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NECESSARY CONDITIONS FOR MINIMAX CONTROL
PROBLEMS OF SECOND ORDER ELLIPTIC
PARTIAL DIFFERENTIAL EQUATIONS

By JIONGMIN YONG

Abstract

In this paper, we study an optimal control problem with the state equa-
tion being a second order semilinear elliptic partial differential equation con-
tamning a distributed control. The control domain is not necessarily convex.
The cost functional, which is to be minimized, is the essential supremum
over the domain 2 of some function of the state and the control. Our main
result is the Pontryagin type necessary conditions for the optimal control.
Ekeland variational principle and the spike variation technique are used in
proving our result.

§1. Introduction.

In this paper, we consider a controlled second order elliptic partial dif-
ferential equation

CAy()=f(x, (), uxy,  in @,
(1.1 { y(x)=f(x, y(x), u(x)), in

y|a.Q=O,

where 2 is a bounded region in R® with a smooth boundary 02 and f: 2x
RxU—R is a given map satisfying some conditions. U is a metric space in
which the control variable u(:) takes values. Function y(-) is called the state
of the system, which is to be controlled. Under certain conditions, for each
measurable function u(-), problem (1.1) admits a unique solution y(-)=y(-; u(+))
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in some function space, say 4J. Then, for a given set QS4, we may consider
a state constraint of the following type:

(1.2) y(-;5 u(-)eq.
Next, we let h: @ XRXU—R and consider a cost functional
(1.3) ](u(‘))=eSSSgp h(x, y(x; u(-)), u(x)).

TE.

Then, our optimal control problem is to find a control u(-) such that the cor-
responding state y(-; u(-)) satisfies (1.1)-(1.2) and minimizes the cost functional
(1.3).

One of the motivation of our problem is the following: Suppose we would
like to control the state y(-), which is subject to (1.1)-(1.2), so that the largest
deviation of it from the desired one, say z(-), is minimized. In this case, we
need only to take

h(x, y, u)y=|y—2z(x)|*.

Since the problem is to minimize a “maximum”, it is usually referred to as
a minimax control problem. Similar problem for ordinary differential equations
was studied by several authors, see [2, 3, 14]. The purpose of this work is
to derive Pontryagin type maximum principle for optimal controls of our pro-
blem. Since the cost functional is not smooth (in some sense), we adopt an
idea from [2, 3] to approximate it by the LP-norm of function hA(x, y(x), u(x))
and then let p—oco. In order the Ekeland variational principle applies, we need
the stability of the optimal cost. Namely, we need to show that the optimal
cost of the approximating problem approaches to that of the original one. Due
to the state constraint, we have to impose a condition to ensure such a stability.
On the other hand, since U is merely a metric space, and there is no convexity,
we use the spike variation technique as [7, 12, 21] in deriving the maximum
principle. We have proved the nontriviality of the Lagrange multiplier. It
should be pointed out that in [2] (for ODE systems with no state constraint),
the nontriviality of the Lagrange multiplier was not mentioned. Finally, we
note that the proof of [2] heavily relied on the dynamic programming and
viscosity solutions for HJB equations. These techniques, however, are not ap-
plicable for elliptic systems since we do not have the time variable here.
Besides, unlike in [2], we will not use the epi-convergence. For the comple-
teness, in this paper, we also present an existence result of optimal controls,
whose proof is basically similar to that given in [20], which was for Lagrange
type cost functional.

We refer the readers to [4, 14, 15] for standard optimal control theory of
finite dimensions, to [1, 5-7, 11-13, 18-21] for infinite dimensional counterpart.

To conclude this introduction, let us point out that our approach applies
to general second order elliptic partial differential equations, namely, we may
replace the Laplacian by a general second order elliptic operator with smooth
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coefficients. Also, we may consider quasilinear systems, boundary control pro-
blems as well as problems for parabolic equations. Some interesting extensions
will appear elsewhere.

§2. Preliminaries.

Let us start with some assumptions which will be assumed throughout of
the paper. Let 2SR" be a bounded region with a smooth boundary d£2 and
U be a Polish space ([10]). Let f, h: 2XRXU—R be given maps satisfying
the following :

(i) f(x, y, uw) and h(x, y, u) are differentiable in y and for some constant
L>0,

2.1 0=—=fylx, y,u),  [f(x, 3, WISL,  V(x, 3, u)c@XRXU,
(2'2) ihy(x) y9 u)l: !h(x, y; u)léL) V(X, yy u)EQXRXU‘

(ii) Maps f(x, y, u), f,(x, v, u), K(x, y, u) and h,(x, y, u) are continuous
on @XRXxU.

Remark 2.1. The above conditions can be relaxed substantially, say, f and
fy, are merely measurable in x, the boundedness of f and 4 is replaced by the
linear growth in y, etc. We prefer not to get into such a generality since the
result will be similar and the main idea is the same.

Next, we define

U=A{u(-): Q—U|u(-) measurable}.

Any element u(-)e=<U is referred to as a control. From [9, 17], we know that
under the above (i), for any u(-)e<, problem (1.1) admits a unique solution
V() = y(+; u()) = W2rQNWL ?(2), for all p=1. Moreover, there exists a
constant C=C(p, L, 2) such that

2.3) Iy( 5 uCDlwe.»er=C, Vu(-)=v.
Thus, by Sobolev embedding theorem, we have
(2.4) lyC 5 u(Nlereav=C,  Yu(-)ev,

with the constant C and a=(0, 1) being independent of u(.). Hereafter, C
will be a generic constant which could be different in different places. Now,
we let p>n be fixed and let ¢ be a separable Banach space containing W} ?(£2)
(topologically) :

(2.5) YW ().

We let Q<4 be convex and closed. Then, by the above analysis, we see that
for any u(:-)<=U, we have
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(2.6) y( 5 u(-)=y.

Thus, the state constraint (1.2) makes sense. It is important to notice that
(1.2) includes many interesting cases. Let us point out some of them. We let
Yy=C(L2) and

2.7) Q={y()=yYly(x.)=a, 1<i<m},

for some x,=80, a;=R, 1<i<m. Under this choice, (1.2) gives a pointwise
constraint for the state. If we take y=LP?({) and let

@8) Q={3)eyly0)20, ace. xeQ, [ ynhwdrsi),

for some A(-)=L?(Q)(p'=p/(p—1)), then, (1.2) gives another kind of interest-
ing state constraint. Moreover, it is also possible to replace (2.5) by

(2.9) YIIWP(DNWEP(Q).

Clearly, (2.6) is still valid. Then, we take y=C%) and let

(2.10) Q={y()ey|Vy(x,)=b; 1<1=<m},

for some x,=82, b;=R", 1<:<m. Under this choice, (1.2) provides a pointwise
constraint for the gradient of the state. Similar constraints like (2.7) and (2.10)
for other types of optimal control problem were considered in [6, 7, 21]. We
may cook up some other interesting examples of state constraints. In what
follows, we will restrict ourselves to the case (2.5). The case (2.9) will not
be treated in this paper. Some relevant results will appear elsewhere.

Of course, for any given u(:)=, the corresponding state y(-; u(-)) does
not necessarily satisfy the constraint (1.2). Thus, let us introduce

A={(3(*), u(-NEYX U (y(-), u(-)) satisfies (1.1)},
(2.1 Aq={(y(+), u(-edly(-)=0},
U= {u()eU|((-; u(+)), u(-)=Aq}.

Any element (y(-), u(:))=Aq is referred to as an admissible pair, and any
u(-)=Uy and the corresponding y(-; u(-)) are called admissible control and
state, respectively. The cost functional is defined as (1.3). Clearly, it is defined
for all u(-)e4. Our optimal control problem can be stated as follows.

PROBLEM C. Find #(:)=%U,, such that
(2.12) J@(-)=inf J(u(-)).
Ve

Now, let us make some reductions. First of all, by scaling, we may assume
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(2.13) |2] =meas Q=1.
Next, we let

h(x, y, u)+L+1
2(L+1) ’

Then, by (2.2), we know that

(2.14) h(x, y, w)= V(x, v, 0)SRXRXU.

2L+1
2(L+1)

On the other hand, it is clear that to minimize J(u(-)) is equivalent to minimize

1 )

](u(-))zesggpﬁ(x, y(x; u(+)), u(x)).

Hence, without loss of generality, we may assume
(2.16) 0<a<h(x, y, u)<b<l, V(x, vy, ) €QxXRxU.

We will keep assumptions (2.13) and (2.16) in the rest of the paper. Clearly,
under this assumption,

(2.17) esssup a(x, y(x), u(x)=[1h(, y(), u(-Dlz=e -

To conclude this section, let us present an existence result for the optimal
controls. Now, we define

E(x, »)={°, HERXR"|2°=h(x, y, u),
(2.18)
A=f(x, v, u), for some u=U}.

Then, the following result holds.

THEOREM 2.2. Let &(x, y) be convex and closed for each (x, y)=2XR, let
Ag be nonempty. Then, Problem C admits at least one solution.

Proof. Let {u,(-)}s:: Uy be a minimizing sequence of Problem C and
y:(:)=(-; u,(+)) be the corresponding states. Then, by (2.3), we may assume
that

S -
V() —> (), in C(2),
(2.19) w )
Ye(+) —> F(), in W»?(Q).
We may also assume

w ~
fCo 36, up(-) —> (), in LP(Q),

(2.20) L .
hC-, y4(+), up(-)) —> h(-), in LP(Q).



474 JIONGMIN YONG

Thus,
{ —Aj(x)=f(x), in @,

Fla0=0.

(2.21)

On the other hand, by definition

(2.22) (A(x, ya(x), up(x), f(x, ya(x), up(xN)=Ex, ya(x), a.e. x=Q.
Then, by Mazur’s theorem and (2.19)-(2.20), we obtain

(2.23) (h(x), f(x)=coe(x, §(x)=Ex, §(x)), a.e. x=R2.

Now, by a Filippov type theorem ([20, 10]), we can find a #(-)=<U, such that

{ h(x)=h(x, §(x), @#(x)),

(2.24) . a.e. x=0Q.
Fx)=f(x, 3(x), #(x)),
Clearly, (j(+), @i(+))=JAq is an optimal pair. 0

We see that the proof of the above result is very similar to that given
in [20].

§3. Necessary Conditions.

In this section, we state the Pontryagin type necessary conditions for
optimal controls of our Problem C. The proof will be carried out in the next
sections.

Let #(-)=%Uq be an optimal control and 3(-) be the corresponding state.
We impose a further assumption.

(H) Let (3:.(+), ur(+))=A satisfy

3.1 lim d(y.(), Q=0,

where
d(3(), @)= inf [13()=q()ly-

Then,
(3.2) lim J(u,(-))=m=inf J(u(.)).
k-0 Ug

This assumption seems crucial in our approach. We do not know if one
can remove this condition. Similar condition was used by the author in [19]
for treating nonsmooth problem. We will make some remarks on this assump-
tion a little later. Next, for any u(-)eU, we introduce the variational system
associated with (§(-), @(-)), as follows:
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33 { —Az(x)=f,(x, F(x)z(x), @(x)+ f(x, F(x), u(x)—f(x, (x), #(x)), in 2,
. z]20=0.

Clearly, under our assumptions, for any u(-)=%U, there exists a unique solution
2(+; u(-))eqy of (3.3). We define

(3.4) R={z(-; u(-)u(-)eU}.

This is called the reachable set of the variational system (3.3). It is clear that
0=R.

We say that Q<@ is finite codimensional in @ if there exists a point z=Q,
such that span {Q—z} is a finite codimensional subspace in @/ and the relative
interior of co{Q—z} in span {Q—z} is nonempty. It is not hard to see that
in the definition of codimensionality, the choice of the point z<=@Q is irrelevant.
Now, let us state our main result of this paper.

THEOREM 3.1. Let (§(-), a(:))=Aq be optimal and let (H) hold. Moreover,
let Q be finite codimensional in @j. Then, there exist (¢°, p)=[—1, 01 XY*\ {0},
pE(L=@))\{0} and () =Wy?(Q), p'=p/(p—1) =, n/(n—1)), (¢°, $(-))#0,
such that

3.5) { —Ap=1(x, F(x), @(x)NP(x)+ hy(x, ¥(x), a(x)p+e,
¢lap=0,

(3.6) supp #S {x =21 h(x, 3(x), a(x))=[h(-, (), a(-)|r=w},

3.7 wQ)=L{p, X>=a,

(3.8) o, ¢()—3(- =0, Vq(-)=Q,

@9 P0)f(x, 3(x), a(x))= max §x)f(x, 5(x), u), a.e. r&,
where

(3.10) Qo={x=l1h(x, 3(x), a(x))<IAC, (), a(-Nlzewt,
@.1)  Ux={ucUlh(x, 3(x), W<Ih(-, 5¢), a( D=}, x=2.

In the case that h(x, y, u)=h(x, y), 2, can be replaced by 2, U(x)=U and U
can be any metric space.

In the above, we refer to (3.5) as the adjoint system, which is understood
as an obvious weak (or variational) sense. Condition (3.6) is understood as the
following: For any Sc@,,

(3.12) 2(S)=<Lp, Xs>=0.

We refer to (3.8) as the transversality condition and (3.9) as the maximum
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condition. We see that if ¢(.)%0, then, (3.9) gives some restriction on the
optimal control #(-). Whereas, if ¢(-)=0, then, (3.9) is trivial. But, (3.5) tells
us that

(3.13) Phy(x, 5(x), a(x)p+e=0.

This implicitly gives some restriction on #@(-). By (¢° ¢)#0, we know that
(3.13) is a nontrivial condition. Also, we should note that if

(3.14) h(x, 3(x), a(xN=[h(-, 3C-), @()lz~@, a.e. x=2,

it could be that meas Q_0=¢. When this happens, (3.9) does not tell us anyth-
ing. But (3.14) has already given us something.

To conclude this section, let us make some comments on (H). First of all,
if Q=q, i.e., there is no state constraint, then, (H) holds. Sectondly, if for
each (x, y)=Q2XR, the set f(x, y, U) is convex and closed, and h(x, y, u)=
h(x, v), then, (H) holds. In fact, in this case, if (y,(-), u.(-))=J satisfying
(3.1), then, we can show that there exists a pair (§(-), #i(-))EAy, such that
for some subsequence,

(3.15) lye()—=F()llwipy —> 0.
Thus,
(3.16) m=J(@(-)=1im J(u(-).

It is not hard to see that actually, if the conditions of Theorem 2.2 hold, then,
(H) holds. Hence, assumption (H) is very general.

§4. Approximation of the Control Problem.

Let us first give several results for elliptic equations.

LEMMA 4.1. Let ¢(-)S L), ¢(x)<0. Then, for any r>n, there exists a
constant C=C(r, |le(*)ile, ), such that for any solution z(-) of

—Az(x)=c(x)z(x)+g(x), m 2,
4.1) {
z | a!2=0 )

with §(-)=L™(2), it holds

4.2) lz(Mwe.r @ = CIE(ros -
Proof. First, by [9, 16], we know that
4.3) Izl 2oy = CHE(DlLre

with C=C(r, |lc|z», 2). Then, by standard LP-estimate, we obtain
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lz( M we.r = Cle(-)z(Diizray+1 ()l zrw@)
=Clz( e+ 18()Ilr@) = ClIEC ) zr s -

(4.4)

This proves (4.2).

COROLLARY 4.2. Let u(.), a(-)=U and

(4.5) E={xeQu(x)+a(x)}.

Let y(+) and $(-) be the states corresponding to u(-) and @(-), respectively.

(4.6) [y()=3()llwe.rcy<CIEIMT,
where C is independent of u(-) and @(-), | E|=meas E.
Proof. Let z(-)=y(-)—$(+). Then, z(-) satisfies
—Az(x)=f(x, y(x), u(x))— f(x, (x), a(x))
@ ={ rutx, 500+6200), a(x)a02(x)
+L0f(x, y(x), u(x)—f(x, y(x), a(x)IXe(x).
Thus, by Lemma 4.1, we obtain

lz(Dllwe.r @ < CILFC, ¥(), u(-)—FC, y(), aC-)IXe(llzra
<C|EMT,

4.8)

This gives (4.6).

Now, let r=1. We define
@) L= ({ hox s uen, wyrdx), vueEw,
and let

(4.10) me=_inf J.(u(-)).
u()eUg

Then,

The following result is the stability of the optimal cost. This result is crucial

in the sequel.

THEOREM 4.3. Let (H) hold. Then, it holds that
(4.11) limm,=m=inf J(u(-)).
UQ

T —00

To prove this result, we need the following lemmas.
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~

LEMMA 4.4. There exists a nondecreasing continuous function &: [0, o)—
[0, ) with @0)=0, such that for any (y(-), u(-))=A and a=R, there exists an
(F(), (S satisfying

4.12) h(x, (x), i(x)Za+a(|M,l), a.e. x=80,
where

(4.13) Mo={x =82 h(x, y(x), u(x))>a},

and

(4.14) E={x=Q|u(x)=i(x)} EM,.

Proof. If |M,|=0 or |M,|=1 (recall |2|=1), (4.12) is trivially true. Thus,
we let 0<|M,|<1. Let >0 be such that

(4.15) Mol <1040)] <2|Mal,

where O3(x) is the open ball centered at x with radius 6. Then, we can choose
x;=48, such that

(4.16) i\2J1 Ox(x,)D 8.

By (4.15), we know that for each /=1, there exists an %, =0;x,\M,. For
such %,, we know that

(4.17) (%, y(£), u(Z))=e.
Then, we define

u(x), x=0\M,,
(4.18) ﬁ(x):{

u®),  xE[0(x\UjZ10s(x,)]INMa .

Clearly, (4.14) holds. By Corollary 4.2, we know that there exists a constant
C, independent of u(-) and #(:), such that (§(-)=y(-; @(-)))

(4.19) [y()=F(llwe. sy SCIEVPSCI Mg |YP.
Now, for any xcQ2\M,, we have (let w,(-) be the modulus of continuity for )
h(x, 5(x), @(x)=h(x, 5(x), u(x))
Satou(ly(x)—F(x))Sa+o.(Cl M |VP).

(4.20)

For x&M.N[0s(x )\UjZ10x(x )],
h(x, §(x), #(x)=h(x, §(x), u(x.))
4.21) Saton(|x—%. [+ y(x)—F®)| +1 y(&)—y(x)])
La+wp(0+CIM, VP +CoHZa+wn(ClM,l).
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Hence, (4.12) follows. Here, we have used the fact that the continuity of
y(x; u(+)) in x is uniform in u(-)=U (see (2.4)). O

LEMMA 4.5. Let (H) hold. Then, for any sequence (y,(-), u.(+))=A with

(4.22) lig:d(y‘r(‘), Q)=0,
it holds
(4.23) llm]r(ur( Nz

Proof. Suppose (4.23) is not the case. Then, for some ¢>0 and some
subsequence (still denoted by itself) (y,.(-), u.(-))SAg, We have

(4.24) (I, 2z 3e@), wemydx) sm—2e,  Vrzr,.
Let

(4.25) M,={x=|h(x, y.(x), u(x))>m—e}.
Then,

@20 w26z ([ htx, 3w, wiw)ydx) zGA—0) M|
Thus,

4.27) | M, |<(’" 2“') —>0, (r—oo).

On the other hand, by Lemma 4.4, there exists a (§,(+), @#,(+))E4, such that

(4.28) h(x, 7:(x), @ (x)<T—e+a(|M.]),
and
(4.29) [{xeQ|u(x)#d ()} | <|M,| —> 0.

Thus, Corollary 4.2 tells us that

€30) d(F.(+), Q)gC”yAr(')"'j"r(')ﬂWLP(Q)‘I‘d(yr(’), Q)
<CIM. " +d(y.(+), Q) —> 0.

Hence, by (H), we obtain

(4.31) llmesssuph(x Jo(x), dr(x))=m

T 00

This contradicts (4.28). Thus, (4.23) holds. 0

Proof of Theorem 4.3. First of all, we have (recall |2]|=1)
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(4.32) FEUIO)EYICIO Yu(-)ev.
Thus, it follows that

(4.33) limm,<m.

T 00

On the other hand, there exists (y.(:), u,(-))&q, such that

(4.39) ]r(ur('))§mr+%, r=1.

Noting that y.(-)eQ, by Lemma 4.5, we have
(4.35) im J-(u.(-))=m .

Hence, our conclusion follows from (4.33) and (4.35). O

The idea of the proof for above result is taken from [3]. We have seen
that assumption (H) plays an important role.

§5. Proof of Theorem 3.1.

In this section we present a proof of Theorem 3.1. We first assume £
depends on u.

Let 2,# @ (otherwise, there is nothing to prove). We introduce the so-
called Ekeland distance in U:

du(-), a-N={x=Rux)#a(x)} |,  Vu(-), a(-)ev.

From [8, 12], we know that (U, d) is a complete metric space. Now, for r>1,
we define

P N={[ (7o) —met ) T rdotot 5w},

Yu(-)eu.

(6.1
Then, it holds that
( { Fu(-)>0,  Vu(-)e,

Fo@ )= ()=t ) S 1T E) ]+ |y |+ =0, 0.

Here, we have used Theorem 4.3. Thus, by Ekeland variational principle ([8]),
we can find a u.(-)eU, such that

d(u,(+), a(-N=Ve,,
(5.3 Fr(u ()= Fr(al-)),
— Vo, du, (), 4(NSF (A )N=Fr(u, (),  Va()e.
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Next, we let s>0 such that (noting 2, @ and m=|h(-, 5(-), @(-)llz=))
(5.4) Qi={xeQ | h(x, ¥x), a(x)SH—s}+D.

Then, we let

(5.5) Us(x)={ucU| hx, 5(x), u)<im—s},
and define

Uy(x), XEQS,
(5.6) Fs(x)={

U, re\Q;.

It is clear that [';: 2—2Y is measurable and takes closed set values. Thus,
by Filippov’s lemma ([10]), there exists a measurable selection v(-)eU with
v(x)ely(x), a.e. x=2. We let &V, be the set of all such selections and let

U; be the set of all u(-)eU given by
U(x), xEQS’
(b7 u(x):{
ur(x)) XEQ\Q3,

with v(-)e,. Next, we fix any u(-)eU;. For any p<(0, 1), let us make a
spike variation to the control: Let F,c& be undetermined satisfying

(5.8) |Eol=plR]=p,
and define

U, (x),  xEQE,,
(5.9 u';(x):{

u(x), xek,,

Thus, u4(-) is obtained by changing the values of u,(-) only on the set E,.
Due to the fact that there is no convexity for U, only such perturbations are
allowed. Then, we see that

(5.10) du,(+), ub(:N=IE,| <p.

We let y,.(-)and y4(-) be the states corresponding to the controls u,(-) and u4(-),
respectively. From [7, 217 (see [11, 12] also), we know that there exists a set
F,c 8 satisfying (5.8), such that the following hold:

{ Y4 )=2-()+pz:(-)+05(),
105()lwrpr=01),  (p—0),

(5.11)
and

512 [ (1= 5 e, 00) i, 3.0, )y =R, 32(), o) D=0,
(0 —>0),
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where z,(-) is the solution of the following problem :
—Az (x)=[y(x, (%), ur(x))z:(x)
(56.13) f(x, y.(x), u(x)—f(x, y.(x), u,(x)), in 2,
2, |a0=0.
By (5.3), we see that as r—oo,
2() > (), i WAQ),
o1 2()—>2)  in C@),
with z(-) being the solution of
—Az(x)=f,(x, 3(x), @(x))z(x)
(5.15) f(x, 3(x), u(x)—f(x, 3(x), a(x)), in 2,
zla0=0.
Now, taking #(:-)=u#%(-) in (5.3), we obtain (note (5.10))
Fr(ug(:)—Fr(ue(+))

-V, £
o
he(x)"!
(516) r(ur( )) {(jr(ur( )) —m,+ ) S (jr(ur( ))r 1 ,(x)z,(x)
0h.(x)
+W)‘”+d0<%< NV o(y+(+), z,<-)>}

=¢2S9(”'(x)ﬁ’(x)zf(x)+E%)“-HW, z:(+),

where

h(x)=h(x, y.(x), u.(x)),
(5.17) he(x)=hy(x, y:(x), us(x)),
O0h(x)=h(x, y-(x), u(x))"—h(x, y,(x), u(x),

and
¢o= (]'r(ur('>)_mr+1/7‘)+
’ Fr(u.(+) ’
(5.18) pr(X)= he(x, u(x)"*

Tho(, ur (5
_ do(y:(:)Vdo(y+(+))
er Fr(ur()) '

We should note that ¢, is always defined. It is clear that ([11, 12, 217)
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(6.19) @1+l g =1.

The function p,(x)=0 satisfies (note (2.16))

ho(x, ur(x))"
(5.20) S,,#r(x)d@go I2r(e, wr(CIE7éR

=lh(-, y:(), ur(Dlreyza,  Vr>1,

and

(5.21) Sgp,(x)dxéH;lr(')HLr/(r-n(m:l, Vr>1.
Then, we may assume

(5.22) ()= in (L),

for some ps(L=(2))*. By (5.2)-(5.3), we have

(5.23) 1‘1_[.1:) Fr(u.(:)=0.

Thus, it follows from the definition of F,(u(-)) that
(5.24) fiﬁ]r(ur(-))éﬁ .

Then, combining with Lemma 4.5 and (5.3), we see that
(5.25) lim J - (ur(-))=1.

Hence, by the definition of u(-) (see (5.7)), we obtain

Oh.(x) Jr(u.(+) h(x, y.(x), v(X)\"
Sn r]r(ur(fc))"‘ dr= ur gas( x]f(uf(-)z)/x )dx
(5.26) é_l:“gos( h(, y(;i’;(r’“))“*)'dx
g%gg(—mﬁj_s:e’ ) dx —0,

where ¢,—0. On the other hand, by the convexity of @, we have
(56.27) pr, ¢(1)—2,(-)>Z0,  Vg()EQ.

Hence, by the finite codimensionality of @ and (5.19), similar to [21], we may
let

(5.28) { gr— 9%

w
Qr —> @, in Q}*’

for some ($° @)=[0, 13xy*\{0}. Thus, we take limits in (5.27) to obtain the
transversality condition (3.8). Next, we take limits in (5.16) to obtain
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(%.29) 0=¢%p, hy(-, 3(), a(-)z(-)>+<p, 2(-)>,  Vz(-)ER;.
Here, R is the reachable set of (3.3) with u(-)eU,. Then, we let
(5.30) P'=—9",  ¢=—0,

which changes (5.29) to the following

(5.31) 0=¢%p, hy(-, 3(), a(-Dz(-p+<p, 2(-)),  Vz()ER,.

We let ¢,(-)€W§?'(2) be the solution of
_‘A(/’r(x):fy(x’ yr(x); ur(x))gbr(x)_gb?—ﬂrgy(x; yr(x))—fpr, XEQ,

(5.32) {
#lae=0.

By [1, 10, 16],

(5.33) [+(Dllwr, o @ = Clligr 1>+l [YF)=C.

Then, we may let

r s, in WEP(Q),
(5.34) {¢ ¢ n

¢ —>¢, in L.

Clearly, ¢(-) is the solution of (3.5). Then, combining (5.31) with some straight-
forward computations, we can obtain

(5.35) OESgsb(x)[f(X, ¥(x), v(x)—f(x, 3(x), a(x))]dx,  Vv(-)EW, $>0.

Thus, the maximum condition (3.9) follows. Now, we show (3.6). If it is not
the case, then, there exists a set Sc&,, such that

(5.36) n(S)=<p, As(-)>>0,
and for some ¢>0, »,=1,
(5.37) h(x, y.(x), u(x))<m—2e, xeS, Vr=r,.

On the other hand, for » large enough, one has

(5.38) IAC, y7(), ur(Dllzryzm—e.
Hence,

. m—2e \"-1
(5.40) wuS)=tim| p(ode<(Z22) T s1 0.

This contradicts (5.36). Thus, (3.6) holds. Finally, from (5.20) we see that
(3.7) holds.
In the case & is independent of u, d4,=0 and we can carry out the proof
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without considering £, and €; etc. Thus, the final conclusion of Theorem 3.1

follows. 0O
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