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ON THE FUNDAMENTAL INEQUALITY FOR

NON-DEGENERATE HOLOMORPHIC CURVES

NOBUSHIGE TODA

1. Introduction

Let
: C—>Pn(C)

be a holomorphic curve from C into the ^-dimensional complex projective space
Pn(C), where n is a positive integer, and let

be a reduced representation of /. We then write / as follows:

We use the following notation:

and for a vector a={au ..., an+0 in Cn+ι

{fly /) = βi/H hfln + i/n + 1,

The characteristic function T{r, /) of / is defined as follows (see [11]):

T(r, /)=-^-^logWf{reiθ)\\dθ
2ττ Jo

Further, put

U(z)— max \fj(z)\,

then it is known ([1]) that
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(1) T(r, f)=~[l7!ϊogU(reβ

Zπ Jo
We suppose throughout the paper that / is transcendental; that is to say,

r-oo log T

We denote by ρ(f) the order of / :

and by S(r, f) any quantity satisfying

O(logr) (r-oo) if p(f)<oo

S(r, / H
O(logrT(r,/)) (r-> oo, r<££) otherwise,

where £ is a subset of [0, oo) the measure of which is finite.
For meromorphic functions in \z\<oo we shall use the standard notation

and symbols of the Nevanlinna theory of meromorphic functions ([3]).
For α=(fli, ... , βn+1)eCn+1—{0} such that (α, f)Φθ, we write

and
N(r, α, /)=N(r,

Then we have

(2) T(r, /)=N(r, α, /)+m(r, α, /)+O(l) ([11], p. 76).

It is called that the quantity

ss/ A 1 i N(r, a, f) .. . £m(r, a, f)

is the deficiency of a with respect to /. By (2)

since m(r, a, / )^0 and N(r, a, / )^0 for r ^ l .
Further, let v(c) be the order of zero of (α, /(e)) at z=c and fora positive

integer k let
w*(r, α, / ) = Σ mm {v(c)y k).

\c\Sr

Then, we put for r>0

^(r, β, / ) = f ^ ^ α ' ^ - " ' ^ »' / } ^+nt(0, a, /)k*r
JO ί

and put
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ί»(α, / ) = l - l i m s u p J V ^ ' α ' - ^ .

It is easy to see that δ(a, f)<ίδk(a, / ) ^ 1 by definition.
We say that / is linearly non-degenerate (or simply, non-degenerate) if and

only if fu ... , fn+ι are linearly independent over C and that / is linearly de-
generate when / is not linearly non-degenerate.

It is well-known that / is non-degenerate if and only if the Wronskian
W(fu ..., fn+ι) of fu ..., fn+1 is not identically equal to zero. From now on
we suppose that / is non-degenerate.

Let X be a subset of Cn+i— {0} such that #X^n+l. We suppose that X
is in general position; that is to say, any w-f-1 elements of X are linearly in-
dependent. About 65 years ago, H. Cartan ([1]) proved the following funda-
mental inequality.

THEOREM A. For any au . . . , aq in X,

^N{r,aJy f)-N(r,l/W(flt . . . , / „

E.I. Nochka generalized this theorem to the case when / is linearly de-
generate (see [2], Chapter 3). Our first purpose of this paper is to give an
improvement of Theorem A.

Recently, we have introduced the following notion for holomorphic curves
in [7], which corresponds to the derivative of meromorphic functions when
n = l .

DEFINITION A. We call the holomorphic curve induced by the mapping

σr\ . . . , /r1, w(fu..., /n+1)): c —> cn+i

the derived holomorphic curve of / and express it by /*.

It is easy to see that /* is independent of the choice of reduced represen-
tation of / ([7]).

Let d(z) be an entire function such that the functions

fγηά 0 = 1, ..., n) and W(fu ..., /»+i)Λ*

are entire functions without common zeros. Then,

We proved the following in [7],

THEOREM B. (a) T(ry /*)^(n+l)T(r, /)-ΛΓ(r, l/d)+S(r, / ) ,
(b) /* is transcendental,

(c) p(f*)=p(f),
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(d) /* is not always non-degenerate.

Further, we introduced the following subset of X in [8], which corresponds
to the pole of meromorphic functions when w=l.

Λr(0)={α=(α1, ..., an+1)<=X: an+ι=O\.

It is easy to see that #Xφ)^n as X is in general position.
Let eu ..., en+1 be the standard basis of Cn+1. Then, we have

THEOREM C. For any au ..., aq^X-Xφ) (l£q<oo),

Σ3 m(r, aJf f)£m(r, en+u f*)+S(r, f)

(see Theorem 1 in [8] and [9]).

When Xφ) is empty, we can easily obtain Theorem A from Theorem B,
(a) and Theorem C, but Theorem C does not contain Theorem A when Xφ) is
not empty. It is desirable for us to give a result which contains Theorem A.
To that end, we shall introduce some new notions in Section 2, and in Section
3 we shall give a refinement of Theorem A and an improvement of the defect
relation. In Section 4 we shall give an improvement of the second mairί
theorem for moving targets obtained by M. Ru and W. Stoίl ([4]), which is the
second purpose of this paper.

2. Preliminaries and lemmas

Let / = [ / i , ..., /n+i], T(r, /), X and Xφ) etc. be as in Section 1.

DEFINITION 1. We put

tt(z)=max \fj(z)\

and

t(r, f)=^-[2π\og u(reiθ)dθ--^-<?1C\og u(eiθ)dθ .
Lit JO ZTΓ JO

It is easy to see the following properties of ί(r, / ) .

PROPOSITION 1. (a) t(r, f) is independent of the choice of reduced represen-
tation of f.

(b) t(r, f)^T(r, f)+O(X).
(c) N(r, l/fj)^t(r, /)+O(l) 0=1, ..., n).

As an improvement of Theorem B, (a) (=Lemma 3([7])), we can prove the
following
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LEMMA 1. T(r, f*)£T(r, f)+nt(r, f)-N{r, l/d)+S(r, / ) .

Proof. From the inequality

\d{z)V

<
~ \d{z)\

and from the fact that

U{Z) \n+ \Uz).~fn^z)\* ί

(see [1], p. 12-ρ. 15), we easily obtain our lemma by (1).

DEFINITION 2. We put

ω=lim inf-~τL^r- and fl=lim sup jζf *l^ r and fl=lim sup jζ l .

PROPOSITION 2. Ogα>^β^l .

Suppose now that X(0) is not empty and that X(0)—{bu ..., bv) (l<v£n).
Put

(6y,/)=G, 0 = 1 , . . - ^ ) .

DEFINITION 3. We express the holomorphic curve induced by the mapping

(Gi-Gp/r 1 -" , ..., d ..- GvfV
x~\ W(fu ..., fn+1)): C — ^ C w + 1

by /*.

It is easy to see that ff is independent of the choice of reduced represen-
tation of / as in the case of /*.

Let dv be an entire function such that the functions

G1 - G v /? + 1 "7dvO=l, ... > n) and W(fu ..., fn+1)/dv

are entire functions without common zeros. Then we have the following

LEMMA 2.

T(r, f*)£T(r, f)+(n-v)t(r, f)+±N(r, 1/Gj)-N{r, l/dv)+S(r, / ) .
3^
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Proof. We suppose without loss of generality that 61, ..., 6V, ev+ι, ..., en,
en+ι are linearly independent because bu ..., bv are linearly independent vectors
in X(0).

Now, put Π=Gi Gv and l—n— v. Then, we have the inequality

W I + + l / n ( z ) l + |/2r(*)/»+1(z) Λ+1(*)Γi

where W=W(fu ... f A+O From this inequality we easily obtain our lemme
as in the proof of Lemma 1 since

W(fu ..., fn+ι)=cvW(Gu ..., Gv, / v + 1, ..., / n + 1 ) (cvΦQ, constant).

As in the case of (b) and (c) of Theorem B, we can prove the following
properties of /*.

PROPOSITION 3. (a) / * is transcendental,

(b) p(f*)=p(f).

To prove this proposition we use the relation

W(fu...,fn+1) = A A

G\ Gυ

and the fact that for G = α i A + ••• +fl»/n

G _ » A ί rational if so are

7 Γ ~ /=4 β r 7 7 1 S t of order </o(A if ρ(fj/fι)<p(f) 0 = 2 , ..., n).

3. Fundamental inequality

Let f—ίfu ..., /n+i], T(r, /) , X and A(0) etc. be as in Section 1. Suppose
that X(0) is not empty and that

X(β)={bl9...,by}
We put

Q>,,f)=G, 0 = 1 , . . . , * ) .

We suppose without loss of generality that bu ..., bv, ev+1, ..., en, en+ι are
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linearly independent as in the proof of Lemma 2.

THEOREM 1. For any alf ... f α g £ l - I ( 0 ) ( l ^

0.

Σw(r, dj, f)£m(r, en+u fί)+S(r, f)
.7 = 1

<T(r, f)+(n-v)t(r, f)+^N{r, 1/G,)-N(r, 1/W)+S(r, f).

where W=W(fu ..., / β + 1 ) .

Proof. We have only to prove this theorem for q^n + l. Put

( α , , / ) = F , 0 = 1 , .. .,?)•

For any z(=£θ) arbitrarily fixed, let

Then there is a positive constant K such that

(3) ll/(*)l|£ff|F,p(*)| 0 > = n + l , . . . , ? ) ,

(4) IF^WI^ίfll/ίz)!! (^=1, . . . , ί )

and since the n+l-th elements of vectors a, are different from zero,

(5) \fn+1(z)\^K{u(z)+\FJp(z)\\ (p=l,...,q).

(From now on we denote by K a positive constant, which may be different
from each other when it appears in different places.)

( i ) The case when u(z)<\ FH{z) \.
Since \\f(z)\\^K\FH(z)\ in this case by (5), we have

(ii) The case when \FJι{z)\<u(z).
In this case, by using (5) we have

\\f{z)\\^Ku{z)

and by (3) we obtain

Γ 7 Ϊ TV K iiii/ωii < κ i r u(z) \G,{z)'"Gv{z)\u{
W ; M |(α,, /ω)| = Λ A |F,p(z)| Λ IG^.-G^F^)...

Here, we put

G t - / / , ( i=l , ..., v), FJp=Hv+p (p=l, ..., n)

and let
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Then for fc=2, ..., v

and we have for W=W(fu ..., fn+ι) and Π—d ••• Gv

( ? 0 (*}-K \H%ι(z)...H%n+ι(z)\

\u(z)»+ι-v \W(z)\

\W(z)\ \HH(z)-Htn+ι(z)\

z)\u(zr+1-" _ \W(HH, ..., Htπ+ι)(z)\

\W(z)\ \H%ι(z).. Hln+ι(z)\

since H%v ..., //*n+1 are linearly independent and

W(HH, ..., Htn+ι)=cW(Jlf ..., / n + 1 ) (cgfcO, constant).

From (6), (7) and (70 we obtain the inequality

Σ log \(a3, f(z))\ =1Og \W(z)\

+ Σ log+ \W(Htv ..., Hln+ι)(z)\
LI /«\ LJ / ^ \ | i υ & / v tHH(z).. Hln+1(z)\

where Σ o x ;n + 1) is the summation taken over all combinations (ju ..., jn+1)
chosen from {1, ..., q) which appear in the above argument when we vary z
in 0 < | z | < o o , and integrating this inequality from 0 to 2ττ with respect to θ,
where z—reίθ, we obtain the inequality

J ] m(r, aJf f)£m(r, βn+1, f*)+S(r, /)=(**)

since, by applying (1) to fϊ and to the fqllowing equality

,+ \Π(z)\u(zr^-> _ίnr.^t\π(z)\u(zr»-»
1 O g

\W(z)\ a " I \dj,z)\ ' \dv{z)\l " 6 \dv{z)\

ll/»(*)l"+ι-M^(«)|}

we have

. + I/Zίrβ' j luίrβ")"* 1 "" JO ~, tiΛ

losf ~—'.— d o:==: 1 ( Y t ) *
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by using N(r, en+1, fϊ)=N(r, l/(W/dv)) and we have for each (/„ ... , jn+ι)

1 r» \W(HH, . . . ,//, jK) |

&Γ). l 0 g |// t l(rO -. //,n+1(r«")| ^ ~ S ( r ' 7 )

as in the proof of Lemma 1 (see [1], p. 12-p. 15), and by Lemma 2

THEOREM 2. Let au ..., αg fo αn^ vectors of X such that the number of
elements of the set X(0)Γ\{au ... , aq} is equal to μ(Q^μ^n). Then, we have

h ( , ,, f)^(μ)(r9 f)+(n-μ)t(r, f)-N{r, l/W)+S(r, f),

where W=W(fu ..., / n + 1 ) .

Proof. We easily obtain this theorem from Theorem C and Lemma 1 for
μ=0. When l^μ^n, put

X(0)Γ\{au ...,αβ} = {αlf ..., aμ\

and

(aJf f)=Gj (j=h . . . ,/ i)

Then, from Theorem 1 we have

Σ rn(r, aJ} f)£T(r, f)+(n-μ)t(r, f)+ΈWr, 1/Gj)-N(r, 1/W)+S(r9 / ) .

Adding Σ?=iw(r, aJ} f) to both sides of this inequality we have this theorem as

, a}, f)+N(r, l/Gj)=T(r, f)+O(ϊ) 0 = 1, - , ^)

+l)T(r, f)+(n-μ)t(r9 /)^(n+l)T(r, /)+O(l)

since £(r, f)<T(r, f)+O(ϊ), and so Theorem 2 is an improvement of Theorem A.

COROLLARY 1 (Defect relation). Under the same circumstances as in Theorem 2,

In fact, from Theorem 2 we obtain the inequality

(q-μ-l)T(r, f)£ ΣJV ( ^ (

<ΈNn(r, aJf f)+(n-μ)t(r, f)+S(r, f)

by (2) for the first inequality and by the method used in [1], p. 14 for the
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second inequality, which reduces to our corollary as usual.

Remark 2. ( i ) μ+l+(n — μ)Ω<>n + l and the equality holds if and only
if μ~n or Ω—1.

(ii) If p(f) is finite, we can change Ω to ω in Corollary 1.

The number "μ+l+(n—μ)Ω" increases with μ (0£μ£n) when Ω<L If μ
increases to n when q tends to oo, the bound " μ + l + ( n — μ)Ω" of this corollary
increases to n+1 for any Ω<1. There exist, however, examples of X for
which μ does not increase to n even when q tends to oo and examples of
holomorphic curves with Ω<1 and, by using the following notion introduced in
[10], we obtain a refinement of the defect relation as follows.

DEFINITION B ([10], Definition 1). We say that
( i ) X is maximal (in the sense of general position) if and only if for any

Y in general position such that XdYcCn*\ X=Y.
(ii) X is v-maximal if X is maximal and #X(0)=v.

PROPOSITION 4. For any v(l<*v^n)t there is a v-maximal subset of Cn+1 in
the sense of general position ([10], Theorem 1).

COROLLARY 2 (Defect relation). Let X be a v-maximal subset of Cn+ί in the
sense of general position. Then, we have

In fact, when #{α e X: δn(a, f) > 0} < oo, there is nothing to prove by
Corollary 1. When #{a^X: δn(a, /)>0}=oo, it is countable by Corollary 1.
Let

| l δ ( /)>0} = {o1, α2, ...}

and without loss of generality we put

X(0)Γ\{au a2, ...} = {<*!, . . . , ap\

Then, by Corollary 1, for any q>0

and letting q tend to oo we have

Σ a»(α, /)= f
6l

since v is independent of q.
We here give some examples of / for which Ω<1. Let dj(j=l, ..., n) be

real numbers satisfying
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Example 1. A holomorphic curve for which Ω<1.
We consider the following holomorphic curve

Then, for z=reiθ(r>0),

exp(rαncos0) (θύθ<~, - |

and by (1) we have

T(r, f)=

On the other hand

u(z)=
exp(rαn_icos0) (θ^(?<y, - |

and we have

0>n-\

We have ω=Ω=an-ι/an, which is smaller than 1.

Example 2. A holomorphic curve for which Ω—0.
We consider the following holomorphic curve

Then, by a simple calculation we have

and t(r, f) is the same as that given in Example 1, so that Ω=0.

4. Extension of the second fundamental theorem

Let /=[.Λ, ..., / n + 1 ] , ||/(^)||, T(r, /) and U{z) be as in Section 1. We set

Γ~{a: meromorphic in |z|<oo, T{r, a)=S0(r, /)},

where S0(r, f) is any quantity satisfying

S9(r9 f)=o(T(r, /)) ( r - c o ) .



200 NOBUSHIGE TODA

Note that Γ is a field. Further we set

Γ + ={β(\aί\ + \a2\ + ••• + \ a n \ ) k : α , e Γ ; β>0, c o n s t a n t ; m ,

where N is the set of positive integers. Observe that

ijL-\t*log+(\al(rei$)\ + .- +\an(reiΘ)\)dθ^ Σ

From now on, we use K(z) as a representative for any functions of Γ+ for
brevity, and so K{z) may be different from each other when it appears in dif-
ferent places. Note that

From now on throughout the section we suppose that / is linearly non-
degenerate over Γ. Let

o , ~ f A > Ί holomorphic curve from C into Pn(C),
S0(f)=\A=lal9 ... , α n + 1 ] : ^ ^ ^ ^ ^ / }

and let X be a subset of S0(f). We suppose that #X~^n + l and X is in general
position; that is to say, for any n-fl elements

Λj = la1Jf ... , fln+u] (7=1, ... , n + 1)

of X, det(α^) is not identically equal to zero (see [10], §4). This is inde-
pendent of the choice of reduced representations of ^ G I It is clear that

Put

: α n + ί =0} .

DEFINITION C ([10], Definition 2). We say that X is v-maximal in the
sense of general position if and only if it satisfies the following conditions ( i )
and (ii):

( i ) X is maximal in the sense of general position that is to say, for any
subset Y of S0(f) in general position such that XdY(zS0(f), X=Y

(ii) #X(0)=v.

Remark 3. O^i^n.

PROPOSITION 5. For any v(l£v^n), there is a v-maximal subset of S0(f) in
the sense of general position ([10], Theorem 2).

We use the following notation in this section. For any A=[au ..., an+ι~]
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of So(/), we set

(A, f)=a1f1

Ji \-an+ίfn+ί

and

(A, f)(z)=a1(z)fι(z)+ ~ +an+ι(z)fn+ι(z)

Then we have the following (see [8], Proposition 2):

LEMMA 3. (a) aJajeΓ if a,Φθ.
(b) (A,f)Φ0.

We put for A of X

mir A f)-M2πloM
m{r>A>f)-2π)o 1O

\(A,f)(reiβ)\

N(r, A, f)=N(r, 1/04, /))
and

r> A, f)

PROPOSITION 6. (a) m(r, A} f)+N(r, A, / )=T(r, /)+S 0 (r, /) .

(b) 0 ^

These are trivial by definition.
For any A={_au ..., an+1'] and B=[blf ..., &n+i] of S o(/) such that α ; ^
O, put (A, f)—F and (5, f)=G. Then, we have the following lemma.

LEMMA 4. τ ( r , ~ * - ) ^ 2 n T ( r , f)+S0(r, / ) . ([8], Lemma 6)

For u4=[αx, ..., αn+i] of X, let α 0̂ be the first element not identically equal
to zero. Then, we put

, X(Q)={A:AfEX(u)}, \\Λ(z)\\ = \\A(z)\\/\aJo(z)\

and for (A} f)=F

Then, it is clear that X is in general position; that is to say, for any
elements

A%=(ga, . . . , ^tn+i) (/=1, ...

of X,

det(gτj)Φ0
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and gj^Γ by Lemma 3, (a).
Let / and X be those given above in this section. Then, we have the

following extension of the second fundamental theorem.

THEOREM 3. Let Au ..., Aq be any elements in X—X(0) (l£q<oo) and let
Bu ..., Bμ be in X(0) (O^μ^n). Then, for any positive number ε,

hm{r, AJ9 /)£(l + β)7(r, f)+(n-μ)t(r, /)+ Σ % Bh f)+S(r, / ) .
J = l 1=1

Proof. We suppose without loss of generality that q^n + 1. Put for / =

Λj = \_aJlt . . . , fl n + l]* Λj = (gJlf . . . , gjn + l), (Aj, f)—Fj

and for /=1, ..., μ

We may suppose without loss of generality that Bu ..., Bμ, eμ+u ..., en, en+1

are linearly independent over Γ since B1} ..., β^ are linearly independent over
Γ and belong to X(0).

For any integer p, let V(/>) be the vector space generated by

III flgpjk3'k) Σ Σ Pϋ> k)<p, p(j, k)^0 and integer}-

over C and

d(p)=άimV(p).

Then, V(p) is a subspace of V(p + 1) and

(8) liminf d(p + ί)/d(p)=l

by the reduction to absurdity since ί / ( ί ) < ( ( n + 1 ) ( < 7 + ^ ) + ί ) ( s e e [5], [6]).

Let

be a basis of V(p+Ϊ) such that

form a basis of V(/>). Then, it is clear that the functions

{btfk: ί=l , ..., <*(/>+l) fe=l, ...,

are linearly independent over C. We put for convenience

W=W(bιfι,btfu ..,bd{p+ι,fn+ί).
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Note that N(r, W0=S0(r, /).
Let z be a point of C— {0} where none of {Pj} qj=1 has poles. We rearrange

{̂ •(*)}%i as follows:

! F ^ ) | ^ F ^ ) | ^ ». £\FJn(z)\£ »• <\FJq(z)\,

where l ^ Ί, ... , jq^Lq.
We have for k^

(9) \\f(z)\\<K(z)\PJk(z)\

and for k — l, ..., (7

(10) \PJk{z)\^K{z)\\f(z)\\

We then have the following from (9):

We note that by Lemma 3, (a)

(12) \fn+i(z

since fl n+î O for any A^X—X(0).
( I ) The case when u(z)< \ FH(z)\.
In this case we have from (12)

\\f(z)\\£K(z)\PJk(z)\

and we have

dip)

(Π) The case when \FJι(z)\<u(z).

In this case we have from (12) for k—\

\\f{z)\\^K{z)u{z)

and we have for Πμ=\Gi ~ Gμ\ and Πμ=\Gι- Gμ\(μ^l), ΠO=ΠO=1
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(14) ( π " Λ ; " ) <K{z)

(πμ{z)mmF3k{)\γ^
by (10). Here, we put

Gt=βt (i=l, ... , μ)9 PJk=Hμ+k (*=1, ... , n

and let

Then, for fc=2, ..., ^

u(z)£K(z)\fftn+k(z)\
and we have

(140 (*)<K(z) ^

Now H%1, ..., // t n + 1 are linearly independent over Γ and it is easy to see
that

are linearly independent over C. Since Hj—{AJy f) or ffj=(BJt /), these func-
tions can be represented as linear combinations of

ibtfk: l<t

with constant coefficients:

{bιH%v b2Hlίf ..., bd{p)Hln+ι)—{bιfu b2fi, ..., bd(p+i)fn+ί)Dι

where Dx is an (n+l)d(/>-f l)x(w + l)d(/0 matrix whose elements are constants.
The rank of Dx is equal to (n+l)d(p). Let D2 be an (n+l)d(p+l)X(n+l)
{d(p+l) — d(p)\ matrix consisting of constant elements such that the (n+1)
d(p+l)X(n+l)d(p+l) matrix

is regular. Put

(/ίi, ..., KL)=(bifi, b2fι, ..., bd(p+i)fn+i)D2t

where L=(n+l){d(/>+l)-d(j&)}, then
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from which we obtain

(15) W(bιβtl, ..., Ku ..., KL)=(det D)W,

where W=W(b1f1, ..., bd(P+»fn+i). We put

W(.bιfftl, ..., Ku ..., KL)=W(jι Jn+1)

as ffu, ..., # t n + l are determined after (j\, ..., j n + 1 ) .
We then have from (15)

1 \W(Ju - , Jn + l)(z)\ 1
(16)

\W(z)\\detD\

1 1 \Wij\, ..., j»+.)(z)|
|detZ>| ' \W(z)\ {Π2+}\~βlk(z)\}*<»

{u{z)\L \W(ju ... , jnΛ(z)\

since \Kj(z)\<K(z)\\f(z)\\U=h - , L) and \\f{z)\\<K(z)u{z) in this case.
Further, by using the following inequalities for ; = 1 , ..., L

T(r, K,/b1fflι)^2nT(r, f)+S0(r, f),

which we can prove as in Lemma 4 since bt^Γ(l^t^d(p+l)), and by Lemma
4, we have

(17) ir^JKo^jj*^ f)

as usual (see [1], p. 12-p. 15).
From (11), (13), (14), (140 and (16), we obtain

Σ iog+

where Σ O l <7n+1> is the summation taken over all combinations OΊ, ..., jn+1)
chosen from {1, ..., q) which appear in the above argument when we vary z
in 0 < | * | < o o .

Integrating both sides of (18) with respect to θ from 0 to 2π{z—rei0), we
obtain the inequality

(19) d(P)Άm(r, A,, f)^ log^
r* ^ft* )

 dβ

+S0(r, f)+S(r, f)
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by (17), where a(p)=(n+l)d(p+ΐ)-μd(p). Here,

1 Γ2π ft (r0iθ)d( p)u(rpίθ}aip)

\ l π g + J™1 ' K } dftJ 1 0 g dd
1 Γ2π

2 π J o 1 0 g \W{reiθ)\

-M2π\og\W(reiθ)\dθ+O(l)
Zπ Jo

and as in the proof of Lemma 1 (when μ—0) or Lemma 2 (when μ>0)

(21) -^[2π\og(Π/«^(\fi\2am+ - +\fn\2<x'P))+\W\V'\reiθ)dθ
Δ7T JO

£i(n+ΐ)d(p+l)-nd(p)}T(r9 f)+(n-μ)d{p)t(r, f)

+ d(p)Σ>N(r, Bh f)+SQ(r, f)+S(r, / ) .

For any positive number s, let p be so large that

by (8). Then, from (19), (20) and (21) we obtain

(22) Σ m(r, AJf /)^(l+ε)T(r, f)+(n-μ)t(r, /)+ Σ N(r, Bh f)+S(r, f)
.7 = 1 1 = 1

since N(r, W)=S0(r, / ) .

As direct consequences of this theorem we have the fallowings as in
Theorem 2, Corollaries 1 and 2.

COROLLARY 3 (Defect relation). Under the same assumption as in Theorem
3, we have

« p

J = l 1=1

COROLLARY 4. Let X be a v-maximal subset of S0(f) and ε be any positive
number. Then,

( I ) For any Au ..., Aq in X

ΣJ m(r, A,y f)<

(Π)

Remark 4. v + l + ( n — v)Ω^n+l and the equality holds if and only if Ω—\
or v—n.
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