
T. NAKAJIMA
KODAI MATH. J.
21 (1998), 192-200

JOINT DISTRIBUTION OF THE FIRST HITTING TIME AND

FIRST HITTING PLACE FOR A RANDOM WALK

TADASHI NAKAJIMA

Abstract

A random walk on the real line starting from 0 is considered. A representation of
the Lapalace-Founer transform of the joint distribution of the first hitting time and the
first hitting place of the set (—00, — a) (a > 0) is obtained, which gives a relation with the
joint distribution of those of the set (— oo,0). The leading idea is Wiener-Hopf's
factorization theorem.

1. Introduction and the main theorem

Calculation of the distribution of the first hitting time or the first hitting
place is closely related to solving the ruin problem in probability theory and
boundary value problems for certain difference equations. F. Spitzer [4] studied
the distribution of maximum value of a random walk by a combinatorial
method. K. Nisioka [3] studied the distribution of the first hitting time and place
of a half-line of a biharmonic pseudo process.

In Chapter 18 of [2], W. Feller gave a general formula to calculate the
Laplace-Fourier transform of a joint distribution of the first hitting time and the
first hitting place of (-00, 0) for a general random walk on the real line starting
from 0. We state his result before stating our main theorem.

Let {Xn} be independent random variables with a common distribution F
and {Sn} the random walk generated by {Xn} That is, we set

Let σ be the first hitting time of (-oo,0), that is,

if min Si > 0 and Sn < 0
J<n-\ J

otherwise.
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All sets considered below are Borel sets. We set

Z7 / ̂  _ / P((J = ">Sσ G A)> A ^ (~CX)' 0)

ιτ.fi\A.) — \
[0, ΛC[0,oo).

For λ e /? and w > 0, we set the Laplace transform of Hn(A)

n=\

and the Fourier transform of H(u, •)

The convolution F\ *F2 of two finite measures F\, FΊ on /? is defined by

The following is known (Feller [2]).

LEMMA 1 ([2], XVIII.3, Lemma 1).

ι oo -un pO-

(1) log- - i

τ-rr = Σ— eaxF*"(dx).
l-χ(u,X) £ί » J-oo

Here F*n is the n times convolution of F, that is,

F*n(A)=F* *F(A).

In this paper we denote the Laplace-Fourier transform of a joint distribution
of the first hitting time and the first hitting place of (-00, -a) by χa(u,λ). In
order to state our result, we prepare some notation.

For a fixed a > 0, let τ be the first hitting time of (-oo,-α), that is,

( n if min (Λ + a) > 0 and Sn + a < 0
J<n-\

oo otherwise.

For n e N (N is the set of positive integers), we set

fr , ̂  ί P^τ = n^S^ A)> ^ c: (-00, -a)
Hn(A) = <

\0, ^c[-α,oo).

We set the Laplace transform

n=l
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and the Fourier transform of H(u, •)

Now we state our main theorem.

THEOREM 2. For u > 0 and λeR,
ι rN ιεv _ β-i(a+e)v i _ γ(u ;\

(2) 1 - χa(u, λ) = -Urn lim - - - - , * '̂ }

 x dv.v ' Λ f l V ' 2π«|θ N^OO)_N iv l-χ(u,λ-v)

In what follows, we shall prove this theorem and apply the theorem to an
example.

2. Proof of the main theorem

We set

M\—σ

(
n if Af/_ι < i, min (S/ - Ŝ ., ) > 0

M/_ι</<n-l

and SΛ - S«i_, < 0

oo otherwise,

where 7 = 2,3,....
For n e N we set

[0, Λc(-oo,α>)\[-α,0)

(3) Gn(A) = I ^P(Mj = n, SMj eA), A <= [-a, 0).

LEMMA 3. For any A c [—a, 0), we get

Gn(A) = Hn(A) + 53 Hrι * ̂ r2

x . v r1+r2=w,ri>l,r2>l

Note that SM^ e [-Λ, 0) if j > 2 and SMj e [-Λ, 0). For j > 2 and
α,0), we have

n-\

Σ P(Mj = n, SMj e A, M7_ι = r, SM^ e [-Λ, 0))
r=\
n-\ (

Σ P(σ = « - r,^ 6 ̂  - j;)P(M7_! = r,^^ e dy).
r=l J[-β,0)
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Therefore we get

Gn(A) = P(Mι = n, SMl eA) + Σ P(M} = n, SMj e Λ)
;=2

Hn-r(A - y)Gr(dy)

Λ-l

Then we get the conclusion by induction. Π

LEMMA 4. /w αw^ ^4 c (—00, — Λ), w^ ^/

(5) £rn(^) = jyn(^) + G,*Ht(A).
r+t=n,r>\,t>\

Proof. We know

71

Hn(A)=Hn(A) + Σp(Mj=n,SMjeA,Mj-l <n,SMj_l > -a).
J=2

Let j > 2. Since SM^ < 0,

- i, SM. e ̂ , M7_ι < n, S^j > -α)

Λ-l

r=l

n-1 Λ
= Σ P(σ - « - r, 5σ e ̂  - j)P(M7_! = r, Ŝ  e

f̂ J[-β,o)

Then we obtain

Λ-l f

Hn(A) = Hn(A) + V Hn-r(A-y)Gr(dy),
T^ί J[-β,o)

which proves the lemma.

For fixed w > 0, we set

n=\

Multiplying both sides by e~un in (4) or (5), and summing up in n, we can get the
following.
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LEMMA 5. For any A\ c [— α,0), we get

n=l

and for any AΪ c. (—00, — a),

H(u, A2) = H(u, A2) + G* H(u, A2).

Here G*H(u,A) = (G*H)(u,A) = (G(u, •) * H(u, ))(A) and H*"(u,A) = (H*n)
(u,A) = H(u, Γ(A).

Now for any K <=. (—00,00), we set

Kι =AΓn[-α,0)

and

^2 = ̂ π(-oo,-α),

and we extend G(u,A) and H(u,A) in the following manner:

G(u,K) = G(

and

LEMMA 6. For any K, we get

(6) H(u, K) + G(u, K} = H(u, K) + G * H(u, K).

Proof. Let K\ and KI be as above. Since K\ uA^ = ̂ π (— oo,0) and
= 0, we see that

n=l

So we obtain

G(«, ΛO + H(u, K) = H(u, V +

= H(u,K) + G*H(u,K). Π

Set
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Taking Fourier transform of both sides in (6), we get

(7) Xa(

LEMMA 7.
f .. 1 [N

 ew _ e-i(a+έ)v

H*n(u, dx)etλx = -lim lim - : - /(«, λ - v) dv.
J[-fl,0) 2π εlQ N-+CO ) _N IV

Proof We have

1 fN eιεv _ e-i(a+ε)v

—lim lim -
2π β|θ N^aoj_N iv

f# eιεv _ e-i(a+ε)v

= -lim lim
/>oo

J.oo

1 foo pΛ''

= ^-lim lim 7/*Λ(w,Λχ^
2πe|0 Λ^ooJ.^ J_^

IV

pΛ'' -ι(χ_e)v _ p-i(χ+a+ε)v

IV

Applying Dirichlet's integral to this, we get the result.

From Lemmas 5 and 7, we get

LEMMA 8.
I fN eιεv _ e-i(a+e)v j

y(w, λ) = —lim lim - : - - - - — - - - dv./ v ' } 2πε|θ Λr-,ooJ_^ iv l-χ(u,λ-v)

Now we show the main theorem in this paper.

Proof of Theorem 2. By (7) we get

Applying this to Lemma 8, we get the result. Π

Remark 9. Our conclusion holds for the signed measure F(dx) with total
variation V if Ve~u < 1. We will study such a case in [5].

3. An example

Let {Xt} be independent identically distributed random variables with
distribution having the density

/ Λ//?

x < 0,
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where 0 < α < β. Let {Sn} be the random walk generated by {Xι}. This
random walk is frequently appeared in the queuing theory. Customers arrive at
rate α and are served at rate β.

We know

«Λ. n _ X")

where 2p(u) = α -f β - y/(α
We denote

« ([2], XVIII.3, Example c).

and calculate

— — mil inn —
2πβ|θ #-κχ>J_tf

i r^ e
lίlΎl 1ίτΎl 1

2πi 40 N^CO J_N

iv

v
f(v\ //v/ ^v; αv.

l-v)
dv

It is easy to see that p(u) < α. Therefore/(v) has a pole at λ -f i(p(u) — α) in the
lower half plane.

Let 0 < r < R and consider the closed curve C1 = C\ u C\ u Cj, where

Cj = {v e C : v = reiθ,Q <θ<π},

Cl

2 = {veR:R>\v\>r},

C\ = {v E C : v = Reiθ,Q <θ<π}.

C1 is oriented counterclockwise.
By Cauchy's integral theorem we have

f e'sv

LT^
On the other hand, we have

—f(v)dv
viεRe"

f(Re'a)iRelβ dθ

-εRsmθ

1-
a+i(λ-Reiθ]

dθ

0 (as.R->oo).
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And we have

ire* dθ

1 P(«)
a+i(λ-retθ)

—in (asr—>0).

Thus for a fixed ε > 0 we have

eιεvv 1
- — lim - /(v) dv = - .

v v ' 2

Now we set C2 = C\ u Cf u Cf , where

C^ = {v e C : v = rew, -n < θ < 0},

C3

2 - {v e C : v = # ,̂ -π < θ < 0}.

C2 is also oriented counterclockwise.
Since v = λ — /a + z/?(w) is a pole of order 1 of /(v), by the residue theorem

we have

e-i(a+ε)v n( \

JC2 V

On the other hand

e-i(a+έ)v

lί,:
ίJ— π

α + iλ

e-i(a+ε)Re">

Reiθ

y(a+ε)Rsmθ

And for a fixed ε > 0

1 --(

—iπ (as r —>0).

•dθ
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Then we have

1 f W Λ —ί(β+β)v 1 nf

J_ ιim l__/(v)Λ = _ l + P
2πiN-*σo j_N v ^ ' 2 a +

Thus we get

This formula is the Laplace-Fourier transform of the distribution of τ and
Sτ. In the queing theory, the τ-th customer is the first customer finding out the
server who has kept free for time interval of length — Sτ which is longer than a.
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