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ON BASE POINT FREE THEOREM

SHIGETAKA FUKUDA

§ 1. Introduction

Let A" be a non-singular projective variety with dim X— n over C. And let
Δ — Yι\=ιΔι be a reduced divisor on X with only simple normal crossings.

Let Strata (Δ) := {Γ\l<k<,n, l < ^ Ί < ί 2 < ••• <ή^s, Γ is an irreducible
component of ΔllΓΛΔt2Γ\ ••• ΓλΔtkΦ0}. A divisor R on (X, Δ) is, by definition,
nef and log big if R is nef and big and R\r is nef and big for any member
Γ of Strata(J) (due to Reid [8, 10.4]).

Note that if R is ample then R is nef and log big on (X, Δ).

The purpose of this paper is to prove the following:

MAIN THEOREM ("log effective freeness"). Let L be a nef divisor on X
such that aL—{Kx-\-Δ) is nef and log big on {X, Δ) for some α^O.

Then there exists a natural number lu depending only on n and a, such that
the complete linear system \lχL\ is base point free.

The paper is organized as follows. In Section 2 we recall known base
point free theorems. In Section 3 we give a proof to Reid's "log eventual
freedom" theorem in the "smooth" case. In Section 4 we prove the main theo-
rem. In Section 5 we show some results concerning the log canonical divisor.

We follow the notation and terminology of [Utah].
The results of the present paper have been announced in [Resume].

Acknowledgement. The author would like to thank Prof. S. Mukai for his
warm encouragement.

§2. Known results concerning base point freeness

Concerning base point freeness of linear systems on higher dimensional
algebraic varieties, the following results are known.

THEOREM 1 ("eventual freedom") (Kawamata-Shokurov [4, Theorem 3-1-1]).
If L is a nef divisor on X and aL — (Kx+Δ) is ample for some α ^ O , then \IL\
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is base point free for every />0.

THEOREM 2 ("effective freeness") (Kollar [5]). Notation as in Theorem 1.
There exists a natural number l0 depending only on n and a such that \1OL\ is
base point free.

Proof. For 0 < d < l , aL-(Kx+(l-d)Δ) is ample and {X, (l-d)Δ) is
Kawamata-log-terminal. Thus the assertion immediately follows from Kollar
[5, 1.1]. Q.E.D.

THEOREM 3 ("log eventual freedom") (Reid [8, 10.4]). // L is a nef divisor
on X and aL—(Kx-{-Δ) is nef and log big on (X, Δ) for some α^O, then \IL\ is

base point free for every / > 0 .

Remark. This theorem is stated in Reid [8] with the idea for its proof.
We give the theorem a proof based on this idea in the next section.

This theorem is not valid under the condition that ah —(Kx+Δ) is not
"nef and log big" on (X, Δ) but "nef and big" (Zariski [4, Remark 3-1-2],
Kawamata [3, Introduction]).

The Main Theorem of this paper is the generalization of Theorem 2 to
"log effective freeness".

§ 3. Norimatsu Type Vanishing and proof of Theorem 3

THEOREM 4 (cf. Ein-Lazarsfeld [1, 2.4] and Norimatsu [7]) ("Norimatsu
Type Vanishing"). Let R be a nef and log big divisor on {X, Δ). Then

H\X, Ox(Kx+Δ+R))=0 for ί>0.

Proof (similar to the proof of [1, 2.4]). The assertion follows from the
following exact sequence by induction on (n, s), by virtue of Kawamata-Viehweg
vanishing theorem:

0 —> ΘX(KX+ Σ Δj+R) —> OΣ(KZ+Δ+R)
3<S

where J = Σ J = i 4 Q.E.D.

Now we give Theorem 3 a proof relying on "Norimatsu Type Vanishing"
and the method of Kawamata [3].

Proof of Theorem 3 (based on Reid's idea [8, 10.4]). We shall prove the
theorem by induction on n~άimX. In the case where Δ—Q, this is a Kawa-
mata-Shokurov result [4, Remark 3-1-2]. So we may assume that
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For any / e {1, 2, •••, s}, we consider the following exact sequence:

0 —> OX(IL-A) —> OX{IL) —> OφL) —> 0.

We assume that /^α. Thus /L—J t—(/fχ+Σj*t^)=/L—(/fj+J) is nef and
log big on (X, Σ ^ 4 )

Hence H\X, Ox(lL~At))=0 from Theorem 4.
And α L | j . - ( / ί j . + Σ ^ ι 4 | j . )=(αL-(/ ί x +J)) | j . is nef and log big on

(Λ, Σ j * t ^ | j f ) . Thus by induction hypothesis, Bs |/L | j j=0 for every />0.
Therefore Bs|/L|πSuρρJ=0 for every />0.

From now, we use the technique of Kawamata [3, Proof of Lemma 2].
Now fix a prime number p. We claim that Bs\pmL\=0 for ra>0.
Take a sufficient large natural number ra0 such that Bs\ pm°L |P>SuppZί=0.

We assume that Bs |£ m o L|^0.
Take a log resolution μ: Y->X (all relevant divisors F, are smooth and

cross normally) such that
(a) Kγ=μ*(Kz+J)+ΣjajFJ9

(b) \μ*(PmoL)\ = \M\+Σ>JrJFJ (\M\ is the movable part and is free), and
(c) μ*(aL-(Kx+4))-'ΣJδjFJ is ample (where δj^Q and O^^ Cl).

Let c:=miΏrJΦ0((aj+l—δj)/rj).
Here c>0, because if a^= — 1 then μ(F; )cSuppJ and therefore Vj—0.
We may assume that the minimum is attained at exactly one value / = / 0 .

Note that FHΓλμ-\d)=®.
Put A : - Σ , (-cr, + α , - ^ )F, and A' '.^(A+F^+μ'K^^A^+F^+μ'1^)

(where μ~ι{Δ) denotes the set theoretical inverse image with a reduced struc-
ture).

Then A'^0 and μ*A'=0.
We consider a Q-divisor N: = μ*(pmL) + A—KYΞΞcM-\-μ*((pm--cpm°)L

If pm-cpm^a, then iV is ample and hence //'(F,
We consider the following exact sequence:

0 —> Or(μ*(/>WL)+Γ,4Ί) —> Oγ(μ*(pmL)+A')

—> 0.

By the Nonvanishing theorem of Shokurov,

H 0 ^ , 0F,£μ*{p™L)+A'))ΦQ for m»0,

because ί > * L | F , o + ( ^ + F J o + ^ - V ) ) l F , o - ^ o = ( i t t * ( ί m ^ is
ample.

Thus, for m>0, Bs\pmL\ does not include ^(F^) but Bs|£m°L| includes
μ(FJo). Hence the method of KMM [4, Theorem 3-1-1] implies the theorem.

Q.E.D.
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§4. Main theorem (log effective freeness)

MAIN THEOREM ("log effective freeness"). Assume that L is a nef divisor
on X and that aL—(Kx+Δ) is nef and log big an (X, Δ) for some α^O. Then
there exists a natural number f(n, a) (which is 2^α), depending only on n and ay

such that the complete linear system \ f(n, a)L \ is base point free.

LEMMA 1. Let L be a nef divisor on X such that aL—(Kx-\-Δ) is nef and
log big on (X, Δ) for an integer a>0. Then Bs|/(n—1,

Proof. Put mi :=/(«—1, α). We consider the exact sequence

0 — > Ox(mίL-Δι) — > Ox(mλL) — > OΔ.(mxL) — > 0

for all l<ii<^s. By Theorem 4, H\X, Ox(mxL —Jt))=0 because m^L—Δi—
(Kχ+*ΣjΦtAj) is nef and log big on {X, Σ>j*ιΔj). Here B$\m1L\j.\=Q, because
aL\Δi-(KΔi+Ί£JΦvΔj\άi) is nef and log big on (Δxy Σ,jΦtΔj\Δi). Thus BslmxLI
Π J 0 . Q.E.D.

Let g:X-+S be the morphism defined by the linear system \IL\ for />0
(Theorem 3). Here there exists a Cartier divisor Ls on S such that L is
linearly equivalent to g*Ls, because Φ\iL\ = Φ\a+DL\=g for />0. We may
assume that L=g*Ls.

For any effective divisor H on X which is linearly equivalent to mL for
m^N, there exists a divisor Hs on 5 such that H=g*Hs, because φHHl =
Φ\a+ΌH\=g for />0.

Because g*0χ=0s, for any Cartier divisor D on S such that g*D is
linearly equivalent to 0, Os=g*g*Os(D)=g*Ox<g)osOs(D)=Θs(D).

Thus \mL\=g*\mLs\ for any

LEMMA 2. Let m be a natural number such that \mL\ΦQ and Bs\mL\Γ\Δ

Let Zs be an irreducible component of Bs\mLs\ and set k=codim(Zs, S).
Then Bs\(km+j + a+ΐ)Ls\ does not include Zs for / ^ 0 except at most dim Zs

different values of j .

Proof (using Kawamata-Shokurov-Kollar's method [5]). Taking general
elements Bt^\mL\, put B=(l/2m)B0+B1-{ \-Bk. Then (X, Δ+B) is log
canonical outside Bs\mL\ and (X, Δ+B) is not log canonical at the points
belonging to the inverse image of the generic point of Zs by g (by the argu-
ment of Kollar [5, 2.2.1]).

Let M0:=aL-(Kχ+J)+QL/2)L.
Take a log resolution / : Y->X (i.e. Y is smooth and all relevent divisors

are smooth and cross normally). Let
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/*M 0 =A+Σ PtEt (A is an ample Q-divisor and 0^

Put c:=min{(ei+l-pi)/bί\Zsclgf(Et); bi>0}. By changing the pt slightly,
we may assume that the minimum is achieved for exactly one index. Let us
denote the corresponding divisor by Eo.

Put W—\JH_H<_ιgf{Eι).

CLAIM 1. 0<c<l.

Proof of Claim 1. We prove c>0. If ZsCgf(Et), bt>Q and et=—l, then
f(Et)dΔ. But this can not occur, because g"1(Zs)Γ\Δ=9 from Bs |raL|nJ=0.

Next we prove c<l. Let z be a scheme-theoretic point on X such that
g(z) is the generic point of Zs. Because (X, Δ+B) is not log canonical at z,
z(=f(Ej) and ej-bjK-1 for some j . Q.E.D.

CLAIM 2. Put c' :=max{(^i+l)/^|^+l<^}. Then c^c'<l and c' is not
affected by pi's.

Proof of Claim 2. From the proof of Claim 1, (ej+ϊ)/bj<l and gf{E3)Z)Zs

for some /. Q.E.D.

CLAIM 3. // W does not include gf(Et), then cbi—ei+pi<l or f(Et)(zA.

Proof of Claim 3. Here β<—6t^ —1. If biΦϋ, then e<—cft,^^—c'fti> —1
by Claim 2. If bt=O and et> — l, then e<—cδ<=et> —1. If bi=0 and β t = —1,
then f(Eι)dd. Q. E. D.

CLAIM 4. gf(EQ)—Zs. If cbi—et+p^l and iΦΰ, then gf(Et) does not
include Zs.

Proof of Claim 4. If cbi-βi+p^l, then gf(Et)dW or f(Ex)aΔ9 by
Claim 3. Because cbo—eo+po=l, Zsdgf(E0) and g-\Zs)ΓλΔ=99 we get
gf(E0)aW. Here Z^ is an irreducible component of W. Thus gf{EQ)—Zs.
If cfri—βi+pi^l and ZsCgf{Eι)t then pi<l+et, because J does not include
f(Et). So ft<>0. Thus c=lei+l—pt)/bi by the definition of c. Hence ι=0.

Q.E.D.

CLAIM 5. // cbi—ei+pi<0, then Eτ is f-exceptional.

Proof of Claim 5. Because c>0 (Claim 1), et>0. Thus Ex is /-exceptional.
Q.E.D.
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Proof of Lemma 2 Continued. Let Nj:=(km+j+a+ϊ)L and N'j:=f*Nj
-Σ>iΦoLcbi-ei+pijEι.

We consider the exact sequence

0 —> OYW-EO) —> OyiN'j) —> OB0W) —> 0.

Note that

Nί-E0ΞΞKr+A+a-c)f*B+jf*L+ Σ {cbi-
IΦQ

and

By Claim 1, Kawamata-Viehweg vanishing implies W(Y, Oγ(Nj—E0))=0 and

O

h°(E0, OEQ(NJ)) is a nonzero polynomial of degree dim Zs in j for /^0 (by
the argument of Kollar [5, p. 600]).

By Claim 4 and Claim 5, Bs|ΛΓ |̂ does not include f(E0) for all ^O except
at most dim Zs different values of /.

Noting that B$\Nj\=g~ιBs\(km+i+a+ϊ)Ls\, we end the proof of this
lemma. Q. E. D.

Proof of Main Theorem. By using Lemma 1 and Lemma 2, the same
argument as in Kollar [5, 2.3] implies the theorem. Q. E. D.

Remark. The function f(n, a) is given as follows.

When n=l, we put /(I, a) :=2 2 (l+l)!(α+l).

When n^2, we put f(n, a) :=27l+1(n+l)!(α + n)/(w-l, a).

Thus /(n, α)=Πf-i(2*+1(ί+l)!(α+ί)).

Proof of the Remark Above. When n=l, if J^O, then Bs|2(α+1)L|πi=0
from the proof of Lemma 1, because 2(a+l)>a. If d=0, then \2(a+l)L\ Φ$
from Kollar [5, 2.4]. Therefore Bs|21(l+l)!2(α + l)L|=:0 from the argument
of Kollar [5, 2.3], by using Lemma 2.

When n^2, if J^O, then Bs|2(α + n)/(n-l, α)L |π^=0 from Lemma 1. If
J=0, then |2(α + w)L|^0 from Kollar [5, 2.4], thus |2(α + n)/(n-l, α)L|^0.
Therefore Bs|2n(n+l)!2(α + n)/(n-l, α)L|=0 from the argument of Kollar [5,
2.3], by using Lemma 2. Q.E.D.

§ 5. Appendix

In this section we show some results concerning the log canonical divisor
Kx+Δ.
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THEOREM 5. Assume that L is a nef divisor on X and that aL—(Kx+Δ)
is nef and log big on {X, Δ) for some α^O. Let Γ be a member of Strata(J)
and d\=ά\mΓ. Then Bs|raL| does not include Γ for every m^

Remark. For the proof, we use the following two propositions.

PROPOSITION 1. Let R be a nef and log big divisor on (X, Δ) and Γ a

member of Strata(J). Let π: X—>X be the blow up with center Γ and E the
exceptional divisor. Then

0 — > H\X, Oχ{π*{Kx+Δ+R)-E) — > H\X, θx(π*(Kx+J+R))

— > H\E, Oiίπ*{Kx+Δ+R))) — > 0

is exact and OE(π*(Kx+Δ+R))=π\E*OΓ(Kx+Δ + R).

Proof. Let e :=codim(Γ, X). We may assume that A z J i Π Λ π ••• Γ\Δe. Let
Δ'% be the strict transform of Δx. Thus π*(Kx+Δ+R)-E=Kx-(e-l)E+
π*(Δ1+Δ2+ ••• +Δe)+Έi>eAl+π*R-E=Kx-(e-l)E+ΊjtΔl+eE+π*R-E=Kx

+Σ>ιΔ'i+π*R and π*R is nef and log big on (X, Σ t ^ ί ) (where Σ>tΔ{ is with
only simple normal crossings). Therefore, by Theorem 4, H\X, Ox{π^{Kx

J

rΔ
+ R)-E))=0. Q.E.D.

Remark. Let Γ be a member of Strata(J). We may assume that

(*) ΓdΔ1r\Δ2Γλ ••• Γ\Δe (where e=codim(Γ, X)).

Then (Kx+J)\r=(Kx+A+Λ*+ - +

PROPOSITION 2. Let L be a nef divisor on X such that aL—(Kx+Δ) is nef
and log big on (X, Δ) for some α^O. Let Γ be a member of Strata(J) and
d :=dimΓ. Then H°(Γ, OΓ{mL))ΦQ for every m^2(d + a).

Proof. We may assume (*) in the remark above. If m^a, then

where (mL-(Kx+Δ))\Γ is nef and log big on (Γ, Σ<>βΛlr). Thus h\Γ,
OrOnL)) is a polynomial in m for m^a, of degree at most ά, by Theorem 4.
Note that h°(Γ, OrimL)) is a nonzero polynomial by Theorem 3. Thus the
same argument as in Kollar [5, 2.4] implies the assertion. Q. E. D.

Proof of Theorem 5. Let R :=mL—(Kx+Δ). Then the assertion follows
from Proposition 1 and Proposition 2. Q.E.D.

THEOREM 6 (Kollar-Matsuki [6, 4.12.1.2], cf. Iitaka [2, Example 11.6]). Let
f: Y-+X be a birational morphism between non-singular protective varieties.
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Suppose that l fy=/*(/£*+J)+Σί-iβ»£» and that the union of S u p p Σ U i ^ t and
Exc(/) is a divisor with only simple normal crossings. Then /(2£ t)eStrata(J)
for all i such that et=—l.

Remark. We give Theorem 6 an alternative proof, using Iitaka's Loga-
rithmic Ramification formula [2].

Proof. We assume that β,= —1 and that f(Ej) is not a member of Strata(J),
and we shall derive a contradiction.

Note that / ( ^ )cSupρ(J). Let Γ be the minimal member of Strata(J) which
includes f(E3). We may assume that Γ is an irreducible component of ΔλΓ\Δ^
Γ\ - Γ\Δe (where e=codim(Γ, X)). Note that /(£,•)£ Γ.

Take a general smooth point p of f(Ej). From now in the proof of this
theorem, we consider the problem analytically. There exists a neighborhood U
of p in X and a smooth prime divisor Δo on U, such that ΔQ, Δί} Δ2) •••, Δe are
crossing normally and that f(Ej)Γ\UaΔo. We may assume that ΔιC\U—§ for
any l>e.

If we write

(where EQ is the strict transform of J o by /), then d^ — l from Iitaka's
Logarithmic Ramification Formula ([2, Theorem 11.5]). Therefore βj> — 1 be-
cause (f \f-uu))*Δ0^Ej\f-uu). This is a contradiction. Q.E.D.

Remark. At first the author thought that these two theorems in this section
are usefull to get an estimate concerning Main Theorem.
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