fact is just the so-called classical Béicklund transformation.

It is well-known that there is a correspondence between nontrivial solutions
of the sine-Gordon equation (1) and the surfaces of constant Gauss curvature —1
in R (see e.g., [4] and [7]). In particular, solution ¥ (u,v) of (1) with sin2y # 0
corresponds to a local surface of constant Gauss curvature —1 in R with the first
and second fundamental forms being given by

I = sin® y du? + cos? y dv?,

3
) IT = sin y cos Y (du® — dv?).
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In this note, we emphasize the existence of special geodesic orthogonal
coordinates on surfaces of constant Gauss curvature —1 in R® and applying these
coordinates we then get our main result which provides a new interpretation for
the Bécklund transformation of the sine-Gordon equation.

THEOREM. Let Y = Y(u,v) be a solution of (1) with sin2y #0.  deter-
mines a surface T of constant Gauss curvature —1 in R> with the first and second
Sfundamental forms being given by (3) in coordinates (u,v). Let (x,y) be geodesic
orthogonal coordinates on X such that all the x-curves are geodesics and all the
y-curves are of constant geodesic curvature 1. Then the angle o = a(u,v) that y-
curves makes with the u-curves, is also a solution of the sine-Gordon equation (1).

Remark 1. The classical Bicklund transformation (2) is geometrically
derived from the pseudosphere line congruence and the fact that on surfaces of
constant Gauss curvature —1 in R’ there exist the so-called Tschebyscheff co-
ordinates (see [1] and [4] for the details). Our theorem depends heavily on the
special geodesic orthogonal coordinates as stated in the theorem. An advantage
of our proof for the theorem is the fact that the new solution o(u,v) is achieved
by solving two correlated initial value ODE problems.

Remark 2. For more information about the geometric sine-Gordon
equation and the similar sinh-Gordon or sinh-Laplace equations, one may consult
3], [5], [7] and [8].

2. Proof of the theorem

Let ¥ = ¥(u,v) be a solution of (1) with sin2y # 0, i.e., without loss of
generality, 0 < ¥ < n/2. Then y corresponds to a local surface £ of constant
Gauss curvature —1 in R® with the first and second fundamental forms being
given by (3) in coordinates (u,v) and the integrability condition being given by

(1).

For any fixed point p, €  with coordinate (u,v9) and any constant oo, let
Vo = cosapé, + sinagé, € Tp,X be a unit tangent vector. Then there exists a
unique curve I' passing through p, along the direction V), and possessing constant
geodesic curvature k, = 1.

We can choose a geodesic orthogonal coordinates (x, y) on X such that I' is
a y-curve with x =0 and p, corresponding to y =0, and with respect to (x, )
the first fundamental form of X takes the form (compare with, e.g., pp. 80-81 of

[6])
4) I = dx* + e¥ dy>.
Suppose, in the coordinates (u,v), T is parametrized by u = u;(y), v = v;(p)

with y being the arc length of I, and let «;(y) be the angle that I' makes with the
u-curves. Then u=u;(y), v=r0v1(y) and a =o(y) satisfy the following equa-
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tions (cf. p. 254 of [2]):

ou cosa Jv  sina
dy siny’ dy cosy’
(5) oo Ccos o sin o

po T ml//u + mw“’
u(0) =up, v(0) =vy, o(0) = ap.

For any p eI with coordinate (u;(y),vi1(y)), let C, be the geodesic which
meets I' at p orthogonally, ie., C, is an x-curve with y = constant and C, is
parametrized by arc length x. Let 6(x, y) be the angle that C, makes with the
u-curves. Then according to Liouville’s formula (cf. p. 253, Proposition 4 of [2]),
the coordinates (u(x, y),v(x, y)) of C, and 6(x, y) satisfy the following equations

@_cosﬁ @_ sin 6
ox siny’' 0x cosy’
(6) %_COS@ sin 6
ox sinlpl’b” +cosww“’
u(O’y):ul(y)) D(an)=vl(y)7 0(07y):a1(y)~7z/2'

Thus we get functions u = u(x, y), v = v(x, y) and 0 = 6(x, y) which are defined
on X and satisfy, for all the x-curves,

%_cos& @_ sin 6
ox siny’ o0x cosy’
a_Oi_cosﬂl// N sin 6
ox siny '’ cosy

()
lﬁu’

and for all the y-curves that are parametrized by arc length e*y with x =
constant,

ou . sinf dv  cosf

oy ¢ siny’ dy  © cosy’

0 sin 6 cos 0
5)_)_e (1 —sin¢¢”+cosd/¢“)'

(8)

Hence, for the coordinates transformation

u=u(x,y),
®) { v =v(x, y),

we have
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ou  Ou cosff  sinf
(10) ox 0y _ sx.n v siny
dv v sin 6 ox 508 0
ox 0Oy cos Y cos Y
Then for the inverse coordinates transformation of (9)
(11) x:X(u,U),
y = y(u,v),
we get from (10)
ox Ox ou ou -1
12) u o ox dy cos@siny sin @ cos Y
dy ) | | \_e*sinfsing e *cosfcosy )
ou Ov ox Oy

Now, from (6), (7), (11) and (12) we see that
0= e(xv y) = H(x(u? U)v y(u, U)) =:0(u, U),

and
00 000x 000y
__.:___+___
ou 0Oxdu 0Oydu
cos sin @ .
= (mtﬂv +m1//u> cos Osiny
. sin 0 cos 0 X
+e (l—gin—wlﬁermwu)(—e smHsml//)
=y, —sinfsiny,
20 _a0ox 0oy
ov Oxov  dyodv
cosf sin § .
= (mwv +m1ﬁu) sin 6 cos
. sin 0 cos 0 —x
+e (1 —mwv—i—mwu)e cosfcosy
=, +cosfcosy,
that is,
—ggz Y, —sinfsiny,
(13) ;

% =y, +cosbfcosy.
ov
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Hence

and

0y — 60,y = sinfcos b,

o(u,v) = O(u,v) + n/2 is a new solution of the sine-Gordon equation (1),

which is the angle that y-curves makes with the u-curves on X. This completes
the proof of the theorem.
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