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GAUSS CURVATURE OF GAUSSIAN IMAGE
OF MINIMAL SURFACES

By L1 HAIZHONG

Abstract

In this paper, we estimate the Gauss curvature of Gaussian image of
minimal surfaces in R»(c), which equality case is exceptional menimal surfaces
in R*(c) defined by Johnson.

1. Introduction. Let R"(¢) be an n-dimensional simply connected space
form of constant curvature ¢. When ¢>0, R*(¢)=S"(¢c) when ¢=0, R*(c)=R™;
when ¢<0, R*(c)=H"(c). Let M be a minimal surface in R™(c), we denote by
K(Zc¢) the Gauss curvature of M with respect to the induced metric dsk. On
M, we choose a local field of orthonormal frames e,, .-+, e, in R*(¢) in such a
way that when restricted to M, e, and e, are tangent to M and e;, -+, e, are
normal to M. Their dual forms are ®,, -, w,. The metric of M is dskj=
()’ +w2)?. We consider Obata's Gauss map from M to the space of all totally
geodesic 2-subspaces in R™(¢) ([8]). Riemannian metric of Gauss map g(M) is

(K1)
(1.1 g¥(dsg)= 2(@ia)*=(c—K)ds,

which is degenerate at points where K=c¢([8]). Let Ks denote the Gauss
curvature of M with respect to g*(dsg), which is the Gauss curvature of the
Gaussian image of M.

When n=3, we have the following well-known result

THEOREM 1.1 (see Lawson [7]). Let M be a minimal surface in R%(c) and
¢c—K+#0 on M. Then

¢
c—K"

(1.2) Ke—1—
When n=4, the following result is well-known

THEOREM 12 (see [, 5]). Let M be a minimal surface in R*. Then
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(1.3) Ke<2,

and Ke=2 on M if and only if M is a complex curve in C2.

In this paper, our purpose is to generalize above Theorem 1.2 to minimal
surfaces in R"(c). Our main result is the following theorem

THEOREM 1.3. Let M be a minimal surface in R*(c) and c¢—K=+0 on M.
Then
c

K.<9—
(1.4) Ke< K

and equality holds in (14) on M if and only if n=4 and
(1.5) |Al*=Ky,

where |A1*=24..,;(h&)? is the square length of the second fundamental form of
M and Ky=3X4 ..., R2p:,is the normal scalar curvature of M in R*(c), ie., M
is an exceptional minimal surface in R*(c) defined by Johnson in [6].

Remark 1.1. According to definition of exceptional minimal surface ([6]),
minimal immersions of the 2-sphere S* into R*(c) are always exceptional
(Chern [3]) (these surfaces are called “superminimal” by Bryant [2]). Thus, by
Theorem 1.3, these surfaces satisfy Ks=2—c/(c—K). We also note that notion
of exceptional minimal surfaces in R*(c) is equivalent to R-surfaces by Y. C.
Wong ([13]).

2. Fundamental lemmas. We need the following lemmas to prove Theorem
1.3.

LEMMA 2.1. Let M be a minimal surface in R"(c), then
(2.1) V(AP IP<2] A|?|VA|*.
// equality holds in (2.1), then we have
2.1y h#=ht,=0, az5.

Proof. Let M be a minimal surface R™(c). It is an elementary observation
that at each point the dimension of the image of the second fundamental form

A of minimal surface M is at most 2. Thus we may choose e;, -+, e, so that
h&=0for all i, j and a=5, i,e., we may choose the basis e,, e;, -+, ¢, so that
the component A% of A satisfy ([11])

=" " =t ”) s (1) =0
(22) ) _\0 —2/, iJ —w O ’ ij)— - 1j/ )
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for some functions A and u. Let |A|*=3q,. ;(h&)be the square length of the
second fundamental form of M and Ky=2la.5.1,,R%s:;, be the normal scalar
curvature of M. By (22) and Ricci equation we easily check that |A|*=
2%+ p?), Ky=162%p".

Noting 2k (hfi2)*=2k (hf2e)?, 3<a<n, by (2.2), we have

IVIAP*=42(Z hishts)’
=163 (Ahtix+phies)’
é16;(22+ﬂ2)[(hiu)2+(h§u)2]
=8| A| "‘% [(hiie)*+(h1ie)"].

2.3)

On the other hand, we have
VAI'=2 3 (hgu)'=4 3 (hn)*
24 23 [(hia)*+ (A1) -

24)

We get (2.1) from (2.3) and (2.4).

If equality holds in (2.1), then we know that equality holds in (2.4). Noting
that equality holds in (2.4) if and only if A%;=h&,=0, a=5. Thus we have
proved that if equality holds in (2.1), then we have (2.1)’. We complete the
proof of lemma 2.1.

LEMMA 2.2. Let M be a minimal surface in R™(c), then

FA(AID=IVA|*+20] A= | A|“+2— )
(2.5) 3
= (VA 2] A= 3 1AL,

and equality holds in (2.5) if and only if (1.5) holds, i.e., the following geometric
condition makes sense

@.5) A=tp.

Proof. Denote the matrix (hf))by H,, 3<a<n. By Gauss-Codazzi-Ricci
equations it was shown in [I2] that

1
fA(l Al® =a’t,zj_ . (hge)*+ (ME_ . lh?jk(hftRmk +h§Riks)
(26) + a’ﬂ'gj,k hERER g

=|VA|*+ aZﬁ t?’(Hang—‘HﬁHa)z—azﬁ (tr(HaHpg))*+2c| A%,

By (2.2), it is easy to check the following formulas
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2.7) ‘%tr(HaHp—HpHa)zz—lGZzyz,
(2.9 H(tr(HaH,s)Y:él(Z‘—i-p‘) .
Substituting (2.7) and (2.8) into (2.6), we get

—;—A(IAP):IVAI2+2clAlz—8(22+;12)2+4(1‘+y‘)
2.9

~

= VA" 42| A= 2| A4+ 22— 1)

From (2.9), equality holds in (2.5) if and only if 2*=p? ie., A=%u, i.e.,
|Al*=Ky. We complete the proof of lemma 2.2.

LEMMA 2.3. (Otsuki [10] or see Ogata [9]). Let M be a minimal surface in
R*(c). If |A|*+0, Ky+0 and h{;,=h{,=0, (@=5) on M. Then there is a 4-
dimensional fotally geodesic submanifold of R™(c) such that M is contained in the
submanifold.

Remark 2.1. 1In [9], scalar fields K, and N, are defined by
K= 3S[he)+(h)*],
New=S(hs)* S(he*—(Shiih)*.
Obviously, by (2.2), |A|*=2Ky=2(*4p*), Ky=16N)=162%p>.

3. Proof of Theorem 13. Let M be a minimal surface in R™(¢) and
¢c—K=+0 on M, where K is the Gauss curvature of M with respect to the
induced metric ds%. We choose the basis e,, -:-, e, such that we have (2.2).
Let o=c—K=|A|?/2>0, as well known, the Gauss curvature Kg of the con-
formal metric ods} satisfies (see [4])

= 1 Ae¢ |Va|?
3.1) —oKg=0—c+ 2 s 9gt
By use of lemma 2.1 and lemma 2.2,

_1_ __1_ 2_l 2 2_§_ 4 2,2\
an 7 AT= AN A= 5 VA e A= | A1+ @— )
_11%"

=2

Combining (3.1) with (3.2), we obtain (1.4).

If equality holds in (1.4) on M, then equality holds in (32) on M, i.e.,
equalities hold in (2.1) and (2.5) on M. Thus we have (2.1)’ and (2.5)" on M.
Combining this with lemma 2.3, we have n=4 and |A|*=Ky(that is z=+p) on
M, i.e., M is an exceptional minimal surface in R*(c)defined by Johnson in [6].

30%+20c¢.
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Let M be an exceptional minimal surface in R%c), ie., |A|*=Ky, i.e.,
A=xpy on M. In this case, by A’=p?’=]A|*/4, we know that 1 and u are
smooth functions on M. Equalities hold in (2.3) and (24) by a direct check,
thus equality holds in (2.1). Combining this with (2.5)’, we have proved that
equality holds in (1.4) from (3.1) and (3.2). We complete the proof of Theorem
1.3.

Acknowledgement. This paper is a part of author’s doctoral thesis entitled
"Curvature pinching theorems for minimal submanifolds” in department of
mathematics of Sarajevo university, in 1992. He expresses his thanks to Prof.
Muharem Avdispahic, Prof. Neda Bokan and Prof. Sun Zhenzu for their en-
couragements and teachings. Many thanks also to the referee for his useful
suggestions and comments.

REFERENCES

[1] BARBOSA, J.L. AND Do CARMO, M., Stability of minimal surfaces and eigenvalues
of the Laplacian, Math. Z., 173 (1980), 13-28.

[2] BRYANT, R.L., Conformal and minimal immersions of compact surfaces into the
4-sphere, J. Diff. Geom., 17 (1982), 455-473.

[3] CHERN, S.S.,, On the minimal immersions of the two-sphere in a space of constant
curvature, Problems in Analysis, Princeton, 1970, 27-40.

[47 GOLDBERG, S.I., Curvature and Homology, Academic Press, New York, 1962.

[5]7 HOFFMAN, D. AND OSSERMAN, R., The geometry of the generalized Gauss map,
Mem. Amer. Math. Soc., 236 (1980).

[67 JOHNSON, G.D., An intrinsic characterization of a class of minimal surfaces in
constant curvature manifolds, Pacific J. Math., 149 (1991), 113-125.

[7] LAWSON, H.B., Complete minimal surfaces in S3 Ann. of Math., 92 (1970), 335-
374.

[87 OBATA, M., The Gauss map of immersions of Riemannian manifolds in spaces of
constant curvature, J. Diff. Geom., 2 (1968), 217-223.

[9] OGATA, T., Minimal surfaces in a sphere with Gaussian curvature not less than
1/6, Tohoku Math. J., 37 (1985), 553-560.

[10] OTSUKI, T., Minimal submanifolds with m-index 2 and generalized Veronese sur-
faces, J. Math. Soc. Japan, 24 (1972), 89-122.

[11] SAKAKI, M., Remarks on the rigidity and stability of minimal submanifolds, Proc.
Amer. Math. Soc., 106 (1989), 793-795.

[12] SIMONS, J., Minimal varieties in Riemannian manifolds, Ann. of Math., 88 (1968),
62-105.

[13] WONG, Y.C., Contributions to the theory of surfaces in a 4-space of constant
curvature, Trans. Amer. Math. Soc., 59 (1946), 467-507.

DEPARTMENT OF MATHEMATICS
ZHENGZHOU UNIVERSITY
ZHENGZHOU 450052

PeopLE’s REPUBLIC OF CHINA





