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INVOLUΊΊVE SINGULARITIES

BY NGUYEN Huu Due

Abstract

Involutive varieties can be found in many problems of differential geometry, calculus of

variations, D-module theory and mathematical physics. The aim of this note is to present

some problems concerning singularities of germs of involutive varieties and to discuss some

recent results in this topic.

1. Involutive Analytic Set

A symplectic structure on a manifold M is a closed non-degenerate 2-form ω and
this manifold is called a symplectic manifold.

Darboux theorem says that on a symplectic manifold M there exists a local coor-
dinate system so called canonical coordinate system (pi, ..,pn;<?ι, ' ,<7n)> such that the
symplectic structure of M is of the following form

Exemple 1. Let Q be a complex analytic manifold. Then its cotangent bundle T*Q
is a symplectic manifold with ω = dα, where α is a Liouville form. In the local coordinates
a can be written in the form

where pi, ..,pn (resp. #ι, ..,#n) are coordinates of Q (resp. cotangent coordinates ).

An automorphism of a symplectic manifold M is said to be symplectic if it preserves
the symplectic structure of M.

Let / be a symplectic automorphism of T*Q. We say / is strongly symplectic if /
preserves a Liouville 1-form α.

Remark. In [W], Weinstein proved that a symplectic automorphism is strongly
symplectic iff it is a cotangent map of some automorphism of Q.

An automorphism Φ of M x T is said to be the deformation of a (strongly) sym-
plectic automorphism h of M if Φ(x,t) = (ht(x),i) where ht are (strongly) symplectic
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automorphisms of M and ΛQ = h,
A contact structure on a manifold W of the dimension 2n + 1 is a field of kernels of

a contact form a on W (i.e. a 1-form α such that a Λ (da)n ^ 0).
Darboux theorem says that on a contact manifold W there exists a local coordinate

system so called Darboux coordinate system (pi, ..,pn; gi, ..,#n; *) such that the contact
form is of the form

i-l

Exemple 2. Let Q be a complex analytic manifold, let Jl(Q,K) be a manifold of
1-jets of holomorphic functions from Q to C. This manifold is contact with a natural
contact structure, the hyperplanes are defined as the closure of the tangent spaces to
the 1-graphs of functions / : Q \ — > C (the 1-graph of a function / is the image of the
map associating to a point the 1-jet of /at #). Let (pi, ..,pn) be a local coordinates of
QJ (<7ι> - Λn) the values of the first partitial derivatives of the function z — /(p), then

Let W be a contact manifold with 1-form α, we say that an automorphism GofWis
contact if G preserves a. We can prove that if G is a contact automorphism of JX(Q, C)
then G induces a symplectic automorphism h satisfying the following condition:

Where 5 is a holomorphic function on T*(Q) and Q : T*(Q) 3 (q,p) — > (tf,p,0) 6
Jl(Q,C) where (q,p, z) is a Darboux coordinate system of Jl(Q,C). Conversely for a
given symplectic automorphism h satisfying the above condition there exists a contact
automorphism G that G is a lifting of h.

We say that a contact automorphism is strongly contact automorphism if its in-
duced symplectic automorphism is strongly symplectic automorphism. Using Weiestein
theorem mentioned in the Remark, we can prove that a germ of contactomorphism G is
a germ of strongly contactomorphism iff G* znnnn = z.

An automorphism GT of W x T is said to be a contact deformation of a (strongly)
contact automorphism if it is of the form Gτ(x,t) = (gt(x)^t)^ where gt is (strongly)
contact automorphism. Of course, each contact deformation induces one symplectic de-
formation.

Involutive analytic sets:
We say that an analytic subset Λ of a symplectic manifold M is involutive if for

every point m belonging to an dense subset of the regular part of Λ the tangent space
TmΛ is involutive, this does mean that

Remark. The condition of A to be involutive is equvalent to that

{ί G TmΛ : ω(ί,ΓmΛ) = 0} C TmΛ
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for every m belonging to the regular part of Λ (see the proof in [B]).

Because a contact manifold of the dimension 2n -f 1 can be considered as a subman-
ifold of the symplectic manifold of the dimension 2n + 2 with homogeneous coordinates,
then we can define involutive set in a contact manifold as an involutive set in homoge-
neous coordinate system.

We say that an analytic subset V (resp. Λ) of a contact manifold W (resp. a sym-
plectic manifold M) is legendrian (resp.lagrangian) if it is involutive and it has the
pure dimension n. We remark that an analytic subset V (resp. A) of a contact manifold
W (resp. a symplectic manifold M) is legendrian (resp. lagrangian) if it has the pure
dimension and a | V = 0 (resp. ω \ A = 0).

Let W be a germ of a contact manifold with α, consider the field of null-spaces (of
dimension 1) of da. The segments of the integral curves of this field in a neighbour-
hood of fixed point under consideration form a manifold M of even dimension. Consider
the projection ώ : W ι—» M along the the integral curves. We may prove that M is
symplectic, with a symplectic structure ω satisfying

da = —ώ*(ω).

Because we are interested in the local problems, from now on, we treat W (resp. M)
as Jl(Q,C) (resp. T*(Q)) for some Q and consider the natural projection:

which sends every (#, df(x),f(x)) to (x,df(x)).
Of course if V is a legendrian germ then V does'nt contain α)""1(0) and then the image

of VinM is lagrangian. Now given is a lagrangian germ in M, then it is a projection of
only one legendrian germ (because the fiber of ώ \ V over a point α £ A consists of only
one point a given in Darboux coordinates as

*( /

a

Σ
IΞί

Remark. Every legendrian or lagrangian set is involutive. An analytic set containing
an involutive subset is involutive.

We say that an involutive set on W (resp. M) is good if it contains a legendrian set
(resp.lagrangian set). By similar argument as above we can prove that there exists one
to one correspondence between good involutive germs on W and M.

QUESTION. Is it true that there is one-to-one correspondence between involutive
germs on W and M?

We remark that the involutivity property is invariant under symplectic and contact
automorphism, hence we can define an equivalence relation between two involutive germs
as follows: Two involutive germs are said to be (strongly) equivalent if there exists a
(strongly) symplectic or contact automorphism that sends first to second one.

In next section we study two kinds of equivalence relations of involutive germs.



630 NGUYEN HUU DUG

2. Involutive Deformations

From now on, we are interested only in germs of maps, germs of analytic manifolds
and germs of analytic sets. For abbreviation, let's us speak of maps, manifolds, and sets,
instead of germs of maps, germs of manifolds and germs of sets.

Let W (resp. M) be a complex analytic contact (symplectic) manifold, let T be a
germ of complex analytic manifold at t — 0. We say that a germ of analytic subset VT
(resp. AT) of W x T (resp. M x T) is an involutive deformation of V (resp. Λ) if

a) VT (resp. AT) is flat over T with respect to the projection Π : W x T i — > T (resp.
Γ : M x T i— -> T)

b) every fiber Vt (resp. A t) is involutive
c) a special fiber VQ (resp. AO) is reduced and coincides with V (resp. A).

Remark. By flatness of the condition a) all fibers near 0 have the same dimension.
If V is lagrangian or legendrian then fibers near 0 must be lagrangian or legendrian
(because involutive analytic set in a symplectic or contact manifold of minimal dimension
is lagrangian or legendrian). Hence this definition is a generalization of the definition in

[DP].

We say that two deformations VT and VT (resp. Ay and Ay) are contact (resp.
symplectically) equivalent if there is a deformation of contact identity of W (resp.
M) which sends the first to the second one. An involutive germ is said to be con-
tact (resp .symplectically) stable if every deformation is contact (resp. symplectically)
equivalent to the constant deformation.

By the similar way we may define a strong equivalence of two deformations and a
strong stability of a given lagrangian or legendrian germ.

In next paragraphs we discuss two kinds of equivalence relations between deforma-
tions of involutive germs.

Equivalence of involutive deformations

We say that a germ of involutive analytic set on a contact manifold at a regular
point q is degenerate at q if the restriction of Liouville form to this set vanishes at q. A
deformation is degenerate if all fibers are degenerate at q.

In [O], Oshima proved that on the contact manifold
a) Every nondegenerate involutive germ is contact equivalent to the following:

Pi = .. = Pd = 0

b) Every degenerate involutive germ is contact equivalent to the following:

Pi = ... = p<ί-ι = , 2 r

Where p = (p<ι, ,pn), q = (qdΛn) and d is a codimension of the involutive germ.
On a symplectic case, we have the following:

PROPOSITION 1. On a symplectic manifold every involutive germ is symplectically
equivalent following form:

Pi = » = Pd = 0
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In fact, following Oshima's proof we can prove that on a symplectic manifold every
involutive germ is symplectically equivalent to one of two following forms:

Pi = - = Pd = 0

or

Pi = .- = Pd-i = 0,pd + A(p, ί) = 0

But by the Corollary 5.3.31 in [AM] that states as follows: Let M a (complex analytic)
symplectic manifold, dimM = 2n, let /1} . . . , fd be holomorphic functions on M. Assume
{/«>/;} — 0 and dfi, . . ., d/d are pointwise linearly independent. Then locally there exist
canonical coordinates (Pi, . . ., Pn, Qι, . . ., Qn) such that /i = PI, . . ., fd = Pd.

In our case, if we take /, = piy i = 1, . . ., d - 1, /d = pd + h(p, q), the the second
case leads to the first case.

PROPOSITION 2. In suitable coordinate system on the contact manifold, each de-
generate involutive deformation of degenerate involutive analytic germ can be written in
the following form:

Pi = ... = Pd-i = 0, * + h(p, ί, t) = 0

The proof of this proposition is based on the idea of Oshima by using the Parameter
Implicit Function Theorem.

An involutive germ on M (resp. W) is called regular r-cubic configuration if in some
canonical coordinate system, this germ is of the form:

Pltfl = ... = Pr<lr = Pr+l = ... = Pd — 0

(resp.

Pi 01 = ... =Pr0r =Pr+l = ... = Pd = 0, Z = 0)

This configuration consists of 2r irreducible analytic components being smooth involutive
germs.

Remark. Above notion is a generalization of [DP] one.

By a similar method in [DP] we get the main result of this section as follows:

THEOREM 3. Every involutive deformation of regular r- cubic configuration is sym-
plectically (resp. contact) equivalent to the following:

Piίi + hι(p,<ϊ,t) = . . - =Prqr + hr(p,q>i) = Pr+i = . . . = pd = 0

(resp.

Λl(P,ί,0= • • • =Prtfr + Λ r(p,$,ί) =Pr+l = . . . = pd = 0, 2T = 0)

The proof of this theorem is based on the idea of the proof of theorem 1.2 in [DP]
with some modifications.

Remark. Full proofs of Propositions 1, 2 and Theorem 3 can be found in [D]. The
above result is a generalization of Theorem 1.2 of [DP] for the involutive case. In the case
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d = n, lagrangian deformation of regular r-cubic configuration is very simple, equivalent
to the following:

Piqi + hι(t) = ... = prqr + hr(t) = pr+1 = ... = pd = 0

and by the corollary of Theorem 1.2 of [DP] every deformation of legendrian regular
r-cubic configuration is contact-trivial.

In the involutive case, if r = 0 then every involutive germ of the form

pl — ... — pr — pr+i — ... = pd — 0

or

Pi = ...=Pr = Pr+l = ••> = Pd = 0,2 = 0

is symplectically or contact-stable too.

PROBLEM. Characterize involutive deformations of the following germ

Piqi = . . . = prqr = Pr+i = - - = Pd = * + Λ(£, $) = 0

on the contact manifold.

Strong equivalence of involutive germs and generating family

In this section we recall some results in [DDP] and [DP] concerning the characteri-
zation of lagrangian and legendrian regular r-cubic configuration by phase function.

Let Z be a germ of a smooth (analytic) variety of dimension ra ^ r with a divisor
in normal crossing consisting of r components

zlt..,zr.
For each σ C {1, ..r} we denote

Zσ — ftieσZi,Z$ — Z.

A germ Z with

Z = (Zσ)

is "called a germ of r-reticular variety.
Let φ : Z \—> C be a germ of an analytic function, we say that φ is r-reticular if Z

is a germ of r-reticular variety and we denote by

φ : Z H—* C

An automorphism

φ : Z I—* Z

is called reticular if

Φ(zσ) = zσ

for every σ.
Two deformations of a reticular function are said to be R—equivalent (resp. R+-

equivalent) if there is a reticular automorphism sending first to second one (resp. with
a translation). Let

Φ : ZxT\—>C
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be a deformation of

We say that a deformation Φ of φ is R+ (resp. R)- versa! if every deformation of φ is R+

(resp. R— ) equivalent to the deformation induced by Φ.
Let Φ be a deformation of a reticular function. A critical set of this deformation is

defined as follows:

We say that the deformation Φ satisfies "the reticular nondegeneracy condition" if
c^Φ is transversal to every S\ where

<9,Φ : Q x Z 3 (q, z) i— > &Φ £ Γ Z

and

We see that

Σσ = (β,*)-1^).

Let x be a characteristic map defined as follows:

* : Σ — +J\Q,C)

which sends (q, z) to 1-jet of Φ with z constant, and let

χσ -x I Σσ,

We can prove that χσ is a legendrian immersion and

form a regular r-cubic configuration.
By the same way we can define another characteristic map

χ:Σ-^T*Q.

We can prove that

χσ = χ I Σσ,

are lagrangian immersions and

Λ(Φ) = {Im(χσ}}

form a regular r-cubic configuration.
The deformation Φ satisfying the reticular nondegeneracy condition is called a gen-

erating family for regular r-cubic configuration and V(Φ) (resp. Λ(Φ)) is called the
characteristic variety on Jl(Q,C) (resp. on T*(Q)) of Φ. Now we may formulate main
results of this subsection.

THEOREM 4. Let V be a regular r-cubic configuration, such that Π \y is finite,
where Π is a projection of the bundle J1(Q,C), then there exists a generating family Φ
such that F(Φ) = V.
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THEOREM 5. Let Φi and ^2 be generating families with the same base Q, then

where = means a R- equivalence.

THEOREM 6. F(Φ) zs stable, if and only ifΦ zs R+ -versal.

Remark. Theorems 4, 5 and 6 are still true for A on T*Q. Theorem 4 is proved
in [DP] by using the existence of generating function of the canonical transformation.
We remark that, in [DDP] we have proved analogous theorem, but the method is very
complicated, because the notion of regular r-cubic configuration introduced in [DDP] is
very weak. Theorem 5 is proved in [DDP]. The proof of Theorem 6 is given in [DP]. In
the case r = 1, these theorems are proved in [DD]. In the case r — 0, they are proved by
Zakalyukin (see [Z]).

Generating family for znvolutzve germ
We see that for each germ of lagrangian or legendrian variety being regular r-cubic

configuration we can construct generating family uniquely determined in the sense of
Theorem 5. Therefore we hope that for every germ of involutive variety being regular
r-cubic configuration, we can construct a generating family.

We can consider an involutive germ as a family of germs of lagrangian varieties.
In fact, If Λ is involutive set in M then the its complementary part by the symplectic
form ω form an involutive distribution. Maximal connected integral manifolds of D are
called characteristics. Let Y be the set of characteristics of Λ and 6 : A — > Y be
a projection along characteristics. Then the graph of this projection is a lagrangian
variety of M x Y (see [AM]). By similar argument we can consider an involutive set on
the contact manifold as a family of germs of legendrian varieties. Therefore from above
fact we can prove that any involutive germ on W is a subset of some legendrian germ.
In [J] Janeczko constructed a generating family for a germ of involutive submanifold on
symplectic manifold by constructing a generating family for above graph (because A is
smooth therefore the graph is smooth too). We can also construct a generating family
for- a germ of involutive submanifold of a contact manifold.

PROBLEM. 1. Find an equivalence relation that two generating family defining
the same germ of involutive submanifold are equivalent.

2. Is it possible to contruct a generating family for an involutive regular r-cubic
configuration?

We hope that we can resolve a part 2 of the problem by combining the last construc-
tion of lagrangian variety and analogous method of constructing a generating family for
lagrangian regular r-cubic configuration.
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