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Abstract

The tangent bundle TM of a Riemannian manifold (M,g) admits a Riemannian
metric G called the Sasaki metric. The general forms of Killing vector fields on
(TM, G) are determined by Tanno [4]. The total space of the tangent sphere bundle
TλM is the set of all tangent vectors of (M,g) whose lengths are all equal to A(#0),
and it is a hypersurface of (TM, G). In the present paper we study Killing vector fields
on TλM which are fiber preserving. The main theorem of this paper shows that any
fiber preserving Killing vector field on (TλM, Gλ) is extended to a Killing vector field on
(TM, G). Moreover, we will find a Riemannian manifold (M,g) such that any Killing
vector fields on TιM is fiber preserving.

§ 1. Introduction

Let (M, g) be a Riemannian manifold of dimension n and V its Levi-Civita
connection. Let π : TM —> M denote the bundle projection. For each u e TM,
we denote by Vu the kernel of π * | Γ Γ M . We call it the vertical subspace of
TUTM. The connection map K : TTM -• TM corresponding to V is defined by

K(A) = lim τo(M(')) ~~ " for A e TUTM,
ί—•() /

where u(ή, —ε<t<ε, is a differentiable curve on TM satisfying «(0) = u,
ύ(0) = A, and TQ(W(/)) denotes the parallel displacement of u(ή from π(u(ή) to
π(ύ) along the geodesic are joining n(u(ή) and π(u) in a normal neighborhood of
π(w). For each u e TM, we denote by Hu the kernel of K\TuTM. We call it the
horizontal subspace of TUTM. At each point u e TM, the tangent space TUTM
is decomposed as a direct sum VU®HU. Then the Sasaki metric G on TM is
defined by

G(Z, W) = 0(π*(Z),π,(WO) + g(K(Z),K(W)) for Z, W e TTM.

We need some notation to explain the main result of this paper. !F{M) denotes
the ring of all C00-functions on M, 9C{M) the JΓ(M)-module of all C00 -vector
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fields on M. For X e X(M), there is uniquely X^ e X(TM) and uniquely
JirF e aΓ(ΓΛί) such that

π*(JT") = X, K(XH) = 0, π*(Xv) = 0, ^ ( I κ ) = X.

We call A^ the horizontal lift of X and Xv the vertical lift of X. For
F e «r(M), we define Fc e &{JM) by Fc(u) = uF for u e ΓM. JT G ar(Af) has
a unique lift Xc to ΓM such that (XC)(FC) = (XF)C for any F e J^(M). We call
it the complete lift of X. For each u e TM, there is a unique isomorphism
Iu'Vu-> Tφ)M such that (IU(Z))(F) = Z(FC) for any F e #"(M) and Z G Γw.
Let C be a tensor field of (1, 1) type on M. Then we define iC e X{TM) and
*Ce&(TM) by

(ιC)u = (/-1 o C)(u) (u G ΓM), * C = (/(iC))17.

For each A > 0, the set Γ λ M =f {ue TM\g(u,u) = λ2} is considered as a hy-
persurface of TM and / : TλM —• ΓM denotes the immersion. Especially we
call ^ M the unit tangent bundle of M. We denote by Gλ the induced metric
on TλM. We define a diffeomorphism fλ:TιM^TλM by /λ(w) = A «,
w e ^ M . Put σo = {«eΓM|^,M) = O}. For Zle&(TlM), we define
Z 1 G f(ΓM\σ 0) by

^ ^ ^ and

For ZλeaΓ(ΓAΛf), we define Zte%(TM\σ0) by Z 1 = (f*)~l(Zx). Z 1 is
tangent to TλM and ZA | r,iM =j*(Zλ). We_ρften consider Zλ to be a vector field
on TM\σo by the correspondence Zλ -> Zλ.

We call _ I e f ( Γ M ) a vertical vector field on TM, if I U 6 F « for any
u G ΓM. If Xλ

u G Fw for any u e TM\σ0, Xλ e &(TλM) is called a vertical
vector field on TλM. We call Z e X(TM) a fiber preserving vector field on TM,
if the commutator product [Z, X] is a vertical vector field on J!M for any vertical
X G X(TM). If the commutator product [Zλ,Xλ] is a vertical vector field on
TλM for any vertical Xλ e X(TλM), Zλ e 9£(TλM) is called a fiber preserving
vector field on TλM.

The main purpose of this paper is to prove that any fiber preserving Killing
vector field on (TλM,Gλ) is extended to a Killing vector field on (TM,G).
Namely we show the following.

THEOREM. Let Zλ be a Killing vector field on (TλM, Gλ) which preserves
the fiberes. Then there exists a Killing vector field Z on (TM, G) such that Z is
tangent to TλM and Z\τχM =j*(Zλ).

Conversely, let Z be a Killing vector field on (TM,G) which is tangent to
TλM. Then there exists a fiber preserving Killing vector field Zλ on (TλM, Gλ)
such that jl{Zλ) = Z\T,M.

Remark. If a Killing vector field Z on (TM, G) is tangent to TλM, then Z
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is automatically a fiber preserving vector field on (7Άf, G). We will see it in the
proof of Theorem.

This theorem and the result of Tanno [4] imply the following.

COROLLARY. Let

(i) X be a Killing vector field on (M,g),
(ii) P be a {\,\)-tensor field on M, which satisfies

(i-1) VP = 0, and
(ii-2) g{PU, V) + g(U,PV) = 0 for any U,Vε ΘC{M).

Then (Xc + IP)\J*M ^ considered as a fiber preserving Killing vector field on
(TλM, Gλ).

Conversely every fiber preserving Killing vector field on (TλM, Gλ) is of this
form.
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§2. Fiber preserving vector fields

Let (M,g) be a Riemannian manifold. For a chart (U,φ) of M, a chart
(π~ι(U),φ) of the tangent bundle TM is naturally defined by

where φ(p) = (xι(p),... ,xn(p)) for pel/. Using these charts, the horizontal
subspace Hu and the vertical subspace Vu, u e TM, of TUTM are expressed by

and the components of the Sasaki metric G given by

where 1^, ij,k= l,...,/ι, denote the ChristofFeΓs symbols of the Riemannian
metric g and there the Einstein convention for the summing is used. Let I b e a
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vector field on M. Putting X = Xk(d/dxk) on U, we get

χH χ k Γ l χ J χ V χ k

dxι dyk

on π~ι(U).
Let Z be a fiber preserving vector field on TM and put Z =

Zk(d/dxk) + Zk+n(d/dyk) on T Γ " 1 ^ ) . From the definition of fiber preserving
vector field, we can see that conditions

i z * = 0 for*, / = 1 , . . . , Λ
ay

are a necessary and sufficient condition for Z to be a fiber preserving vector
field. For example, the complete lift Xc of a vector field X on M, and iC for
a tensor field of (1, 1) type on M are fiber preserving vector field. For a fiber
preserving vector field Z on TM, we define a vector field Z on Λf by ( Z ) π ^ =
π*(ZM), M G ΓM. Let πλ : TλM —> M denotes the projection. For a fiber pre-
serving vector field Zλ on TλM, we define also a vector field on M by
& λ λ ueTλM.

PROPOSITION 1. If Z is a fiber preserving Killing vector field on {TM, G),
then Z is a Killing vector field on (M,g).

Proof. In a neighborhood of an arbitrary point «o e TM, we use the
coordinates such that I^(π(«o)) = 0. Let LzG denote the Lie derivative of G
with respect to Z. From the conditions that (LzG)(d/dx\d/dxj) = 0, we have
that

+ A Z*

+ ̂  fe + to^Γ^V) + ̂ y Z*+« toΓί/ = 0,

and hence, we see immediately that (Lzg)(d/dx\d/dxJ)π^ = 0 . •

This Proposition is not used in this paper, but the method of the proof is
applied to prove the following Lemma 1, (i).

Now we study fiber preserving Killing vector fields on (TλM, Gλ). We
denote by i(M,g) the Lie algebra of Killing vector fields on (M,g).
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LEMMA 1. If Zλ is a fiber preserving Killing vector field on (TλM,Gλ), then
we have that

(i) £ei(M,g)9

(ii) Zλ\TμM E i(T"M, Gηfor any μ>0,

(iii) Zλ € i(ΓMVo^G7)* where we Put G' =J*\TM\U*>

(iv) There exists ~Zλεi(TM,G) such that ~ZΪ\TM\σo = Z*.

Proof, (i). In a neighborhood π~ι(U) of an arbitrary point wo e TλM, we
use the coordinates such that Γ/j(πλ(u0)) = 0. The horizontal lifts (d/dx*)1*
and (d/dxj)H of vector fields d/dxι and d/dxJ on £/ are tangent to TλM at any
point of π~ι(U) nTλM, hence they can be considered as vector fields on
(πλ)~ι(U). Then we see that

This implies that L^g = 0 at each point πλ(uo) of M. We proved the first
statement of Lemma 1.

(ii). Let W = Zλ\TμM. Suppose that Aλ and Bλ are arbitrary fiber pre-
serving vector fields on TλM. At any u e TμM, we have that

\z\ (f

- GK([Z\A*}\TμM,B*\TμM) - G"(A*\TμM,

= ZλG(Aλ,Bλ) - G([Z\Aλ],Bλ) - G(Aλ, [Zλ,Bλ]).

Since Zλ, Aλ and Bλ are fiber preserving vector fields on TλM, there exist Z', A1,
Bk e^{R") a n d Z ' + " , A ' + n , Bk+n e ^ { R 2 " ) , i, j , k = l,...,n such t h a t
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Here, we define a function r on TM by r(u) = \/g(u, u) (u e TM). From the

definition of the extended vector fields Zλ, Aλ and Bλ, the vertical parts of Zλ, Aλ

and Bλ are in proportion to the value of the function r, and hence we see that

Z -Z{x,...,x)δ. + λ Z

A~i-A'(xι

 x " ) J - + L . A ( x x ^ - J_
A - Λ ( x , . . . , x ) d χ J + λ A y x , . . . , x , r ,..., r JdyJ,

& = B ( x , . . . , x ) ^ + T B { χ , . . . , χ , — , . . . , — } — k .

Then, for any u e TμM, we have

- ((i -

and hence
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Therefore, we get

= 0.

The last equality in the above follows from Zλ ei(TλM,Gλ) and (i) of this
lemma. We proved the second statement of Lemma 1.

(iii). Let Φ(M) = g(u, u) for u e TM\σo. Then the gradient vector field of Φ,
grad Φ = 2/(5/5/), is orthogonal to TλM at any point of TλM. Since we
know Lγλ grad Φ = 0, we have that

{LγλG'){A\ grad Φ) = 0, (L^G'Xgrad Φ, grad Φ) = 0

for any Aλ e 3f(TλM). The statement (iii) follows from this fact and (ii) of this
lemma.

(iv). L
know that

lemma. ,
(iv). Let Zλ = Zλ {d/dxk)+Zλ (δ/dyk). From (iii) of this lemma we

on TM\σo, which implies that

Since Z^i s a fiber preserving vector field on TλM, we may suppose that
(d/dyι)Zλ = 0. Differentiating the left hand side of the formula above with
respect to yι, we get

d2
τk+n

Putting i—j in the formula (f), we have that

Therefore, putting / = i in the formula (f), we have that
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Hence we get (d2/dyιdyi)Zχm = 0 for n < m < 2nLm From the definition, Z1™ are
in proportion to the value of the function r, Zλ is of the form

where A™ are some functions on Rn. Since Zλ is a smooth function on
TM\σo, we see that

A%(x\...,xη=&m(xι,...,xn,0,...,i,...,0)etF(Rn),

for each m with n < m < 2n. Therefore, Zλ e ^(TM\σo) is extended__to a

differentiable function on TM, hence Zλ can be extended to a vector field Zλ on
TM such that

on TM\σ0

onσ 0

where y° : M —• TM denotes the natural immersion. This satisfies the equations
L=G = 0 on <τo. We proved all statements of Lemma 1. •

Before we prove Theorem, we review the results of Tanno ([4], Theorem A.).
For X £ X(M), we define X* e X(TM) by X* = Xv +* ( 7 » , where Tx is

a tensor filed of (1, 1) type on M such that

g(TxU, V) 4- 0(tf, VKJΓ) = 0 for any U,Ve X(M).

The general forms of Killing vector fields on (TM, (?) are given by

THEOREM A. (Tanno) Let (TM, G) be the tangent bundle with the Sasaki
metric of a Riemannian manifold (M,g). Let

(i) X be a Killing vector field on (M,g),
(ii) P be a (1, \ytensor field on M, which satisfies

(ii-1) VP = 0, and
(ii-2) g(PU, V) + flf(tf,PV) = 0 /or α«j; C/,Fe ar(Jlf),

(iii) Y be a vector field on (M,g), which satisfies
(iii-1) (V2Y)(U, V) + (V2r)(F, C/) = 0 for any U,Ve X(M), and
(iii-2) R(W,Tγ(U))V + R(W1Tγ(V))U = Ofor any U,V,We%(M).

Then the vector field Z on TM defined by Z = XC + ιP+Yφ is a Killing vector
field on (TM, G). Conversely every Killing vector field on (TM, G) is of this form.

Now, we will prove Theorem.

Proof of Theorem. By (iv) of Lemma 1, we have the necessary condition.
By the results of Tanno, we will prove the converse part of Theorem. Suppose
that there exists a Killing vector field Z on (TM, G) such that it is tangent to
TλM at any point of TλM. By Theorem A, there exists a Killing vector field X
on (M,g), a tensor field P of (1, 1) type on M and a vector field Y on M such
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that Z is decomposed as Z = Xc + iP + Γ # . It is easy to see that Xc and iP are
tangent to Γ λM at any point of TλM. Therefore Y* = Z - Xc - iP is tangent
to ΓλM. Hence, G(r # ,gradΦ)| M = 0 for any ueTλM. Put y = r(d/dx*).
We have

G{ Y*, grad Φ)\u = fty Γ / for any (j/)'* e iΓ, gkly
kyι = λ1.

We see that Y is identically zero on M, which implies Z = Xc + zP. Since Xc

and /P preserve fibers of TM, Z preserves fibers of TM. By Sasaki ([3], II,
Lemma 1), Z\τχM is considered as a Killing vector field on (TλM,Gλ). In
consequence

is considered as a fiber preserving Killing vector field on (TλM,Gλ). •

§3. An example

When M is the sphere of radius λ in the Euclidean space, there is a Killing
vector field on (TλM, Gλ), which is not fiber preserving [4]. In this section, we
will find a Riemannian manifold M, on which any Killing vector fields on the
unit tangent bundle are fiber preserving.

PROPOSITION 2. Let (M, g) be a space of constant curvature c, where the
dimension of M is greater than two and the curvature c satisfies —0.30 <
c < 0.32. Then every Killing vector fields on the unit tangent bundle are fiber
preserving.

Proof We will identify j$(TTλM) with TTM\τχM. For each u e TλM, set

H* = Hun TuT
λM, v£=Vun TuT

λM.

Then we have TuT
λM = H^ © V^ for each u e TλM. It is easy to see that a

necessary and sufficient condition that Z e ΘC(TλM) is fiber preserving is

(φsl(X) € Vλ

Uu) for any XeV^ue TλM,

where {φs\0 < s < ε} denotes a local 1-parameter group of local transformations
of Z. We need Lemma to prove Proposition.

LEMMA 2. If a vector field Z on TλM is not fiber preserving, then there exist
uo e TλM, YoeV^(YoΦ 0) and, % wiίA 0 < ε0 < ε> ^d i ίλαί ίλe horizontal part
of {Ψsϊ+iYo) is not zero on 0 < s < βo

/ From the assumption, there exist ueTλM, YeV*(YΦQ) and
t>0 such that ( W * ( m * t ( t t ) Set

to = sup{s\ -ε<s<t,
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Since ψs is continuous, we have to < t. Put

"o = <A,0(κ), Yo = {Ψt0)Λγ)> eo = t- to.

They satisfy the conditions stated in Lemma 2. •

The shape operator Aλ of TλM in TM is computed by Blair [1]:

for X e Hi
forXeV*.

Let R, R and Rλ denote the curvature tensor of (M,g), (TM, G) and (TλM, Gλ)
respectively. And let αΛ denotes the second fundamental form of TλM in
TM. Then the equation of Gauss of TλM in TM is

ΛA(JT> Γ,Z, » 0 = R(X, Y,Z, W) + <x\Y,Z)<x\X, W) - ocλ(X,Z)ocλ(Y, W),

for X, Y,Z,We TTλM. The curvature tensor R of (ΓAf, G) are calculated by
Kowalski [2].

Now we are in a position to prove the Proposition. Suppose that there
exists a Killing vector fields Z on (TλM, Gλ) which is not fiber preserving. Then,
by Lemma 2, there are u0 e TλM, Yo e V^{Gλ(Y0, Yo) = 1) and ε > 0 such that
the horizontal part of {φs)itt(Yo) is not zero on 0 < s < εo We define a vector
field P(,s), along the curve ψs{uo) of 7 W by P(s) = (ψs)*{Yo), 0 < s < ε0. Let

be the orthogonal decomposition of P(s). By taking eo suflSciently small, if
necessary, we may suppose Y(s) Φ 0 for 0 <L s < εo, because Y(0) = YQ φ 0. Put

j,X(s)), ΐorO<s<εo,

b(s) = /

( 0, for s = 0,

X(s)/a(s), for 0 < 5 < εo,

Y(s) = Y(s)/b(s), for 0 ^ ί < εo
Then we have P(s) - a(s)X(s) + b(s) Y(s) for 0 <, s < ε0. Remark that a(s) is
a continuous function satisfying a(s) φ 0 for_0 < s < εo We take a vector Yo
in F^ such that Gλ(Y0, ?o) = 0 and Gλ(Ϋ0, ? 0 ) = 1. Put P(j) = (^)»(F 0),
0 < s < εo, and let

P(s)=X(s) + Ϋ(s), X(s)eHλ

Uuo), Ϋ(s) e F * w

be the orthogonal decomposition of P(^). If necessary, we take εo sufficiently
small, and put
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a(s) = y/Gλ(X(s),X(s)), forO<s<εo,

b(s) = ψGλ(Y(s), Y(s)), for 0 < ί < εo,

ί 0, when a(s) = 0,

\ X(s)/φ), when φ) Φ 0,

Ϋ(s) = Ϋ(s)/b{s), for 0 < ί < εo.

Then we have P(s) = a(s)X(s) + b(s) f(s) for 0 <, s < εo. Since ψs is an iso-
metric mapping, we see that

1 = Gλ(Yo, ϊb) = Gλ(P(s)ίP(s))=a(s)2+b(s)2

ί

1 = Gλ(Fo, Fo) = Gλ(P(s),P(s)) = a(s)2 + b(s)2,

0 = Gλ{YOi Fo) = a(s)a(s)Gλ(X(s),X(s)) + b(s)b(s)Gλ(Y(s), Ϋ(s)).

On the other hand, from the definitions of X(s), X(s), Y(s) and Y(s), we have
that

for s = 0,

for 0 < s < εo,

Gλ{Y(s),Y(s)) = l, ΐorO<s<ε0,

Gλ(X(s),X{s)) < 1, for 0 < j < ε0,

GA(F(^), F ( J ) ) = 1, for 0 < s < εO

For each s with 0 < s < ε0, put k(λ,s) = Gλ(Rλ(P(s), P(S))P(S),P(S)). When M
is of constant sectional curvatures c, it is known that R(U, V)W is of the form

R(U, V)W = c{g(V, W)U-g(U, W)V}, for U, V, Ws TM,

and we have that

l,s) = (ad)2{c(l-Gλ(X,X)2)

- - c2(2g(πϊ(X), φs{u0)) g(π*(X), ψs(uo)) Gλ(X, X)
4

- g(πt(X), ̂ («o))2 - g«(X), Wo))2)}

+ g{πt(X),

, ΛΓ( Y)) *
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-g(πt(X),K(Ϋ)).g(πϊ(X),K{Y)))

- 1 c2(2g(nt(X), K( Y)) • ff(πί(Γ), K(Ϋ))

-g(πt(X),K(Ϋ))-g(πt(X),K(Y))

+ (bb/λ)2(l-Gλ(Y,Ϋ)2).

Especially, we know k(λ,O) = l/λ2. In the following we shall suppose that
λ = 1. Then we get

- 2

From this inequality there exists a positive number ε'o > 0 (ε'o < εo) such that, if
(6 - 2Λ/Ϊ4)/5 < c < -6 4- 2\/Ίθ, then k(l,s) < 1 for 0 < s < ε'Q. But since φs is
the isometric mapping, we know that k(l,s) = fc(l,0) = 1. This gives a con-
tradiction. Since (6 - 2>/Ϊ4)/5 < -0.3 and 0.32 < -6 + 2\/ΪΌ, we proved
Proposition. •
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