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ON NORMAL GENERATION OF LINE BUNDLES ON

ABELIAN THREEFOLDS

ELENA RUBEI

Abstract

Let X be a complex torus of dimension 3 and L an ample line bundle of type

(2,2ί/2,2fl?3) on X. In this paper we study when L is normally generated.

1. Introduction

Let X be a complex torus with an ample line bundle L of type (δ\,... ,δg),
with δi\δi+\, and let φL be the associated rational map. In this paper we
examine the problem whether φL{X) is projectively normal in the case where X is
a threefold and δ\ = 2.

It is well known that if δ\ > 3 and X is of any dimension, then φL is an
embedding (Lefschetz' Theorem, see [Lef]) and φL(X) is projectively normal
(Koizumi's Theorem, see [Ko]). As to the case δ\ = 1, in [Laz], Lazarsfeld
proved that, if X is a complex torus of dimension 2, L is an ample line bundle of
type (l,d) on X, \L\ has no fixed components and φL is birational onto its image,
then φL(X) is projectively normal for d odd > 7 and d even >14.

In the case of a complex torus with an ample line bundle L of type
(2,2ί/2, . ,2rf^) we know that there exists an ample line bundle M, of type
(1,^2, ,dg), such that L = M2 (see for instance [L-B] Lemma 2.5.6) and in
1988 Ohbuchi proved the following theorem (see [Oh2]):

THEOREM (Ohbuchi). Let M be an ample line bundle on a complex torus
X. Suppose c is a characteristic for M, then M2 is normally generated if and only
if no point of t?,K(M2) is a base point of \M\ (see below for the notations).

In [R], using the quoted result of Ohbuchi, we proved the following theorem:

THEOREM (Rubei). Fix d2,...,dg positive integers with di\dτ\ . . . \dg. Let X
be a complex torus of dimension g and M an ample line bundle on X of type
(1,</ 2 , . . .Λ); set L = M2.
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If di < 2 for every i, then L is never normally generated [thus, if φL is an
embedding^, φL(X) is not projectίvely normal). Otherwise [that is dg > 2) L is
normally generated for generic (X,c\(L)) in the moduli space of polarized abelian
varieties of type (2,2^2, , 2dg)-

Here, using Ohbuchi's result, we determine, with the exception of some
geometric situations, exactly which line bundles L of type (2,2^2,2^), with
ί/3 > 2, on a complex torus X of dimension 3 are normally generated (Theorem
1), (see also Remark 1). We defer the statement of the theorem to §2 and
here we say only that, following the approach of Birkenhake-Lange-Ramanan's
Theorem on global generation of primitive line bundles on abelian threefolds
([B-L-R]), we consider a line bundle M of type (1,^2,^3) with L = M2 and an
isogeny π : (X,M) —> (Y,P) such that π*P = M and such that kerπ is iso-
morphic to Z/dι θ Z/d$ and we divide the problem in the cases ( F , P) is equal
to the Jacobian of a Riemann surface of genus 3, the product of the Jacobian of
a Riemann surface of genus 2 and of an elliptic curve, or the product of three
elliptic curves (see [L-B] §10.8).

To prove Theorem 1 we often use Birkenhake-Lange-Ramanan's Theorem
on global generation of primitive line bundles on abelian threefolds. In proving
Theorem 1, "incidentally" we prove also some small results about the global
generation of primitive line bundles on abelian threefolds. We collect them in
Proposition 1 glueing them with Lange-Birkenhake-Ramanan's Theorem.

One could conjecture that if (X, M) is an abelian variety with a line bundle
M of type (1, dι,..., dg) with dg > 2 and L = M2 is not normally generated then
there exists an isogeny (X,M) —> (Y,P) such that π*P = M, kerπ is isomorphic
to φ ί = 2 gZ/du and (Y, P) is isomorphic to a nontrivial product of principally
polarized abelian varieties. By a simple calculus of dimension we see easily that
the conjecture is false (Remark 2).

Notation and Definitions. We collect here some notation and standard
definitions we will use in all the paper.
• X, F, Λ. X is a complex torus equal to V/A where V is a complex vector space
and Λ a lattice in V.
• Xn. Xn is the set of #-torsion points of X.
• ΨL- ΨL *S ^ e rational map associated to a line bundle L on X.
• tx. tx is the translation on X by the point x.
• At. If A is a subset Z, At = A + t.

• X. X is the dual complex torus of X; it is isomorphic to Pic°(X).
• φL. φL is the homomorphism X —> X, x ι-> t*L ® L~ι, where L is a line bundle
on X.

xWe recall the following Ohbuchi's theorem (see [Ohl]): let M be an ample line bundle on a
complex torus X; M2 is very ample iff (X,M) is not isomorphic to the product of two abelian
vaneties with line bundles ( ! „ ¥ , ) , 1 = 1,2, with dim X\ > 0 and h°(Xι,M\) = 1.
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• K(L). K(L) is the kernel of φL\ it does depend only on H, the first Chern class
of L, thus we denote K(L) also as K(H); if L is nondegenerate then K(L) is a
finite group isomorphic to (Z/d\ © © Z/dg)

2 with di\di+\; we say that L is of
type {d\,... ,dg). lϊ d\ — \ we say that L is primitive.
• Λ(L) or A(H). Λ(L) = Λ(tf) = {v e V\ ImH{v,A) a Z} where L i s a line
bundle and H its first Chern class; (we recall that K(H) = A(H)/A).
• [y]. [y] denotes the class in X of a point yeV.
• Suppose H is a non degenerate hermitian form on V, E = Im H and
£(Λ,Λ) czZ.

A direct sum decomposition Λ = Λi © Λ2 is called a decomposition for H
(or for E) if Λi and Λ2 are isotropic with respect to E; a real vector space
decomposition V = V\ © V2, with V\ and F2 real vector subspaces of F, is called
a decomposition for // (or for E) if (V\ Π Λ) © (V2 Π Λ) is a decomposition of Λ
for 77.

Choose a decomposition of F for H : F = V\ © F2. Let Lo be the unique
line bundle with Chern class H and semicharacter χ0 : F —> Ci,/0(t;) = e

mE^VuV2\
where Ϊ; = t> 1 +1>2 and t>, e F,. For every L with Chern class H there is a point
c e V, uniquely determined up to translation by elements of A(H), such that
L = tΐc-\Lo ( s e e [L-B] Lemma 3.1.2); c is called the characteristic of L with respect
to the chosen decomposition.
• A line bundle L on X is called symmetric if (—l)χ(L) ^ L, where (— l) x is the
multiplication by —1 on X. A line bundle L with c\(L) — H is symmetric if and
only if the characteristic of L with respect to some decomposition of F for H is in
(l/2)A(H) (see [L-B], Chapter 4, §6 and §7, for a reference on symmetric bundles).
• A line bundle L on X is called normally generated if it is very ample and φL{X)
is projectively normal. We have that L is normally generated iff it is ample and
the natural maps SnH°(X,L) -> H°(X,Ln) are surjective for all n > 2 (see [L-B],
Chapter 7, §3 and [M], p. 38).
• Kc, J(C), μ, Vd. Let C be a Riemann surface; KQ denotes the canonical
bundle on C,J(C) denotes the Jacobian of C, μ : C ^ -> /(C) denotes Abel's
map and Vd := μ(CW).
• globally generated = base point free
• p.p.a.v. = principally polarized abelian variety

2. The main result

We quote the following facts, lemmas and theorem from [B-L-R]; they will
be useful to prove our result.

A polarized abelian variety (X,M) of type (d\,...,dg) admits an iso-

geny onto a p.p.a.v. π : (X, M) —> (Y, P) such that π*P = M and such that

ker π (and then ker π, where π : Ϋ -» X is the dual isogeny) is isomorphic to

Q)9

i=χZ/di. The isogeny π determines the subgroup Z := ^ ( k e r π ) ^ ®f=\Z/di

in Y. Conversely any subgroup Z of a p.p.a.v. (Γ,P) determines an isogeny

π:X -+ Y: the dual of the isogeny Y - F -> X := 7/Z.
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LEMMA 1 (Lemma 1.1 in [B-L-R]). Let Z be a cyclic subgroup of order d of
a p.p.a.v. (Y,P) and π : X -+ Y the associated isogeny. Then M = π*(P) is of
type ( l , . . . , l , r f ) .

LEMMA 2 (part a) of Lemma (1.2) in [B-L-R]). Let π : (X,M) -+(Y,P) be
an isogeny onto a p.p. a. v. (Y, P) associated to a finite subgroup Z a Y.
There is a canonical decomposition

zeZ

induced by the embeddings π* : H°{t*zP) -• H°(M).

Besides we observe that K{M) = π~ι(Z).

Lange-Birkenhake-Ramanan's Theorem on global generation of primitive
line bundles on abelian threefolds (Theorem 1 in [B-L-R]). Let X be a complex
torus of dimension three and M an ample line bundle on X of type (1, l,d) defin-
ing an irreducible polarization. Let π : (X,M) —• (Y,P) be an isogeny with
π*P = M,(Y,P) p.p.a.v. and such that kerπ is isomorphίc to Z/d. Let Z :=
^p*(kerπ) ^ Z/d = <z> in Y (π : Ϋ —> X the dual isogeny).

a) Suppose Y = J(C) is the Jacobian of a smooth curve C of genus 3. If
d > 5 and C is not hyper elliptic, then M is globally generated.

b) Suppose Y = J(C) x E is the product of the Jacobian of a smooth curve
C of genus 2 and of an elliptic curve E. Let z = (zi,Z2) e J{C) x E. If z\ is of
order >5, then M is globally generated.

c) Suppose Y = E\ x ^ x ^ is the product of three elliptic curves. Let
z = (zi,Z2,Z3) e E\ x E2 x E$. If zx is of order > 4 for i = 1,2,3, then M is
globally generated.

We finish the preliminaries stating the following lemma:

LEMMA 3. Let C be a Riemann surface of genus 2 and z a point of order d in
J{C) with d>3. Then

b) vιrιvz

ιnvlnvl = φ.

Proof By a well-known theorem, F 1 f)V} is a set of two points counted
with multiplicity if s φθ.

a) F 1 ΠVZ Π F 2 z Π Π Fλ_jxz is invariant by z thus if it is not empty then

it contains at least d points and this is absurd in fact d > 3.
b) Suppose F 1 Π V) = {*, y}; then V] Π V\z = {x + z,y + z} and V\z Π F3

!

z =
{x + 2z,y + 2z). Thus we have y = x + z and y = x + 2z and then z = 0, which
is absurd. Observe that actually b) implies a). Q.E.D.
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THEOREM 1. Let X be a complex torus of dimension three and M an ample
line bundle on X of type (I,d2,d3) such that d3 > 2; set L — M2.

Let π : (ΛΓ,M) —• ( 7 , P ) be an isogeny with π*P=* M,(Y,P) p.p.a.v. and
such that kerπ [and then kerπ, where π: Ϋ —> X is the dual isogeny) is isomorphic
to Z/d2 Θ Z/d3. Let Z := φpl(ίerπ) ^ Z/d2 ® Z/d3 in Y.

1. Suppose first that d2 = 1. Let Z = <z>.

la. Let (Y,P) = (EuPλ) x (E 2 , f t ) * (£3,ft), £, β//i>ίfc αiraw, z = (zi,z2,z3) e
E\ x E2x E3. Then L is not normally generated if and only if we are in one of
the following three cases:
• 3 i such that zt = 0
• {ordz l} | a = l ί 2 |3 = {2,4,4}
• {ordz,} l=1)2j3 = {2,2,/} for some leN.

lb. Let (Y,P) = (/(C),Θ) x (£,P')> £ rf/i>ftc cwri;e, C Riemann surface of
genus 2, z = (z\,z2) e J(C) x i:. 7%e« L w «oί normally generated if and only if
we are in one of the following four cases:
• 3 / such that zt = 0
• ord(zi) = 2
• ord(zi) = 4 αwί/ ord(z2) = 2
• ord(zi) = ord(z2) = 3, C w α cκrt;e 0/ ίΛe ίy/?e j 2 = p{x) with p(x) polynomial
of degree 6 without multiple roots such that there exists a polynomial q(x) of
degree < 3 and k e C with q(k) φ 0 such that p(x) = g(x)2 + (x — k)6 and z\ =
2μ(S) for a point S with x(S) = k, where μ is the Abel map from a point of C with
y = 0. (Observe that the set of the curves of the type we described above has
codimension 1 in the moduli space of genus 2 curves.)

lc. Let ( y , P ) = (7(C),Θ) with C Riemann surface of genus 3.
If d3 > 5 and C is not hyper elliptic, L is normally generated.
If d3 = 3 and C is not hyper elliptic, L is not normally generated if and only if a)
and b) hold:

a) C is a smooth curve of the following type: choose a conic {q = 0} in P2

C

and four points on {q = 0},Γ,β,Λ,ιS, with {T,Q} Φ{R,S}; let the line TQ be
{n = 0} and the line RS be {r2 = 0}; choose a polynomial g of degree 2 such that,
ifTΦQ, g(T) = g(Q) = 0; let C be the curve {rxr\ + qg = 0}.

b) z = μ(T+Q)-μ(R + S) (Γ, Q, R, S in a)).

2. Suppose now that d2>\. Let Z = <w> © <z> with ord(w) = d2 and
ord(z) = d3.

2a. Let (Y,P) = {Eχ,P\)x(E2,P2)x(E3,P3), Et elliptic curves z=(zuz2,z3)e
E\ x E2 x E3, w = (wi, H>2, W3) e E\ x E2x E3.
• Suppose zt Φ 0 V/. If d3 > 3 then L normally generated. If d3 = 3 /Â y/ L iy
woί normally generated if and only if w — (ε\z\,ε2z2,ε3z3) with {εi,β2,fi3} =
{0,1,-1}.
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• Suppose only one of the zt's is equal to 0, for instance Z3 = 0 and z\ Φ 0,
z2 φ 0. Then L is not normally generated if and only if we are in one of the
following five cases:

i) W3 = 0;

ii) {ord(zi),ord(z2)} = {2,3}, ivi = 0 and w2 = 0;
iii) {ord(z1),ord(z2)} = {2,3}? ord(w3)=2 and {ord(wi),ord(w2)}<={l,3};
iv) {ord(zi),ord(z2)} - {2,3}, ord(w3) = 3 and {ord(u>i),ord(w2)} <= {1,2};
v) {ord(z1),ord(z2)}-{2,3}, {ord(wi),ord(w2),ord(w3)} <= {1,2}.

• Suppose only two of the zt 's are equal to 0, for instance z2 = 0 and Z3 = 0 and
z\ φ 0. Then L is not normally generated if and only if we are in one of the
following four cases:

i) w3 = 0;
ϋ) w2 = 0;
iii) {ord(w2),ord(w3)}c{i,2};
iv) {ord(w2),ord(u>3)}<={2,3}.

2b. Let (Y,P) = (/(C),Θ) x (E,P')9 E elliptic curve, C Riemann surface of
genus 2, z = (zi,z2) e J(C) x E, w = (w\, w2) e J(C) x E. Then L is not normally
generated if and only if we are in one of the following two cases:
• ord(zi) = 2, ord(z2) > 2 and w\ = 0
• ord(zi) = 4, ord(z2) = 2 , w2 = 0 and w\ = 2z\.

2c. Let (F, P) — (/(C),Θ) w/ίA C not hyperelliptic Riemann surface of genus
3. If di > 5 ίλe« L w normally generated.

Proof Observe that, if L' is a line bundle with the same Chern class of L
(i.e. it is obtained from L by a translation), then L is normally generated if and
only if V is normally generated.

By one of Ohbuchi's theorems (see Introduction) L = M2 is normally
generated if and only if, once a decomposition of V for c\{M) is fixed, \M\ has
no base point in t?,K(M2) where c e V is a characteristic of M, i.e. there does
not exist b in the base locus of \M\ such that 2b + 2[c] e K(M). In order to see
when this condition holds we use the already quoted lemmas of the paper [B-L-R]
(Lemma 1 and Lemma 2 in this paper).

1. Case M is of type (1,1, ^3)

la. Let (Y,P) = (EuPi)x(E2,P2)x{E3,P3), Ex elliptic curves, z = (zi,z2,z3) e
E\ x Eι x £3. We claim that L is normally generated if and only if zt φ 0 Vz.

Let {Eι,Pι) for 1 = 1,2,3 be principally polarized elliptic curves with Pt =
(0); observe that the characteristic of P is in (1/2)Λ/, where Λ' is the lattice of Y,
since P is symmetric.

We recall that K(M) = π~1(<z» and the base locus of \M\ is the inverse
image by π of the base locus of ®nH°(t*zP).

Thus L is normally generated if and only if 3 b in the base locus of
®nH°(t;2P) such that 2b e <z>.

If 3 i such that zt = 0, by Ohbuchi's theorem we recalled in the footnote
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of the Introduction, L is not very ample and then it is not normally generated
(in fact in this case obviously 3 b in the base locus of (J) H°(t*zP) such that
2b e <z».

Let Zj Φ 0 for every /.
Let d3 > 3; the base locus of ®nH°(t*zP) is the empty set if {ordz,} ϊ = l j 2 j 3 φ

{2,4,4} and Φ {2,2, /} for any I e N (we can see this considering first the case
ordz, > 3 V/ and then the case 3/ such that ordz, = 2 and then dividing the
case 3 / such that ordz, = 2 in the case Ijφi such that ordz, = 2 and the
case βj φ i such that ordz, = 2); if 3/, j with / Φ j such that ordz, = ordz7

= 2, for instance ordzi = ordz2 = 2, then the base locus of (£)nH°(t*zP) is
({0} x {z2} x Ei) U ({zi} x {0} x £3), thus in this case L is not normally
generated, in fact 3 be ({0} x {z2} x £3) U ({zi} x {0} x E3) such that 2b e <z>;
if {ordz,}1=1 2 3 = {2,4,4} for instance (ordzi,ordz 2,ordz 3) = (2,4,4), then the
base locus of '®nH\t*nzP) is (0,z2,3z3) U (0,3z2,z3) U(zi,0,2z3) U(zi,2z2,0) and
again L is not normally generated, because the double of everyone of these points
is in <z>.

Let ί/3 = 3; then the base locus of Q)nH°(t*zP) is the following set:

Since 2(σ(l)zi,σ(2)z2,σ(3)z3) φ <z> for all σ e ^ , we conclude that there is no
base point of \M\ in t{c]K(M2).

lb. Let (Y, P) be the product of the Jacobian of a curve C of genus 2 and of a
principally polarized elliptic curve (E,Pf) and let z = (zi,z2) e J(C) x E. If σ
is the hyperelliptic involution of C, choose one of the points that are fixed by σ
as the base point of Abel's map μ. Sometimes it will be useful to see C as the
Riemann surface y2 = p(x) with p(x) polynomial of degree 6 without multiple
roots; we will see C as the Riemann surface obtained by glueing two copies of
P 1 as described for instance in [F-R] p. 145; we will denote the two points
at infinity in the two copies of P 1 by Pj° and Pf. We can suppose ( 7 , P ) =
(J(C),Vι) x (E,Pf), with P' = (0).

We have to see whether there is a point b in f]n((Vι x E) U (J(C) x

{0}))rt/Zi ZΛ such that 2b e Z (in fact the characteristic of P is in (1/2)Λ', where

A7 is the lattice of Γ, since P is symmetric).

Case ord(zi) — 2. Observe that

ΠαF'x^U^OxίO}))^,^
n

= ( ( F 1 x E) U (J(C) x {0})) Π ((F z; x E) U (J(C) x {z2}))

Π ( ( F 1 x £ ) U (J(C) x {2z2})) Π ((V2\ xE)U (J(C) x {3z2}))

n
= (F 1 x E) Π (F z x £ ) = (F 1 Π Fz') x E.
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We see that 3b e {V1 Π V^) x E such that 2b e Z, in fact 3a e Vx Π F^ such that
2α G <zi>; since 2z\ = 0 one can write z\ = μ(R) - μ(S) with R and S in the
set of the points that are fixed by σ; thus we can take a = μ(i£) because
μ(R) eVιD Vz\ and 2/ι(Λ) = 0.

Thus in this case L is never normally generated.

Case ord(zi) = 3. We divide this case in two subcases depending on ord(z2).
• ord(z2) = 2 or ord(z2) > 3.

Observe that

f]((V1xE)Ό(J(C)x{0}))n{2uZ2)

n

= {{V1 x E) U (J(C) x {0})) Π {{Vι

zι xE)U (J(C) x {z2}))

n((V}ZixE)U(J(C)x{2z2}))

Π((VιxE)U (J(C) x {3z2})) Π ((Vz\ xE)U (J(C) x {4z2}))

n
= (F 1 x E) n (Vz\ x E) f\(Vlt x E) = (V1 Π F^ Π F^) x £".

By Lemma 3, F 1 Π F^ Π F2'Zi = 0. Thus M is globally generated and L is
normally generated.
• ord(z2) = 3.

Observe that

f)((VixE)U(J(C)x{0}))φitZ2)
n

= ( ( F 1 x E) U (/(C) x {0})) Π ((Fz', x £ ) U (/(C) x {z2}))

Π ( ( F 2

1

Z i x £ ) U ( 7 ( C ) x { 2 z 2 } ) )

= ( ( F 1 Π Fz', fΊ F i , ) x E) U ( ( F 1 ΓΊ F,1,) X { 2 Z 2 } )

U ( ( F 1 Π F i , ) x {z2}) U ((Vz\ fΊ F2'Z1) x {0})

= ( ( F 1 n F,1,) x {2z2» u ( ( F 1 n κ£,) x {z2}) u ((F, 1, n F 2 ' Z I ) X {0})

= ( ( F 1 Π Vz\) x {2z2}) U ( ( F 1 ΓΊ F,1,) x {2z2})2 ( z i Z 2 )U ( ( F 1 Π Vz\) x {2z2}) ( z i Z 2 ) )

where the last but one equality holds by Lemma 3.
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Observe that: 3 6 e F 1 Π Vz\ x {2z2} such that 26 e Z o

3b e ( ( F 1 Π Vz\) x {2z2})2 ( z i Z 2 ) such that 26 e Z <*

3b e ( ( F 1 ΓΊ F^) x {2z2})(zi[Zl) such that 26 e Z.
Thus it is sufficient to check when 3b e F 1 Π V]χ x {2z2} such that 26 E Z.

One can easily see that: 3 6 e F 1 Π F^ x {2z2} such that 26 e Z <̂>
3α e F 1 Π F^ such that 2α = zi <&
3S,QeC such that //(S) = μ(Q) + zi and 2μ(S) = zi <̂>
B ^ β e C such that μ(S) + μ(Q) = 0 and 2μ(S) = n <̂>
3 S, β e C such that S' + β e Kc and 2//(5) = z\ &
3SeC such that 2μ(S) = z\ {Q will be σ(S)).

Thus L is not normally generated if and only if there is a point S in C such
that it is not a ramification point and 6μ(S) = 0 (that is 6S e 3Kc) and z\ —
2μ(S).

Observe that 3P? + 3P? e 3KC and i φ P f 5 + 3P^°) = <l,x,x 2 ,x 3 ,^> =
{ocy - q{x) : deg q < 3, α e C}.

Thus there is a point S in C (= { j 2 = p(x)}) such that it is not a ram-
ification point and 65 e Â c if and only if 3 q(x) of degree < 3 and keC with
p(k) φ 0 such that q(x)2 —p(x) is a scalar multiple of (x — k)6 (S will be one of
the two points with x = k). Observe that the set of the curves of this type has
codimension 1 in the moduli space of genus 2 curves.

Thus we conclude the proof of this case.

Case o r d ( z i ) = 4 . We divide this case in three subcases depending on
ord(z2).
• ord(z2) = 2.

Observe that

= ((V1 x E) U (J(C) x {0})) Π ((V2\ xE)U (J(C) x {z2}))

n ((F2'2i x E) u (j(c) x {0})) n ((κ£, x E) U (J(C) X {Z2}))

n F2'Z1) x {z2}) u ((vz\ n Ki.) x {o})

= ((vι n F£,) x {z2}) u ((K,1, n K^,) X {O»,

where last equality holds by Lemma 3.
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We see that 3be{Vιf) V\Zχ) x {z2} such that 2b e Z, in fact 3aeVιf) V\Zχ

such that 2a = 0: since Az\ = 0 one can write 2z\ = μ(R) + μ(S) with R and 5
in the set of the points that are fixed by σ; thus we can take a = μ(R) because
μ(R) e V1 Π V\Zχ and 2μ(R) = 0.

Thus in this case L is never normally generated.
• ord(z2) = 4.

Observe that

f)((VιxE)U(J(C)x{0}))n{zitZ2)

n

= ((F 1 x E) U (/(O x {0})) Π ((F,1, x E) U (/(O x {z2}))

Π ((Fi, x £) U (J(C) x {2z2})) Π ((Fi, x £) U (7(C) x {3z2}))

U ( ( F 1 Π Fz' Π Fi z i ) x {3z2}) U ( ( F 1 Π V2\ n F3'Z1) x {2z2})

U ( ( F 1 Π F i , Π F3

!

z i) x {z2}) U ((F,1, Π F2'zi n F3'Z|) x {0})

= ( ( F 1 n vz\ n Fi,) x {3z 2 »u((F 1 n FZ , n F^,) X {2Z2})

u ( ( F 1 n F^, n Fi,) x {z2}) u ((FZ; n v\lχ n F3'ZI) X {O})

= U ((vιnvz\nvjZi)χ{3z2})φiίZ2)
«=0,...3

where the last but one equality holds by Lemma 3.
Obviously we can reduce to see whether 3 a e V1 Π Vz\ Π V\Zχ such that

2(α, 3z2) G Z that is 2a = 2z\.
But it is not possible that 3 5 G C such that 2μ(S) = 2z\, in fact, this implies

that 2μ(S) φ 0, that is S is not fixed by σ, and 4^(5) = 0, that is 4S e 2KC; but
2KC 3 IP? + 2 P ^ , ^f(2Pf + 2P%) = <l,x,x 2>, thus 45 e 2 # c implies 3^(x) of
degree < 2 such that (^) = 45 - 2Pf - 2Pf and this is absurd since (q) and
2Pf + 2P^° are symmetric for <τ while 45 is not because 5 is not fixed by σ.

Thus L is normally generated.
• ord(z2) = 3 or ord(z2) > 5.

Observe that

= ( ( F 1 x E) U (J(C) x {0})) Π ((Fz» x E) U (/(C) x {z2}))

Π ((F2 'z i x E) U (/(C) x {2z2})) ΓΊ ((F3 'z i x E) U (7(C) x {3z2}))

Π ( ( F 1 x E) U (J(C) x {4z2})) Π ( ( F x JE) U (J(C) x {5z2}))
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ΓΊ ((F2 'z i x E) U (J(C) x {6z2})) Π ((F3 'z i x £ ) U (/(C) x {7z2}))

n

= ( F 1 x £) ίΊ (Fz ' x E) Π (F2'z, x £) n (F3'z, x E)

= ( F 1 n F z

1

i n F 2

1

Z i ( Ί F 3

1

Z i ) x £ = 0.

where last equality holds by Lemma 3.

Case ord(zi) > 5. By Theorem 1 part b) in [B-L-R] (we recalled at the
beginning of this section) M is globally generated and then L is normally
generated.

lc. Let (7,P) = (/(C),Θ) with C Riemann surface of genus 3.
If C is not hyperelliptic and d^ > 5 then \M\ has not base points, by

Theorem 1 in [B-L-R]. Thus L is normally generated.
Suppose C is not hyperelliptic and d-χ> — 3. We want to see when

3b e V2Π F2

2Π F2

2 such that 2b e Z + μ(Kc). We can easily reduce to see
when 3be V2Γ\V2Γ\V%Z such that 2b = μ(Kc). This is equivalent to say
3T,Q,R,S,A,B<=C such that μ(T + β) = μ(R + S) + z = μ(A + B) +2z and
2μ(T + Q) = μ(Kc).
This is equivalent to say 3T,Q,R,S,A,Be C such that:

R + S + A + BeKc, 2{T + Q) e Kc, μ(T + Q) - μ(R + S) is of order 3.

This is equivalent to say 3 Γ, Q,R,S,A,B e C such that:

R + S + A + B e Kc, 2(T + Q) e Kc, T + Q +A + B ~ 2(R +S).

This is equivalent to say 3T,Q,R,S,A,Be C such that:

R + S + A + BeKc, 2{T+Q)eKc, T+ Q + 3{R + S) e 2KC.

If v : C —> H0(C,Kc)* is the canonical map, this is equivalent to say that
3T,Q,R,S,A,BeC such that v(R),v(S),v(^),v(B) are in the same line, the line
v(T)v(Q) is bitangent to v(C) in v(T) and v(β) there is a conic that cuts on v(C)
the divisor Γ + β-h 3(7^ 4- S).

Observe that if {q = 0} is a conic in />£. and Γ, Q, 7̂ , »S are four points on
{q = 0} with {Γ, β} # {^,5}, then a quartic C is such that CΠ {̂  = 0} = 3R +
3S + T + β if and only if C is {r\r\ + qg = 0} for a polynomial g of degree 2,
where {r\ = 0} is the line TQ and {r2 = 0} is the line RS. Besides in this case
{rx = 0} is bitangent to C in T and Q if and only if T = β or #(Γ) = gf(β) - 0.
Thus, "forgetting v", L is not normally generated if and only if a) and b) hold:

a) C is a smooth curve of the following type: choose a conic {q = 0} in P2

C

and four points on {q = 0}, Γ, β, î , S, with {Γ, β} ^ {R, S}; let the line TQ be
{n = 0} and the line RS be {rι — 0}; choose a polynomial g of degree 2 such
that, if T φ Q, g(T) = g(Q) = 0; let C be the curve {rλr\ + qg = 0}.

b) z = μ(T+Q)-μ(R + S) (Γ, β, Λ, S in a)).
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2. Case M is of type (I,d2,d3), d2 > 2.

2a. Let (Y,P) = (Eχ,Pχ) x (£2,^2) x (E3,P3), Et elliptic curves, z - (zi,z 2 iz 3) e
E\ x E2 x E3, w = (w>i, w2, w3) e E\ x E2x E3. We can suppose Pt = (0).
We have to see whether in

Π (({0} x E2 x E3) U (EX x {0} x £ 3 ) U (Ex xE2x {0}))nz+mw

n,m

there is a point b such that 2& e <z> φ <w>.
• Suppose first z, # 0 Vi.

Let </3 > 3; if {ordz,} i=slJ2J3 7̂  {2,4,4} and Φ {2,2,/} for any ZeiV, then

Π (({0} x E2 x E3) U (Eι x {0} x E3) U ( ^ xE2x {0}))nz = 0

and thus

Π (({0} x £2 x £3) U (£1 x {0} x £ 3 ) U (Ex xE2x {0}))nz+mw = 0;

if {ordzι} ί = 1 23 = {2,4,4}, for instance (ordzi,ordz2,ordz3) = (2,4,4), then

Π (({0} x E2 x E3) U (Ex x {0} x E3) U (Ex xE2x {0}))nz = (0, z2,3z3) + <z>
n

and P)m((0,Z2,3z3) H-<z»m w # 0 implies w e <z> but this is absurd, thus

Π (({0} x £ 2 x E3) U (i*! x {0} x E3) U (2*! x £ 2 x {0}))nz+mw = 0;

if {oτdZι}t=ι 2 3 = {2,2,/} with / > 3, for instance (ordzi,ordz 2,ordz 3) = (2,2,/)
with / > 3 , ' t h e n f)n(({0} x E2 x E3)U(Eχ x {0} x E3){J(Eχ x E2 x {0}))nz is
equal to

and f]m(({0} x {z2} x E3) U ({zi} x {0} x E3))mw Φ 0 implies w = z and this is
absurd, thus

Π (({0} x E2 x E3) U (Ex x {0} x £ 3 ) U (Eλ xE2x {0}))nz+mw = 0.
n,m

Thus if d3 > 3 then M is globally generated and L normally generated.

Let d3 = 3. Then f]n(({°} xE2* E*) u (^1 x {°> x ^3) U (Ex xE2x {0}))nz

is equal to

U (σ(l)Z l,σ(2)z2,σ(3)z3).
σeSz

First we see when there is a point b in P | w ( U < τ E ^ ( σ ( 1 ) z i ' σ ( 2 ) z 2 ^ ( 3 ) z 3 ) ) m M ; .
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Observe that Om(\JσeS2(σ(\)zuσ(2)z2,σ(3)z3))mw Φ0 if and only if

(σ(l)zu σ(2)z2,σ(3)z3) = (τ(l)zuτ(2)z2,τ(3)z3) + w = (γ(l)zι,γ(2)z2,γ(3)z3) + 2w

for some σ, τ, ye S3. This is true if and only if γ(ί) — τ(i) = τ(i) — σ(ί) for
1= 1,2,3, that is 2τ(ή = σ(i) + γ(i) for i= 1,2,3. Suppose (τ(l),τ(2),τ(3)) =
(0,1,2), thus 2(τ(l),τ(2),τ(3)) = (0,2,1). Observing first that σ(ι)Φy(ί) for
/ = 1,2,3, we see that (σ(l),σ(2),σ(3)) = (1,0,2) and (γ(l),γ(2),γ(3)) = (2,1,0)
or the contrary. Thus M is not globally generated if and only if w =
(ε\Z\,ε2Z2,ε3z3) with {ε\,ε2,e3} = {0,1,-1}. Observe that in this case 2(σ(l)zi,
σ(2)z2,σ(3)z3) e <z> © <w>. Thus L is not normally generated if and only if
w= {ε\Zι,ε2Z2,£3z3) with {ε\,ε2,ε3} = {0,1,-1}.
• Suppose only one of the z/s is equal to 0, for instance z3 = 0 and z\ φ 0,
Z2 Φθ.

If {ord(zi), ord(z2)} Φ {2,3} then f]n m(({0} x E2 x E3) U (Ex x {0} x E3) U
( ^ x £ 2 x {0}))nz+mw = f]m(E{ xE2x {6})mw = OJEX xE2x {mw3});ifw3 Φ 0
this set is empty and then M is globally generated and L normally generated;
while if W3 = 0 this set is equal E\ x £2 x {0} and obviously L is not normally
generated.

Now suppose {ord(zi),ord(z2)} = {2,3}; for instance ord(zi) = 2, ord(z2) =
3.

Then f\(({0} x E2 x E3) U (Ex x {0} x E3) U (£1 x E2 x {0}))nz = ({0} x {z2}
x E3) V(Eι xE2x {0}). It is possible that f]m(({0} x {z2} x E3)\J(Eι xE2x
{0}))mw φ 0 if and only if we are in one of the following five cases:

i) w3 = 0,
π) w\ = 0 and W2 = 0,
iii) ord(w3) = 2 and {ord(vvi),ord(w2)} ^ {1,3},
iv) ord(vt>3) = 3 and {ord(wi),ord(w2)} ^ {1,2},
v) {ord(wi),ord(w2),oid(w3)} s {1,2}.
In these cases L is not normally generated, in fact one easily sees that there

is a point b e f]m(({0} x {z2} x E3) U (E\ xE2x {0}))mw such that 2b e<z> 0
<w>: in the first two cases it is obvious, in the third one we can take
b = (w\,Z2 + H>2,0), in the forth case we can take b = (0,z2,w3) and in the last
case we can take b = (0,Z2,w3) or b = (w\,Z2 + W2,0).
• Suppose only two of the z/s are equal to 0, for instance Z2 = 0 and Z3 = 0
and z\ φ 0.

Then Π«(({°} χE2x E3) U (Eλ x {0} x E3) U (Eγ xE2x {0}))nz is equal to
(Eι x {0} x E3) U (E\ xE2x {0}).

It is possible that f]m((Eχ x {0} x E3) U (E\ x E2 x {0}))mvv # 0 if and only
if we are in one of the following four cases:

i) w3 = 0,
ii) w2 = 0,
iii) {ord(w2),ord(w3)}s{l,2},
iv) {ord(w2),ord(w3)}c{2,3}.
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In these cases L is not normally generated, in fact one easily sees that
there is a point b e f]m((E\ x {0} x E3) U (E\ xE2x {0}))mw such that 2b e
<z> 0 <w>; in the first two cases it is obvious, in the third one the
set Γ\J(Eι x {0} x E3) U {Ex xE2x {0}))mw contains Ex x {w2} x {0} and
E\ x {0} x {w3}, in the forth case, if for instance ord(w2) = 2 and ord(w>3) = 3,
the set (]m((Eι x {0} x E3) U (E{ xE2x {0}))mw contains E\ x {0} x {w3}.

2b. Let (Y,P) = (/(C),Θ) x (E,P')9 E elliptic curve, C Riemann surface of
genus 2, z = (zi,z2) e J(C) x E, w = (wi, w2) e /(C) x is.

Let (Γ', TV) be the abelian variety and the line bundle that arises from (Γ, P)
and from the subgroup <z>.

If we are in one of the following three cases
i) ord(zi) > 5
ii) ord(zi) = 3 and ord(z2) = 2 or > 3
iii) ord(zi) = 4 and ord(z2) = 3 or >5,

then TV is globally generated (we see this in case 1) and then M is globally
generated (as observed in [B-L-R] Remark 1.5) and thus L is normally generated.

Thus it remains to consider the following four cases:
i) ord(zi) = 2 and ord(z2) > 2,
ii) ord(zi) = 4 and ord(z2) = 2,
iii) ord(zi) = ord(z2) = 4,
iv) ord(zi) = ord(z2) = 3.

• ord(zi) = 2 and ord(z2) > 2.
Observe that

f]((VixE)U(J(C)x{0}))m+mw
n,m

If w\ φ 0 then f^\m{Vι Π V^)mWι = 0, in fact, if it contains a point then it must
contain at least 4 points because it is invariant for <ivi > + <zi > and on the other
hand it contains at most 2 points. Thus M is globally generated and L normally
generated.

Let w\ = 0; we have already seen that 3 b e (F 1 Π V*) x E such that 2b e Z,
in fact 3a E V1 ΠV^ such that 2ae(zι}: since 2zi = 0 one can write z\ =
μ(R) — μ(S) with R and S in the set of the points that are fixed by the hy-
perelliptic involution of C; thus we can take a = μ(R) because μ(R) e V1 Π V)χ

and 2μ(R) = 0. Thus L is never normally generated.
• ord(zi) = 4 and ord(z2) = 2.

Observe that
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O((VιxE)U(J(C)x{0}))nz+mw
n,m

= Π ( ( ( ^ n vl{) x {z2})u((Fz

1, n F£,) x {0}))mw.
m

If w2 = 0 this set is equal to

) u

Thus if w\ φ 2z\ this set is empty (because f)m{Vι Π V2Zϊ)mWι is invariant for
<2zi> + <wi> •), thus M is globally generated and L is normally generated.
While, if w\=2z\, then L is never normally generated (in fact 3b e
( F 1 Π Vjzι) x E such that 26 e Z, in fact 3β e F 1 Π V\Zχ such that 2α = 0: since
4zi = 0 one can write 2z\ = μ(i?) - μ(S) with 7? and S in the set of the points
that are fixed by the hyperelliptic involution of C; thus we can take a = μ(R)
because μ(R) e V1 Π V\Zχ and 2μ(R) = 0.)

Now let w2 Φ 0. Call Am = ( ( ( F 1 ΓΊ F ^ ) x {z2}) U ((F^ ΓΊ F ^ ) x {0}))^.
Consider for instance the intersection of the first piece of Ao with the two pieces
of A\\ we obtain

x n v\zχ) x {z2}) n ( ( F ^ n vlι+j x {z2 + w2}))

u ( ( ( F 1 n F ^ ) x {z2}) n ((vz\+wι n κ^ 1 + w i ) x {w2})).

If v̂ 2 ^ z2 this set is empty. If w2 = z2 we obtain ( ( F 1 Π F ^ ) Π ( F 1 Π F ^ ) ^ ^ ^

x {z2}; suppose F 1 Π F ^ = {a, a + 2zi} and then ( F 1 Π F2

1

2 i)Z i + V V i = {« + Zχ + w b

α + 2zi + z\ + wi}; thus it is necessary for ( F 1 Π F ^ ) Π ( F 1 Π F2

1

Zi)Zi+VVi ^ 0

that zi = wi or z\ — —w\ or 3zi = — w\ and this is impossible since <z> ^ <w>.

Thus if w2 7̂  0 then M is globally generated and L is normally generated.

• ord(zi) = ord(z2) = 4.
Since ord(w) | ord(z) = 4, ord(vv) must be 2 or 4. Observe that

Π ((F 1 x £) U (/(O x {0}))nz+mw = Π f Π ( ( ^ x ̂ ) U (/(C) x {0}))nz

where B = ( ( F 1 Π Vz\ Π Vjzι) x {3z2}) U ( ( F 1 Π Fz' Π F ^ ) x {2z2}) U {{Vz\ ΠV^ Π
F3'Zi) x {0}). If w2 = 0 we have that f]mBmw is equal to

(fl(F' n vz\ n F ^ U , x {3z2Λ u (f](vι n FZ', n v\zχ^ x {2z2Λ
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Consider f]m{Vx Π Vz\ Π V\Zχ)m^\ it is invariant for wx. If o r d ( w i ) = 4 if
it contains a point it must contain 4 points and this is absurd, thus it is empty.
If ord(wO = 2, let F 1 Π Vz\ = {aha2} and then V2\ Π V\Zχ = {aλ + zua2+z{};
it is necessary for F 1 Π F^ Π F ^ ^ 0 that α2 = αi ± zi; thus, if f ] ^ 1 Π F^
Π F 2 z )mM, 7̂  0 then a\ (and α2) must be invariant for w\ and this is absurd.
Analogously the other pieces. Thus M is globally generated and L is normally
generated.

Suppose now w2 Φ 0. If ord(w2) = 4 then ord(w) = 4 and thus f]mBmw =
0. Suppose ord(w2) = 2; if ord(wi) = 4 we have immediately that f]mBmw =
0 because for instance ( F 1 Π F^ Π F2

!

Zi) Π(Vιf] Vz\ Π F2

1

Zi)2vv i = 0; if ord(wi) =
2 it is necessary for (~}mBmw Φ 0 that w2 = z2 or vv2 = 3z2 and this is absurd
because ord(w2) = 2 while ord(z2) = 4; thus M is globally generated and L is
normally generated.
• ord(zi) = ord(z2) = 3.

Since ord(w) | ord(z) = 3, ord(w) = 3. Observe that

= 0(((vι n FZ>) x {2z2}) u ((vι n κ£,) x {z2» u ((v^ n F2'ZI) X {o}))mw
m

If w2 = 0 this set is

( ( F 1 n v^n(F1 n κi)wi n ( F 1 n F ^ ) ^ ) X {2Z2}

u ( ( ^ n F^)n (Fi, n F ^ ) ^ n ( F ^ n vz\)2j x {o};

and this is empty because ( F 1 Π Vz\) Γ\(VιΠ Vz\)Wχ Π(VιΠ Vz\)2wχ is invariant for
w\ thus if it contains a point then it must contain at least three points and this is
absurd. Thus M is globally generated and L is normally generated.

Suppose w2 Φ 0. It is necessary for

0(((Vι n Fz>) x{2z2}) U ( ( F 1 n F2'Z1) x {z2}) U ((F,1, U F£,) x {0}))miv # 0 that

W 2 = 2z2 and ( F 1 Π Vz\) Π ( F 1 Π V^ )Wι Π (V,\ Π F^, )2H,, # 0

or

w2 = z2 and ( F 1 ΓΊ Fz',) Π (Vz\ Π F^, )w, Π ( F 1 Π F^, ) M ^ 0;

but both cases are impossible, for instance consider the first one: if w\ =

o(F> n F, 1 , )n(F 1 n vjzι)wι n(vz\ n F ^ ) ^ , = F 1 n FZ n F ^ =0, if Wι # 0 the
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set (VιnVz\)n{Vιnvlι)WιΓι(Vz\nvlι)2m is invariant for wu thus if it
contains a point then it must contain at least 3 points and this is absurd. Thus
M is globally generated and L is normally generated.

2c. Let ( 7 , P) — (/(C),Θ) with C not hyperelliptic Riemann surface of genus
3. Let dτ> > 5. Let (Y',N) be the abelian variety and the line bundle that arises
from {Y,P) and from the subgroup <z>. Then N is globally generated by
Theorem la in [B-L-R] and then M is globally generated (as observed in [B-L-R]
Remark 1.5) and thus L is normally generated. Q.E.D.

Remark 1. Theorem 1 characterizes normally generated line bundles on
abelian threefolds except for the case (Y,P) = (/(C),Θ) with C hyperelliptic
Riemann surface of genus 3 and for the cases ( 7 , P) = (/(C),Θ) with C not
hyperelliptic Riemann surface of genus 3 and M of type (1,1,4) or of type
(1,^2,^3) with d2 > 2 and d3 < 5.

If (Γ, P) = (/(C),Θ) with C hyperelliptic Riemann surface of genus 3 and
M is of type (1,1,3) one can prove that generically L is normally generated.

In fact:
Let C be the curve y2 — p(x),p(x) polynomial of degree 8 without multiple

roots; we see C as the Riemann surface obtained by glueing two copies of P 1 as
described for instance in [F-R] p. 145; let Pf° and P™ be the two points at infinity
in the two copies of P 1 .

L is not normally generated if and only if 3 b = μ(Po + go) = μ(P\ + Q\) + z
= μ(P2 + Qi) +2zeV2Γι V2 Π V2

Z such that 2b e <z> + μ(Kc).
We recall that KQ = 2g\ where g\ is the linear system of degree 2 and of

dimension 1 on C. Besides observe that ££{2Pf +2P^°) = <l,x,x 2>, thus the
divisors given by the sections of Kc{^2Pf -\-2Pf) are invariant for the hy-
perelliptic involution.

One can suppose 2b = μ{Kc). Observe that it is not possible that Po =
tf(βo) where σ is the hyperelliptic involution; in fact in this case μ(Po + QQ) = 0,
then μ(P2 + Qi) = z, then 3μ(P2 + Qi) = 0, then 3(P2 + Qi) - 3PJ° + 3P^°; but
if(3Pf ) + 3Pf) = <l,x,x 2 ,x 3 > 5 thus this implies that P2 = σ(Q2) and then z = 0,
which is absurd.

Thus L is normally generated if and only if 3P, ,β, / = 1,2,3 such that

^CPo + βo) = μ{P\ + Q\)+z = μ(Pi + Qi) + 2z and Po = σ(P0) and Qo = σ(Q0).

Observe this is equivalent to: 3P,, Qxi = 1,2,3 such that μ(Po + Qo)—μ

(Pi + β i) = z = 2μ(Λ + βj), Po = <τ(Po), δo = σ(β 0 ) , P 2 = σ(Px)9 Q2 = σ(βi)

(modulo changing P with 2). This is equivalent to: 3Pι,Qiί= 1,2 such that

Λ) = <τ(Po), βo = σ(βo),

(1)

(2)
and z =

Observe that

+4P2°°) = <l,x,x 2 ,x 3 ,x 4 , y}
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and

J?(6P? + 6P2°°) = <\,x,x2,x\x\x5,x6,y,yx,yx2).

Thus (1) is equivalent to say that there are a polynomial of degree <2,r(x), and
a polynomial of degree <6, #(x), such that the divisor given by yr(x) + q(x) on
C is 6Pχ + 6βi that is

</2(x) - P(x)r2(x) = (x- xPι)
6(x - xQι)\

and (2) is equivalent to say that there are a polynomial of degree <4,s(x), such
that the divisor given by y — s(x) on C is 3P\ + 3Q\ + PQ + βo that is

•S2W - />(*) = (* ~ χPo)(x ~ xQo)(x ~ χPι)\x ~ xQxΫ,

that is

p{x) = s2(x) - (x - xPo)(x - xQo)(x - xPι)\x - xQxγ\

but, by a calculus of dimensions, there is a p(x) of degree 8 without multiple
roots that doesn't satisfy the last equation.

PROPOSITION 1. (Small generalization of Birkenhake-Lange-Ramanan's
Theorem on global generation of primitive lines bundles on abelian threefolds in
[B-L-R]). Let X be a complex torus of dimension three and M an ample line
bundle on X of type (1,^2,<fe) such that d3 > 2. Let π : (X,M) -> (Y,P) be an
isogeny with π*P = M,(Y,P) p.p.a.v. and such that kerπ {and then kerπ, where
π:Ϋ^X is the dual isogeny) is isomorphic to Ίj/di® Z/d^. Let Z := φpl

(kerπ) ~Z/d2@Z/d3 in Y.

1. Suppose first that d2 = 1. Let Z = <z>.

la. Let (Y,P) = (EUPX) x (E2,P2) x (^3,^3), Eι elliptic curves, z = (zuz2,z3) e
E\ x E2 x £3. Then M is globally generated if and only if zι Φ 0 V/, ί/3 > 4 and
{ordzi,ordz2,ordz3} φ {2,4,4} and φ{2,2,/} for any leN.

lb. Let (Y,P) = (/(C),Θ) x (E,Pf), E elliptic curve, C Riemann surface of
genus 2, z = (zuz2) e J(C) x E, zt Φ 0 i = 1,2.

Then M is globally generated if and only if we are not in one of the following
four cases:
• ord(zi) =2
• ord(zi) = ord(z2) = 3
• ord(zi) = 4 and ord(z2) = 2
• ord(zi) = ord(z2) = 4 and V1 Π Vz\ Π V\Zχ = 0.

lc. Let {Y,P) = (J(C),Θ) with C Riemann surface of genus 3.
If di > 5 and C is not hyper elliptic, M is globally generated.
If d$ = 3 then M is not globally generated.
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2. Suppose now that d2 > 1. Let Z = <w> © <z> with ord(w) = d2 and ord(z) =
d3.

2a. Let (Y,P) = (EuPι) x (E2,P2) x (£3,^3), ^i β//i>ftc cwmtf z - (zuz2,z3) e
E\ x E2x £3, w = (wi, H>2, w3) e ^ x ^ x £3.
• Suppose zτ φ 0 V/. If di > 3 then M is globally generated. If d3 = 3 ί/ze« M
w woί globally generated if and only if w = (£izi,ε2z2,ε3z3) with {εi,ε2,ε3} =
{0,1,-1}.
• Suppose only one of the zt

9s is equal to 0, for instance Z3 = 0 and z\ φ 0,
Z2 Φ 0. 7%e« M is not globally generated if and only if we are in one of the
following five cases:

i) w3 = 0;
ii) {ord(zi),ord(z2)} = {2,3}, w\ = 0 and w2 = 0;
iii) {ord(zi),ord(z2)} - {2,3}, ord(w3) = 2 and {ord(wi),ord(w2)} c {1,3};
iv) {ord(zi),ord(z2)} = {2,3}, ord(w3) = 3 and {ord(wi),ord(w2)} c {1,2};
v) {ord(z1),ord(z2)} = {2,3}, {ord(w1),ord(H;2),ord(w3)} c {1,2}.

• Suppose only two of the zt

9s are equal to 0, for instance z2 = 0 and Z3 = 0 β«rf
z\ φ 0. ϋΓλew M is not globally generated if and only if we are in one of the
following four cases:

i) u>3 = 0;
ii) w2 = 0;
iii) {ord(w 2),ord(w 3)}c{l,2};
iv) {ord(w 2),ord(w 3)}^{2,3}.

2b. Let (Y,P) = (/(C),Θ) x (E,Pf), E elliptic curve, C Riemann surface of
genus 2, z = (zi,z2) e /(C) x E, w = (w\, w2) e /(C) x .E.

7%e« M w not globally generated if and only if we are in one of the following
two cases:
• ord(zi) = 2, ord(z2) > 2 and w\=Q
• ord(zi) = 4, ord(z2) = 2 , vv2 = 0 α«ί/ w\ — 2z\.

2c. Lei (Y,P) = (/(C),Θ) w/YΛ C «0ί hyperellίptic Riemann surface of genus 3.
If d$ > 5 then M is globally generated.

Remark 2. Let (X, M) be an abelian variety with M an ample line bundle
of type (l,rf2,... ,dg) with dg > 2. One can conjecture that if L = M2 is not
normally generated then there exists an isogeny (X,M) —> (Y,P) such that
π*P = M, kerπ is isomorphic to φ , 7 ΛZ/J, and (Γ,P) is a nontrivial product
of p.p.a.v.'s. One can easily see that this conjecture is false: the dimension
of every component of the moduli space of abelian varieties of fixed type
(2έ/i,. ..,2dg) with d\ ... dg = d and such that the line bundles inducing the
polarizations are not normally generated is >(g(g + l)/2) — d, thus it is > 6 — d
if g — 3? it is > 10 - d if g = 4, it is > 15 - d if g = 5 ...; while the dimension of
every component of the set of the abelian varieties of that type and isogenous to
a non trivial product of p.p.a.v.'s is < 4 if g = 3, it is < 7 if g = 4, it is < 11 if



34 ELENA RUBEI

g = 5... thus if we consider the case g = 5 and d — 3 we find a counterexample
to the conjecture.
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