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REMARK ON FOURIER COEFFICIENTS OF MODULAR FORMS

OF HALF INTEGRAL WEIGHT BELONGING TO

KOHNEN'S SPACES Π

HlSASHI KOJIMA

Introduction

In [13], Waldspurger first found that the square of Fourier coefficients a(ή) at
a square free integer n of modular forms f(z) = J^Lj a(n)e[nz] of half integral
weight is essentially proportional to the central value of the zeta function at a
certain integer attached to the modular form F if f corresponds to F by the
Shimura correspondence Ψ and / is an eigen-function of Hecke operators.
Kohnen-Zagier [1], [3] determined explicitly the constant of the proportionality in
the case of modular forms belonging to Kohnen's spaces S(2k+\)/2{N,χ) of weight
(2k + l)/2 and of square free level N with character χ which is a subspace of
<S'(2Jfc+i)/2(4iV,/1), where S(2k+\)/2(4iV,/i) means the space of modular cusp forms
of half integral weight given in [9]. Kohnen-Zagier [1] (resp. Kohnen [3]) treated
the case where N = I (resp. N is an odd square free integer and χ is the trivial
character of level N) (cf. Kojima [4] and [5]).

In [12], Shimura intended to generalize such formulas to the case of Hubert
modular forms / of half integral weight and succeeded in obtaining many general
interesting formulas. Among these, some explicit and useful formulas about the
proportionality constant were formulated under assumptions that / satisfies the
multiplicity one theorem. For modular forms belonging to Kohnen's spaces
S(2k+\)/i(N,χ), Shimura [12] did not give the same explicit formula as that of
Kohnen and Zagier [1], [3].

In [6], we represented explicitly the ratio of the square of Fourier coefficients
a(n) at a fundamental discriminant n of modular forms f(z) = Y^,εr_ιγn-0 u4\ n>0

a(n)e[nz] of weight (2k + l)/2 belonging to the Kohnen's space S(2k+\)/i(N,χ) by
the central value of the zeta function of the modular form F which is the image
of / under the Shimura correspondence Ψ, where χ is any primitive character
modulo N and n is equal to 4τ with a square free integer τ satisfying τ =
2,3(mod4).

The purpose of this paper is to remove these conditions about χ and n and to
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derive a generalization of results in [6] in the case where TV is any odd integer, χ is
an arbitrary primitive character modulo N and n is an arbitrary positive fun-
damental discriminant. Though the method of our proof is more complicated, it
is the same as that of [6]. To obtain our results we need to modify slightly its
method.

Section 0 is a preliminary section. In Section 1, we shall summarize some
results about Kohnen's spaces, the Shimura correspondence, theta functions
and Hecke operators of Kohnen's spaces. In Section 2, using these and the
assumption (1-12), we show that <Θ(z, w; £ z), g(2w)} = CτLτ{f){z) + DτLτ(f) \
U(4)(z) for a modular form / e S(2k+\)/2(N,χ) with some constants Cτ and Dτ,
where Θ(z, w;ζz) is a theta function, g(w) is an element in S2k(N,χ2) determined
by / under the Shimura correspondence Ψ, U(4) is the operator given
by U(4)(ZZib(n)e[nz}) = J2n=iK^)e[nz] and Lτ(f)(z) = f{τz)τK Moreover,
executing an explicit and complicate computation of the image Ψ(/) of/under
the Shimura correspondence Ψ, we shall verify that Cτ = a(n)c\ and Dτ = a(ή)c2
with a fundamental discriminant n, where c\ and ci are explicitly calculable
constants. These computations are essential parts for our arguments and these
formulas play an important role for our later treatments. In Section 3, using
integral formulas of Section 2, the computation of the image of a product of
theta series and Eisenstein series by Shimura correspondence and the method of
the Rankin's convolution, under some assumptions on / we shall derive an
explicit connection between the square of Fourier coefficients a(ή) at an arbitrary
positive fundamental discriminant n of a modular form f(z) = Σε(-i)kn=o 1(4) «>o
a{ή)e[nz\ belonging to Kohnen's spaces S(2k+\)/i{.N,χ) of half integral weight
(2k + l)/2 and of an odd level N with arbitrary character χ and the central
value of zeta functions associated with the image Ψ(/) of / by the Shimura
correspondence Ψ.

We mention that our results give a generalization of some results in Kohnen-
Zagier [1] and [3] and Kojima [4], [5] and [6] and our method can be applicable
to the case of Maass wave forms of half integral weight (cf. [7]).

Finally, the author is indebted to the referee suggesting some revisions of this
paper.

§0. Notation and preliminaries

We denote by Z, β, R and C the ring of rational integers, the rational
number field, the real number field and the complex number field, respectively.
For z e C, we put e[z] = exp(2π/z) and we define y/z = z1 / 2 so that -π/2 <
argz1/2 gπ/2. Further, we set zk/2 = (^/z)k for every keZ. Let SL(2,R)
denote the group of all real matrices of degree 2 with determinant one and § the
complex upper half plane, i.e.,

SL(2,R) = i(a

c ^ \a,b,canddeRandad-bc=l\
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and

§ = {z = x + iy I x, y e R and y > 0}.

Define an action of SL(2,R) on § by

z -» y(z) = —Ί—z for all y = ί J e SL(2,R) and for all z e § .

For positive integers M and Λf', put

α,b,c and rfeZ and c = 0(mod M) >

and

= 0 (mod M)j.

We introduce an automorphic factor jo(γiz) of Γo(4) determined by

/ h \

for every γ = [ e Γo(4) and
V c a J

for every z e § with θo(z) = ^ e[n2z] and 5(z) = θo(z/2).
n=—co

§1. Shimura correspondences of modular forms of half integral weight and
theta functions

This section is devoted to summarizing several fundamental facts which we
need later. Let k be a positive integer. Let N denote a positive integer and φ0

a Dirichlet character modulo 4N. We denote by S(2k+\)/2(4N,φ0) the set of all
cusp forms / on § such that

Throughout the rest of the paper we assume that N is an odd integer. Let χ
be a Dirichlet character modulo N such that χ(—l) = e. Put /j = (̂ f)/. We
introduce a subspace S^+i^CWj*) of S(2fc+i)/2(4N,Zi) denned by

(1-2)

r
f(z) = y ; α(Λ)e[/ιz]S(2k+\)/2(N,χ) = < /(z) G 5f

(2^i)/2(4Λ^,χ1)

We call S(2k+\)/2(N,χ) the Kohnen's space of weight (2fc+ l)/2 and of level N
with character χ. We denote by S2k(M,ω) the space of all cusp forms / ' of
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weight 2k and of level M with character ω satisfying

f'(γ(z)) = ω(d)(cz + d)2kf'{z) for every γ = (^ * ) e Γ0(M).

Here we recall the notation and results in Shimura [12]. Let b and b'
denote integral ideals of Q and φ a Hecke character of Q whose conductor
divides 4bb'. Let Jf(2k+\)/2$,^'\Φ) (resp. ^(2k+\)/2{^^'\Φ)) be the space of
modular forms (resp. modular cusp forms) of half integral weight (2fc+l)/2
given in [12, p. 507]. Let φ0 be a Dirichlet character modulo AN such that
ι^0(—1) = 1. We choose the Hecke character φ of Q such that

(1-3) J ] φp(a) = (—) φo(aΓι for every a e (Z/4NZ)\ φp(Z;) = 1
p\4N \ a J

for every pJf4N and φa(x) = (sgn(x))k(x e R).
For / ' G Sf(2k+i)/2(Z,NZ',ψ), put L(f')\z) = / ' ( 2 z ) . Then the following map-
ping is bijective (cf. [12, p. 523]).

(1-4) L : ^(2* + i )/ 2 (Z, N Z ' , Ψ) -+ ^ + i)/2(4iV, φ0).

Let t denote a positive square free integer. Define a mapping ^^kfun t

o) i n t o Sik(2N,φl) by

for every f(z) = Σΐ=ι a(n)einz] G S{2k+\)/2{^N, φ0). The existence of this map-
ping was first shown by Shimura [9] and it was reformulated by Niwa [8].

Next we recall the definition of theta functions given in [12]. Put

ξ = θ\ and

= {η : V —> CIη is a locally constant function in the sense of [12]}.

Let η be an element of S?(V). Define a theta function Θ(z, w η) on ξ> x ξ>
by

(1-6) Θ(z, w; η) = yιl2{^w)-2k £ η(ξ)[ξ, w]ke[2-ιR[ξ, z, w})
ieV

for every (z, w) e ξ> x § , where

[<?, w] = [<̂ , w, w], [ξ, w, w'] = (ovw' + <Λt> — απ'' - b) and
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Throughout the rest of the paper, we take a Dirichlet character ψ0 with ψo(—l) =
1 and a positive square free integer τ such that

(1-7) (τ,N) = l.

Put φ = φετ with the Hecke character ετ associated with the quadratic field
Q{y/τ). For positive rational numbers α and β, put

ax e Z,bx e aZ,cx e βZ and dxez \.

Moreover, we put e = 2N. We consider an element η e 6f(V) determined by

fO ifxφo[e-\e],
(1-8) η(χ) = {

{ Σte(\/2τ)z/2NZΨa(ήψ* i(2tτ))e[-bxt] otherwise,

where φ* is the ideal character associated with φ (cf. [12, p. 505]). Introduce a
mapping Lτ of S^^k+\)/i{Z^NZ\\lf) into Sf(2k+i)/2(Z,NτZ;\l/ετ) defined by

(1-9) Lτ(f)(z) = f(τz)τk for every f(z) e Sr{2k+ι)/2(Z,NZ; ψ).

We put h(z) = Lτ(f)(z). The following lemma is proved by Shimura [12,
Propositions 1.4 and 1.5].

LEMMA 1.1. The notation being as above, the mapping Lτ gives a bijection of
) onto the set

\h{z) = f > » φ z / 2 ] e ̂ {2k+x)/2{Z,NτZ^ετ)\a\n) = 0 if τ)(n 1.

Moreover,

where for given two cusp forms f g of weight I with respect to Γ, their inner
product </, g} means

</, g} = vol(Γ\δ)"1 f W)g{z)^zι d^z with d%z = ^ (x = Kz,y = 3z).

The following proposition is verified by Shimura [10] and [12] (cf. Niwa [8]).

PROPOSITION 1.1. For f{z) = γ^=xa{ή)e[nz/2]e^{2k+λ)/2{Z,NZ',xl/), put

h(z) = Lτ(f)(z). Suppose that ψ0, τ and φ satisfy the condition (1-7) and η is the
function on V determined by (1-8). Then there exists the element

k-ι a(τ(m/d)2)) e[mw]
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belonging to S^^ΛΓ, i/̂ ) such that

cfgτ{w) = f *(z)θ(z, w; η)y^M^2 d$z with c' = 22+kik4τN.
JΓ[2,2τN]\ξ>

Next we describe basic results of Hecke operators of Kohnen?s space. Let χ
denote a Dirichlet character modulo N. We denote by T^+ιy2 (p2) the Hecke
operator on S^k+\)/i{^ >X\) given in [9]. For a positive integer m, we define a
function f\U(m) on 9) by

n=0

for every function f(z) = Y^=$a(ri)e[nz] on 9). We denote by T(2k+\)/2,N,χ(P)
(pJfN) the Hecke operator on S(2k+\)/2{N,χ) defined in [2, p. 42]. The fol-
lowing lemma was confirmed by Kohnen [2] (see also Remark in [2, p. 46]).

LEMMA 1.2. The notation being as above, for / ( z ) — Σ w >i ε(_nfc

w = o 1(4)
a{n)e[nz] G % + I ) / 2 ( ^ J ) , Fourier expansions of f\T{2k+i)/2,N,χ(p)(z) (PXN)

 and

f\U(p2)(z) (p\N) are given as follows:

f\T{2k+ι)/2tNJp)(z) = ^ L(p2n(^&)
V

-*a(n/p2)\e[nz} (p\N)

and

f\U(P

2)(z)= Σ a{p2n)e\nz\ (p\N),

where a(n/p2) means 0 if p2)(n.

Observe that T^k+\)/2,N,χ{p) coincides with the restriction of
to S(2k+\)/2(N,χ) for every odd prime p (pJfN). Now we impose the following
assumption.

(1-10) ε = / ( - I ) satisfies (-l)*fi > 0, χ is a Dirichlet character modulo N,

f e S(2k+\)/2{N,χ) is an eigenfunction of all Hecke operators

V) and U(p2) (/?|iV),i.e.,

= ω(p)f{z)(pXN) and f\U(p2)(z)=ω(p)f(z)(p\N)

and a(4τo) Φ 0 for some square free positive integer τo such that τo = 2,3(mod 4).
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Since S(2k+\)/2(N,χ) is contained in S(2k+ιy2(4N, (^)χ), we have the fol-
lowing diagram.

(1-11) S(2k+1)/2(N,χ) <= S(7k+ι)/2(4N,φ0)

with ψ0 = ί — \χ.

By this relation, we may identify elements f(z) of S(2k+\y2(N,χ) with those of
£f(2k+ιy2(Z,NZ',\l/). In [6], we verified the following lemma.

LEMMA 1.3. Let f(z) = Σn^\,ε(-\)kn=o,\(4)a(n)e[nz} b e a n e l e m e n t °f
S(2k+\)/2{N,χ) satisfying the condition (1-10) and let τ be an integer satisfying the
condition that (1-7) and τ = 2,3(mod 4). Then

coincides with an element a(4τ)g(2w) of S2k{2N',χ2), where g(w) = Σ™=ι c(n)e[nw]
belongs to S2k(N,χ2) and

n=\

It is well known that f\U(4)(z) belongs to S(2k+\)/2(4N,χ(4f)) for every
f(z) e S'(2it+i)/2(4iV,/(^)). Here we impose the further condition o n / i n (1-10).

(1-12) Vf'eS(2k+l)/2(4NiX(^yj and fl

for every prime p(pJ(4τN), then f'(z) equals

cf{z) + c'f\U{A){z)

for some constants c and c! and, if / ' ; G *S(2A:H-I)/2 ( 4 M , / I — 1 1

(M\N,M Φ N) satisfies ΠT™+mχφ
2) = ω{p)f" (p*4Nτ),

then f"{z)=0 moreover, 4τ\f),(J)-ι4Nτ,τ) = 1 and 8^1) if 2 ^ τ , where ω(/?)
is the eigenvalue given in Lemma 1.3 and ί) is the conductor of φ = φετ with
φ in (1-11). Moreover, we impose the condition that

(1-13) g(w) is a primitive form of S2k(N,χ2) and f\ U(4)(z)

is not a constant times /(z),

where /(z) and gf(vv) are the same elements given in Lemma 1.3. Furthermore,
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we consider the condition that

(1-14) If 2|τ, then φ2(\ + Ax) = φ2(l + Ax2) for every x e Z 2 ,

where φ2 is the restriction of φ to Q2 and Z2 (resp. Q2) means the ring of all 2-
adic integers (numbers).

§2. Some formulas of theta integrals

This section is devoted to confirming a key proposition concerning theta
integrals. For a positive integer a, we define elements ζaZ and ζaZ of £f(V) by

(2-1) Γ Z W = ί V"(bχ)v*((bχa~leV i{ XE °[^~ 1 '^ '
i 0 otherwise

and

r , , ί φa(bx)φ*((bxa-ιe)) if x e o[ae'\e] and (bxa-ιe,ANτ) = I,
ίaZK*) = <

10 otherwise.

By the same method as that of Shimura [12, Lemma 5.7], we may derive the
following lemma (cf. [11]).

LEMMA 2.1. Suppose that N is odd, τ is a positive square free integer and the
conditions (1-7), (1-10), (1-12), (1-13) and (1-14) are satisfied. Let a be a positive
integer such that aί)\ANτ and ordp(al)) = ord^TVτ) for every p\τ. Then there are
constants M and M' such that

(Θ(z,w;ζaZ),g(2w)} = Mh(z) + Mfh\U(A)(z) with h(z) = Lτ(f)(z),

where g(w) is the same function given in Lemma 1.3, I) is the conductor of φ(= φετ)
and oxάp(d) is the p-adic order of an integer d. Moreover, the above integral is
equal to 0 if Aτ\l.c.m.(aί),A) and l.c.m.(άt),A) ΦANτ.

By virtue of Proposition 1.1, Lemma 1.3 and Lemma 2.1, we may conclude
the following proposition.

PROPOSITION 2.1. Suppose that the assumption in Lemma 2.1 is satisfied.
Then we have

Aτhτ{z) + BτhT\U(4)(z) = <Θ(z, w;η),g(2W)}

and

Cτhτ{z) + Dτhτ\U(4)(z) = <θ(z,w;ζz),g(2W)}
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with

Aτ = a(4τ)c'
vol(Γ[2,2JVt]\S)

(g(2w),g(2w)y(f',fly - <g(w),g(2w)}(f,f'} =

/> J " '

Bτ=a(4τ)c'
vol(Γ[2,2ΛΓτ]\δ)

<g(w),g(2w)><f,f> ~ (g(2w),g(2w)}(f',fy =

/> 7 ~ '

Cr = M r ^ Λ Γ τ ^ C r ^ Λ Γ τ X ^ - l ^ t f ' ^ τ Γ ' Λ 1/ τ = 2,3(4),

Dτ = μ{γHNτ)φ*{\rλ4Nτ){φa{-\yi{^)fHNτ)-ιBτ if τ = 2,3(4),

Aτ = a(τ)Fτ, Bτ = a{τ)Gτ if τ = 1 (4)

r =7j voKΓp.ΣτJVlXS) - ( a ί + n/2 + i

Cτ = μ(rl4Nτ)φ*(\)-^Nτ)(φa(-lM^r^NτyιAτ if τ = 1(4),

Dτ = μ(rl4Nτ)φ*(i)-l^Nτ)(φa(-l):i{φ)r14Nτ)-1Bτ if τ = 1(4),
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where η is the same element given in (1-8), hτ{z) = Lτ(f)(z),h'τ{z) = λτ|t7(4)(z),
f = f\U(4) and γ(φ) means the Gauss sum of φ.

Proof. If τ = 2,3 (mod 4), we can verify in a manner similar to that of [6].
So we may assume that τ = l(mod 4). We see that

= Σ β ) (^)dk-ιa{<m/d)2))e[mw] e S2k(2N,χ2)
\ / \ / /m=\ \ \

C ? ^ ) =<PKA,M) and

2a

 f o r e v e r y p r i m e ^ ((2 Λ Γ 'PΪ = l^

where 7 ^ 2(p) is Hecke operators on S2k{2N,χ2). Since gf is a primitive form

of S2k{N,χ2), there are constants c\ and C2 such that

(2-3) ?ί!
Therefore we obtain

(2-4) L(s-k+ι,χQ ^j J2φn2)n-S = {cx + ttfΓ^L&g)

with L(J, gf) = Σ™=x c(n)n~s, where L(j,^(f)©) is the Dirichlet L-function
associated with χ(*)(l). By Lemma 1.2 and the condition (1-10), we have

(2-5) L ^ - k + l ^ ^ a{m2)n-°

= α(τ)

(cf. [7, p. 452 and p. 453]). Comparing 2-factors of Dirichlet series (2-4) and
(2-5), we can check

(2-6) (d + c22-s)(l - ω(2)2~s + χ(22)22k-ι-2s)~ι

i2k-l-2s\-l

which yields that

cλ=a(τ) and
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Therefore we may justify

(2-7) ψS259

/2,τ(/)(H') = <τ)g(w) - (^

Put f{z) = f\U(4)(z). Then we see

(2-8)

So we can put

(2-9) ^4

{2k+ιf/2,τ(f)(w) = c'i9W + C2^( 2 w) f o r s o m e constants c[ and c'2.

Next we shall determine explicitly c[ and c .̂ For this purpose we need to
compute the Dirichlet series

(2-10) L ^ - H l . z Q Q j έ a(4τn2)n-\

Consider a power series Hn(x) of x defined by

(2-11) Hn(x) = J2a(τ22^ι)n2)xm.
m=0

By the definition of Hn(x), we obtain

(2-12) xHn(x) = ̂ 2a{τ22mn2)xm - a{τn2)

x (1 -ω{2)x + χ{22)22k-χx2yx - a{τn2)

for every n {2\ή), which shows that

Since

we find

c[ = a{τ) (ω{2) - 2*"^(2) ( 0 ) and c'2 = a(τ)(-χ(22)22k-1).
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Therefore we conclude that

(2-14)

Ϊf ( ( ( 2 ) - 2k~l

X(2) (

For a positive integer α, we put

I(a) = <Θ(z,w;ζaZ),g(2w)>.

By [12, p. 539], (1-12) and Lemma 2.1, we have

(2-15) <.θ(z,w;ζz),g(2W)} = μ{\)-χANτ)φ*{ψ

= Chτ(z) + Dh'τ(z)

and

(,Θ(z,w;η),g(2w)} = φ β ( - ^ l

- Ahτ(z) + Bh'τ(z)

for some constants A, B, C and D. We shall determine explicitly these values.
By (2-7), we may check

(2-16X^(2),

= (A<hτ,hτ} + B(hτ,h'τy)

= \όi(Γ[2τ,4N]\ξ>)-1 \ol{Γ[2,2τN]\$yι

ί if ΛT(z)Θ(z,w;//)3z(2*+1)/24zU(2w)3w2Arί/δw
Jr[2r,4Λf]\§ [Jr[2,2τiV]\S J

= vol(Γ[2,

By (2-14), we may also justify that

(2-17) A{h'τ,hτ} + B(tiτ,tiτy =

Therefore, by (2-15), (2-16) and (2-17), we conclude our assertions.
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§3. Rankin's convolution of theta series, Eisenstein series and final
calculation

Put

e[n2z/2] and LM(s,ω) =
«=—oo n=\

for each Hecke character ω of Q and for each positive integer M, where n runs
over all positive integers such that («,M) = 1 and ω* is the ideal character
associated with ω (cf. [12, p. 505]). Let g(w),f(z),hτ and h'τ{z) be the same
functions in Lemma 2.1 and Proposition 2.1.

We consider integrals

(3-1) /, = f hτ(z)$(z)C(z,s + 1/2 :k,φ,Γ)/2k+^2d^z (z = x + iy)

and

h = f h'τ(z)9(z)C(z,s+ 1/2 : k, φ, Γ)/2k+ι^2 dhz (z = x + iy),

where Γ = Γ[2,2τN], C(z,s:k,φ,Γ) = Lwτ(2s,φ)E(z,s:k,φ,Γ), C(z,s:k,φ,Γ)
and E(z,s : k, φ, Γ) means functions given in [12, (4-6) and (4-11)]. By the same
method as that of Shimura [12, p. 542], we may check that

(3-2) ,

' 4 α ( 4 τ ) τ * \iir*!2 2~i2s+k)L{2s+k>g) i f τ Ξ 2 ' 3 ( 4 ) >

k,g) if τ Ξ 1(4)

and

/2 = 4a(4τ)τk~^±^L(2s + k,g) if τ = 2,3(4),

= 1(4),

where L(s,g) = E«°°=i c(«)«"J and g{w) = ΣZi c(n)e[nw}.
Next we calculate an integral

(3-3) ί g(2w)C(w,S+ 1/2 : φ)E(w,t+ 1/2 : φ)3w
JΓ[2τ,4N]\ξ>
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where C(w, s : φ) = C(w, s:k,φ, Γ[2τ, 4N]) andE(w, t: φ) = E(w, t: k, φ, Γ[2τ, 4N])
are given in [12, (4-6) and (4-11)]. By a method similar to that of [12, p. 550],
we find

(3-4) ί g(2w)C(w,s+ 1/2 : φ)E(w,s+ \/2,φ)Zw2k dbw
iτ[2τ,4N}\§

= A(s)L4N(2s + 1, φYXL{2s + k, g)L(k, g, φ),

where

A(s) =
t\N/N'

^

where ί) = 4τN'(N'\N).
Exchanging the order of integration, we have

(3-5) [ <θ(z,w;ζz),g(2w)}S(z)C(z1s+ 1/2 : k,φ,τ[2,
,2τΛr]\§

= f vo\(Γ[2τ,4N]\ξ>Γlί f Θ(z,w;ζz)g(2w)3w2%w)
Jr[2,2τiV]\5 I JΓ[2τ,4ΛΓ]\§ J

1/2 : k,φ,τ[2,

= vol(Γ[2τ,4N]\ξ>Γι f ( f S(z)θ(z, w;ζz)
JΓ[2τ,4N]\ξ> UΓ[2,2τΛΓ]\£

x C{z,s+ 1/2 : k,φ)y(2k+1)/2 d%z Yg(2w)3w2k dhw

with

M'{w,s) = f S{z)&{z,w;ζz)C(z,s+ 1/2 : fc,^,Γ[2,
Jr[2,2τJV]\§
f

Jr[2,2τJV]\§

For further computation, we need the following formula in [12, (7.9a) and (7.13)]

(3-6) M'{w,s) = B(s)L4Nτ(2s+l,φ)(-l)k

q<=2NZ/4NZ

lC(W,s + (l/2);φ)E(W,s+(\/2);φ)\\2k^
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with

2s+(*/2)+(l/2) f k \\ /I 0
g W 2 Γ ^ + + J d U

where ^||/α(z) means p(ct{z)){cz + d) ' for a function p(z) on § and a α =
(a

c

 b

d)eSL(2,R). Employing (3-13) and (3-18), we have

(3-7) <.M'(w,s),g(2w)) = 2(-l)kΊΪ(β)(2N)2s+ι A(s) wol{Γ[2τ,4N]\ξ>)~1

x L(2s + k,g)L(k,g,φ).

Combining Proposition 2.1 with (3-5), (3-7), we may derive that

(3-8) ί Cτhτ(z)3{z)C(z,s + 1/2 : k,φ,T[2,2τN])y{2k+i)/2dhz

Dτh'τ(z)3(z)C(z,s+ 1/2 : k,φ,T[2,

= 2(- l)KB(s)(2NYs+iA (s) vol(Γ[2τ, 4N}\ξ>yιL(2s + *:,

Applying the formulas (3-2) and (3-8), we multiply both sides of (3-8) by
L(2s + k,g)-1. Mor
we may deduce that

(3-9)

k,g) ι. Moreover, by Proposition 2.1, (3.2) and (3.8), putting 2s + k = 0,

x (N/N'Γk Σ μ(t)<P*((t))tk-lc(N/tN')L(k,g,φ) if τ = 2,3(4)
t\N/N'

and

(l - (^(2)2*-') + GT((C(2) - 2*-'Z(2)(l)) -

t\N/N'

x2-ι'2(2τ)k2-k(k-l)\vol(Γ[2τ,ΛN]\ξ>)-ιL(k,g,φ) if τ = 1(4)
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,, r <g(2w),g(2W)y((f',f'y - </

where F τ (resp. Gτ) is the quantity given in Proposition 2.1 and ff(z) = f\U(4)(z).
Consequently, by (3-9), we conclude the following theorem.

THEOREM. Let the notation be as above. Suppose that N is odd, τ is a
positive square free integer and the conditions (1-7), (1-10), (1-12), (1-13) and (1-14)
are satisfied. Then we have

xφa(-\)(N/N'Γk Σ, μ{t)φ*{{t))tk-χc{N/tN')L{k,g,φ) if τ = 2,3(4)
t\N/N'

and

+ GT ((c(2) - 2^(2) Qj j -χ(22)2^ ( 2 ) Q j j -χ(22)22 k~ ι

^ μ{t)φ\{t))tk-χc{N/tN')
t\N/N'

x (k- \)\vo\(T[2τ,4N}\9))-ιL{k,g,φ) if τ = 1(4)

I) is the conductor of φ(= \l/ετ), \) = 4τNf and μ(n) is the Mδbius function
of n.
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