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Abstract

In this work we examine the question of relaxability of infinite dimensional varia-
tional problems with state constraints. We consider systems governed by multivalued
evolution equations ("trajectory problem")- We start with a new, general existence
result for such inclusions with nonconvex valued orientor field. Then we prove a
relaxation result. Next we introduce a cost functional, which we want to minimize
over the trajectories, first of the original system and then over those of the relaxed
one. Using perturbed and penalized versions of the original variational problem, we
show that relaxability for the system is equivalent to a well-posedness notion that
we call "strong calmness". The same analysis is also carried on for semilinear sys-
tems. Now the hypotheses on the orientor field are weaker. We then show that the
control problem is a special case of our trajectory problem. Finally we work an ex-
ample of a distributed parameter control system.

1. Introduction

To establish the existence of optimal solutions in an optimal control problem,
we need some kind of convexity hypothesis (recall for example the popular
property (Q) of Cesari [4]). This partly motivates the introduction of relaxed
optimal control problems, wherein the original governing equation is replaced
by its convexified analog. The nice thing about relaxed systems, is that under
fairly mild hypotheses, a relaxed trajectory can be approximated arbitrarily well
by an original trajectory. This, together with the facts that the relaxed
problems, under very general conditions, admit optimal solutions and their value
is equal to the value of the original problem, make clear the importance of the
study of relaxed systems. More specifically in this paper we will study if and
when the relaxation of a system introduces new better solution(s) or leaves an
original optimal solution, optimal to the relaxed system (relaxability). So in
some sense relaxability can be viewed as a necessary condition itself.

Since a relaxed trajectory only can be approximated arbitrarily well by an
original trajectory, it is important—in particular when terminal constraints are
present—to have a precise mathematical way to express the fact that the
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original problem is well-posed. By well-posedness, we mean that arbitrarily
small perturbations of the data of the original problem, do not change drastically
the minimum value of the cost functional. The first person that introduced a
mathematical framework to address those questions was Clarke [6], who for
this purpose defined the notion of calmness.

In this paper we investigate the relation that exists between the problem
of relaxability of infinite dimensional variational problems and the property of
calmness of the system. For this purpose we introduce a new, stronger version
of calmness, which allows us to consider also problems with state constraints
(something that is not covered by the work of Clarke [6], which deals only
with finite dimensional systems). It turns out, that this stronger version of
calmness, is in fact equivalent to the relaxability of the system.

To achieve a higher level of generality, we consider systems with dynamics
described by differential inclusions, which include control systems, since through
the "deparametrization technique", we can transform a control equation to a
differential inclusion. Following Clarke's terminology (see [6]), we call this
more general problem "the trajectory problem". An additional level of generality
is added to our presentation, with the introduction of pointwise state constraints,
something that Clarke didn't have in his problem. Finally, our systems are
infinite dimensional, while Clarke [6] restricted himself to Rn. So our work
is a twofold generalization of the original work of Clarke [6]. On the one
hand we allow the presence of state constraints and on the other hand we deal
with infinite dimensional systems.

2. Preliminaries

Let (£?, Σ) be a measurable space and X a separable Banach space. Through-
out this work we will be using the following notations:

)—{A<^X . nonempty, closed, (convex)}

and PMkc{X)={Ac=X: nonempty, (w—) compact, (convex)}.

A multifunction F: Ω->Pf(X) is said to be measurable, if for every
ω-^d(x, F(ω))=ήnf{\\x—z\\: z^F(ω)} is measurable. When there is a tf-finite
measure μ( ), with respect to which Σ is complete, then the above definition
of measurability is equivalent to saying that GrF={(ω, x)^ΩxX: x^F(ω)}
(ΞΣXB(X), B(X) being the Borel σ-field of X (graph measurability). By SjJ
(l^s/>^°°), we will denote the set of measurable selectors of F( ) that belong
in the Lebesgue-Bochner space LP(X) i.e. S$={f(ELp(X): f(ω)^F(ω)μ-a.e.}.
This set may be empty. It is nonempty if and only if ω—>inf {||z||: z&F(ω)}^L+.
In particular this is the case if ω-*\F(ω)\=sup{\\z\\: z^F(ω)}^L+, in which
case F(') is said to be L^-integrably bounded.

Let Y, Z be Hausdorff topological spaces and G: Y-+2Z\{0} a multifunction.
We say that G( ) is upper semicontinuous (u.s. c.) (resp. lower semicontinuous
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(l.s.c.)), if for all VQZ open, we have that G+(V)={y^Y: G(y)^V) (resp.
G~(V)={y^Y: G(y)Γ\Vφ0}) is open in Y. Also if Z is a completely regular
space on the space M{Z) of bounded Radon measures on Z we can define the
narrow topology to be the weak topology w{M{Z)y Ch(Z)), where Cb(Z) are the
bounded continuous functions on Z.

Finally if Ω=T=[0, b~] and f<^L\X), the weak norm of /(•) is defined as
follows :

Ct'f(s)ds : t

Convergence of a sequence in this norm, implies weak convergence in
L\X). For the converse additional hypotheses are needed.

3. A relaxation result.

Let T=[0, b~], H a separable Hubert space and X a subspace of H carrying
the structure of a separable, reflexive Banach space and continuously and
densely embedded into H (i.e. Xc>H). Having H as our pivot space, we have
Xc+Hc+X* and we assume that the embeddings are also compact. By || ||
(resp. | |, || | |*), we will denote the norm of X (resp. of H, X*). Also by
<•,•> we will denote the duality brackets for the pair (X, X*) and by ( , ) the
inner product in H. The two are compatible in the sense that < , >|jrxjϊ=( , )

We consider the following two multivalued systems:
The "original system":

r x{f)+.
I *(0)=

and the "relaxed system":

ί x(t)+A
I x(0)=x

±(jt)+A(f, x{t))^F{ty x(f)) a. e.Ί

*(0)=* β I

x(t)+A(t, x(0)econvF(f, x(t)) a.e.i
(0)

Our goal in this section, is to establish a relation between the sets of
trajectories of the above two multivalued systems.

We will achieve this, by first establishing the existence of strong solutions
for problem (*). This result is of independent interest and extends earlier
existence results for differential inclusions obtained by Kisielewicz [11], Pavel-
Vrabie [19] and Papageorgiou [14]. The interesting feature of our existence
result is the nonconvexity of the orientor field F( , ). To prove this general
existence theorem, we need the following set of hypotheses. Here Xw denotes
the space X with the weak topology.
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H(Λ): A:TxX->X* is an operator s.t.
(1) t-+A(t, x) is measurable,
(2) x-+A(t, x) is sequentially continuous from Xw into X£ and monotone,
(3) (A(t, x), xy^cλ\\x\\p a.e., with cx>0 and l < ί < o o ,
(4) \\A(t, ̂ lU^ΛCO+^IUP" 1 a.e., with A( ) E I « l/p+l/q=l and c2>0.

H(F): F: TxZ->P/(X*) is a multifunction s.t.
(1) (?, x)-+F(t, x) is graph measurable and \F(t, x)\<a(t) a.e. with a{
(2) *->FGf, *) is 1. s. c. from Xw into X*.

By a solution of (*) we understand an absolutely continuous function
x: T-*Z* s.t. x(J)+A(t, x{t))=f{t) a.e. (in X*) JC(O)=JCO, with /( )eSj.(.fa?(θ).
By W(T) we will denote the following Banach space: W(T)={X(-)ΪΞLP(X):
X( )ΪΞL%X*)}. Recall that W(T)<^C(T, H) (see Lions [12]).

THEOREM 3.1. // hypotheses H(A) and H(F) hold and * o e X , then (*) αdmifs
a solution belonging in W(T).

Proof. Consider K<^C(T, H) defined by:

K={y<ΞC(T, H): y{t)+A{t, y(t))=g(t) a.e.

in X*, yφ)=x0,

From theorem 4.2, p. 166 of Barbu [2], we know that 0ΦKQW(T).
We will show that K is a compact, metrizable subset of C(T, Xw).
First we will determine an a priori bound for the elements in K. So for

, we have:

(0, x(t)>=<-A(t, x{t)), x(φ+<g(t), x(t)> a.e.

0 > a.e.

But recall that <*(*), x(t)>=(x(t), x(f)). So we get:

Wt) (t))^\(t)\*2<A(ft ^ , x(φ+2<g(t), x(φ.

Because of hypotheses H(A) (1) and (2), we see that for every
(t, x)-+(A(t, x), y} is a Caratheodory function (i. e. measurable in t, continuous
in x)=$(f, x)->(A(f, x)y y} is jointly measurable =)ί-*<^4(f, x(t)), x(φ is measurable
and because of hypothesis H(A) (4), is integrable. So integrating both sides of
the last equality above we get that:

l*(OI 2 - |*ol 2 +2( C 04(s, x(s)), x(s)>ds=2\\g(s), x(s)ds.
Jo Jo

Using the coercivity hypothesis H(A) (3) and Holder's inequality, we get:
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oIU(s)||^s^Uol2+2(Jol|^(s)||^s)

From Cauchy's inequality, we have:

(Jjls(s)llS)1/β ^

Take ε=(pc2/2)1/p. Then for all t^T we have:

ff||α||5=M (1)

Having this estimate we can now get the relative sequential compactness
of K in C(Γ, XJ. To this end consider ZgL5(X*) defined by:

Z={y<=Lq(X*): \ y(s)ds€=X for all ,4gT Lebesgue measurablej.

Clearly Z is a linear subspace of LQ(Z*). Let {^n}n^iS^ s. t. ^n-^^ in
Lq{X*). Then for every JCGI, we have:

, y(s)}ds

, ί y»(s)ds>—*<χ, \ y(s)ds>.
J A J A

Since Xc+H~c*.X*, with all embeddings continuous and dense, we deduce that:

\ yn(s)ds -Ξ* ί >(s)ds in X.
J A J A

Because X is reflexive, is weakly sequentially complete. So I y(s)ds^X
J A

for all ,4gT Lebesgue measurable =$y^Z=$Z is closed in L9(Z*)=)Z is a
separable, reflexive Banach space for the relative L5(Z*)-norm topology.

Now let v4£=T be Lebesgue measurable and consider the linear operator
K(A): Z->Z defined by:

K{A)(y)=\bXJt)y{t)dt.

For every Λ ;*GI*, y—><x*, ϋΓ(i4)(3;)> is a continuous linear functional on Z.
So there exists ^x*)( )eLp(JΪ) s.t.
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On the other hand, we have that:

So for X * G I * , we have:

<**, xit+V-xίφ^^UixtXsψds)'*- \\x\\q

We claim that there exists M 0 >0 s. t. for all χ(=K, ||*||β^Af0. To this
end, let VΪΞLP{X). Then for x^K, we have:

, v(t)>dt=\\-A(t, x(t))+g(f), v(φdt
Jo

, x(t)\\*+\\g(t)\\*) \\v(t)\\dt. (2)

Applying Holder's and Minkowski's inequalities and using hypothesis H(A)
(4), we get:

t, x(t))h+\\g(f)h>\\v(t)\\dt

<[\\\\A(tf x(t))\\l+\\g(t)\\%dt\Uq4v\\

But from estimate (1) above, we know that WxWξ^M/cu Hence from (2)
we get:

where ((•,•)) denotes the duality brackets for the pair <LP(X),
Therefore finally we have:

for all XΪΞK and with A/o=||A||J+c2(Λ//Ci)1/ί+ll^llβ and so the claim about the
L3(X*)-boundedness of {*(•): x<=K} follows.

So now we have:

O t + h \i/p

\\g(x*Xs)\\*ds) -Mo

=$K is weakly equicontinuous.
Furthermore, once again from estimate (1) and recalling that in a reflexive

Banach space, bounded sets are relatively ^-compact, we deduce that for all
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Invoking the Arzela-Ascoli theorem, we deduce that K is relatively sequenti-
ally compact in C(T, Xw).

Next we will show that K is sequentially closed in C(T, Xw). From the
Dunford-Pettis compactness criterion and by passing to a subsequence if neces-
sary, we may assume that gn~*g in Lq(X*). Using the dominated convergence
theorem, we get that:

S t w rt

A(s, xn(s))ds —> I A(s, x(s))ds
o Jo

S t w rt

g(s)ds —> \ g(s)ds. Therefore in the limit we get:
o Jo

χ(O=*o-Γi4(s, x(s))ds-{-\tg(s)ds
Jo Jo

, x(t))=g{t) a.e., x(0)=xQ

So indeed K is sequentially closed, hence sequentially compact in C(T, Xw).
It is also metrizable since K<^C(T, Bφ, MJJ, with M^sup |U(OII and 5(0, Mx)w

t<=τ
x&K

is the M^ball in X with the weak topology. Since B(0, Mλ)w is compact,
metrizable, then so is the compact-open topology on C(T, B(0, Mx)w).

Let i?=conv K. This is still compact in C(T, Xw). Consider the multi-
function L: R-+2Ll< x^ defined by:

Using hypothesis H(F) (2) and theorem 4.1 of [16], we get that L( ) is
1. s. c . Apply Fryszkowski's selection theorem [9], to get p: K-+L\X*) con-
tinuous s. t. p(x)^L(x) for all x^K. Then consider the evolution equation

a.e.} ( * y

Again from Barbu [2], we know that this has a unique solution in W(T).
Let q:R-*K be the map that to each x^K assigns the unique solution of (*)'.
We claim that this map is continuous for the relative C(T, Zw)-topology on K.
So let xn->x in K. Then by setting yn=q(xn)<=ίi and by passing to a sub-
sequence if necessary, we may assume that yn-^y in ίt. So we have:

is, yn(s))ds -^> \lA(s, y(s))ds
Jo

and \tp(xn)(s)ds —> \tp(x)(s)ds
Jo Jo
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=* y(t)=xo- \Ά(s, y(s))ds+\tp(x)(s)ds,
JO JO

=$q( ) is continuous on K with the C(T, Zw)-topology.

Apply Tichonoff's fixed point theorem, to get x^K s. t. x=q{x). This is
the desired solution of (*). Q. E. D.

Now we are ready to compare the solution sets of (*) and (**). To achieve
this we need the following stronger set of hypotheses:

H(A\: A: TxZ->Z* is an operator s.t.
(1) t-*A(t, x) is measurable,
(2) x^A(t, x) is sequentially weakly continuous and monotone,
(3) <A(t, x), χy^Cl\\x\\p a.e., with d>0, l<p<oo,

(4) \\A(t, x)\\*^h(t)+cAx\\p-1, with A( )eL«, l/p+l/q=l, c2>0.

H(F\: F: TxH-+Pf(H) is a multifunction s.t. F(f, x)=p(t, x} U(t)), where:
(1) p: TxHxZ-^H with Z a separable Banach space and:

i) t-+p(t, x, z) is measurable,
ii) \p(J, x,z)-p(t, x',z)\£k(t)\x-x'\ a.e. with k(-)*ΞL\,
iii) (x, z)-*p(t, x, z) is continuous from HxZw into Hw,
iv) \p(t, x, z)\^a(t) a.e. with a(-)^Lq.

(2) U: T-+PfC(Z) is an integrably bounded multifunction s.t. U(t)QW a.e.,
with W^Pwkc(Z).

Note that Fit, x)=p(f, x, U(t))(=Pwk(H) and so from the Krein-Smulian
theorem, we have that convF(f, x)^Pwkc(H).

We will denote the solution set of (*) by P(x0) and the solution set of (**)
by Pr(xQ). We have the following result relating those two sets.

THEOREM 3.2. // hypotheses H(A)1 and H{F\ hold and JC O GI, then Pr(xo)

is nonempty, sequentially compact in C{T, Xw) and P(xo)=Pr(xQ), the closure

taken in C(T, Xw).

Proof. The nonemptiness of Pr(xo) follows from theorem 3.1.

Let M(Z) be the set of bounded Borel measures on Z and denote by M\(Z)
the probability measures on Z. Define Σ(t)={λ^Mi(Z): λ(U(f))=l}. From
theorem V-2 of Castaing-Valadier [4], we know that Σ(-) is measurable. Set

Frit, x)={\ pit, x, z)λ(dz): λ(=Σ(t)}. We claim that Fr(t, x)=cδnv F(t, x). First

note that Fr(t, x) is convex. Also if xn(=Fr(t, x), n^l and xn-*x we have

xn=[ p(t, x,z)λn(dz), λn^ΣiJ). But Σ(t)QMOWw) and the latter is a compact.
J w
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Polish space with the narrow (weak)-topology since Ww is compact, Polish. So
we may assume that i n ^ e ί ( ί ) (since lim λn(U(t))=l<λ(U(t))). So for every

(v, xn)=\jίv, p(t, x, z))λn(dz)->\w(v, p(f, x, z))λ(dz)^{v, \wp(f, xy z)λ(dz))

> for all vtEH=$x = \ p{t, x, z)λ(dz), λ^Σ{t)^xt=Fr(t, x)=$Fr(t, x) is

closed. Also note that F(x, t)QFr(t, x) (just take λ=δu, u^U(t)). Hence
convF(t, x)QFr(t, x). On the other hand given λ^Σ(t), from a well known

property of probability measures, we can find λn— 2 akδUb where ak^0,
k 1
2
k =1

Λr

=1 and uk^U{t), s.t. λn-*λ. So J ^ ( i , x, z)λn(dz)^wP(t, x, z)λ(dz). But

Qt, x, z)λn(dz)=g p(f, x, uk)<ΞconvF(t, x). So Fr(t, x)gconvF(ί, x)=$Fr(t, x)

=conγ F(t, x) as claimed.
From the definition of F(t, x) we have:

GrF={(t, x, y)£ΞTxHxH: y<=F(t, x)}

= {(t, xy y)^TxHxH: y=p(t, x, u),

Set η(f, x, y} u)=y — p(f, x, u) and θ(f, u)=d(u, U(f)). Then we have:

GrF=pro}TxBxBl(t, x, y, u): η(t, xy y, «)=0, θ(f, M ) = 0 ] .

Note that both η and θ are B(T)xB(H)xB(H)xB(W)-measurable mappings.
Also from corollary 2.4 of Edgar [8], we know that B(Z)=B(ZW)=$B(W)=
B(Z)r\W-B(Zw)Γ\W=B(Ww) (where Ww denotes the set W with the weak
topology). But recall that Ww is compact, Polish. So from the Arsenin-Novikov
theorem (see Saint-Beuve [21]), we get that:

GrFtΞ B(T) X B(H) X B(H).

Hence F( , ) is graph measurable and so we can apply theorem 2 of
Chuong [7] and get that Sk ,*c » is dense Sί

ΈδEϊF(:.,x<i.»=S1

Fr<i.,xC.Ώ for the weak
norm || | |w. So if i( )ePrUo) and n^l we can find /neSJ.(.iXco) s.t. ||/n—/IL
->0, where /( )eSJ.rC..aϊco)=S1cδnvFc..χco) s.t. x(t)+A(t, x(t))=f(t) a.e.

Consider the multifunction Ln: T->2Z\{0], n^ l , defined by:

: fn(t)=p(t, x(t), u)}.

Clearly Ln(t)Φ0 for all ίGT. Let {xm}m î be dense in X and define
hm(f, u)=(xm, fn(t)—p(t, x(f), u)). From hypothesis H(F)U it is easy to see
that (f, u)^>hZ(t, u) is a Caratheodory function, hence jointly measurable. So
for every m>l {(t, U)EΞTXZ: hl(t, u)=0}^B(T)xB(Z). Observe that:
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GrLn= Π ί(f, u): hn

m{t, u)=0}nGrU

GrLn^B(T)xB(Z).

So we can apply Aumann's selection theorem (see Saint-Beuve [20], theorem
3) and get un:T-^Z measurable s.t. un(f)^Ln(f) a.e. So we have: fn(t)—
Pit, x(f), un{t)) a.e., with un(-)t=Sb.

Let yn( ) be the unique strong solution of the original system corresponding
to the forcing term pit, yn(t), un(t)). So yni-)^Pix0) and since from the proof
of theorem 3.1 we have that P(x0) is relatively sequentially compact in C(T, Xw),
by passing to a subsequence if necessary, we may assume that yn-*y in
C(T, Xw). Then for all n^ l , we have:

)-y»(t), χ(t)-y»(t)>
UL

=2<-A(f, x(t))+f(t)+A(t, yn(t))-p(t, y,(t), un{t)), x(t)-y»(f)> a. e.

<2(f(t)-p(t, yn(t), un(t)), x(t)-yn(Φ a.e.

(since A(t, ) is monotone)

=2(/(ί)-ί(ί, *(0, un(t))+p(t, x(t), un(t))-p(f, ynit), unit)), x(t)-yn(t)>

=ϊ I x(f)-yn(f)12^Γ2(/(s)-/n(s), xis)-ynis))ds + [kis)| *(s)-y»(s)|Ms.
Jo Jo

Since yn-*y in C(T, Xw)
=$yn(t)-*y(t) in X and since Xc+H compactly

ynit)^yit) in //. Furthermore recall that fn—>f and so fn^f in L^i/). Thus
in the limit we get:

Ixi^-yim2^ kis)\xis)-yis)\2ds.
Jo

Invoking GronwalΓs inequality we conclude that x—y-

=Pix0) the closure in CiT, Xw). Q. E. D.

Remark. From the above proof it is easy to see that instead of the Lipschitz
hypothesis on pit, -, u) we could have made a dissipativity hypothesis. In general
from the theory of differential inclusions (see Aubin-Cellina [1]), we know that
simple continuity of the orientor field is not enough to have a relaxation result.
In the context of control systems, the relaxation result just proved, tells us that
essentially (i. e. within closure), we can have the same attainable set by econo-
mizing in the controls.

4. Relaxability of variational problems and calmness

In this section we impose state constraints and we introduce a cost functional,
which we try to minimize first over the set of trajectories of the original system
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and then over the set of trajectories of the relaxed one. Our goal is to derive
necessary and sufficient conditions for the two variational problems to have the
same value. In this process, we also introduce our stronger version of the
notion of calmness due to Clarke [6].

So let / : C(T, H)-*R and k: HxH-^R be two continuous functions. The
cost functional is:

/(*)=/(*)+*(*(0), *(«).

We want to minimize /(•), first over the trajectories of

x(t)+A(t, x(t))t=F(t, x(t)) a. e.

U
and then over the trajectories of

r x(f)+A(t, x(f))GEconvF(f, x(t))

Denote by m the value of the first optimization problem and by mr the
value of the second one. We want to compare them ("relaxability problem").

We will need the following hypothesis concerning the state constraint
multifunction.

H{K): K: T-*Pf{H) is measurable and K(0)^X is bounded.

Given the a priori bounds for the trajectories of (*)i and (**)i, there is no
loss of generality in assuming that K(-) is integrably bounded.

We will approach the relaxability problem by considering perturbed and
penalized versions of the original variational problem and examining the behavior
of the values of those problems as the perturbation and penalization respectively
go to zero. So the perturbed problem has the following form:

f(x)+k(x(O), x(b))->inf
s.t. x(t)+A(t, x(t))€=F(t, x(t)) a.e.

bdH{x{t), K(t))dt<ε, x(0)
0

(*).

while the penalized problem is the following one:

, K(t))dt->M
(*)ί

s.t. x(f)+A(f, x(t))<=F(t, x(t)) a.e.

Here dH( , K(t)) denotes the distance fnnction in H from the set K(t)QH'.
We will denote the value of (*)s by m(ε) and the value of (*X by m'(ε). We
will assume that they are finite and set m(0)=m'(0)=m. Throughout this section
we will assume that (*)i (hence (**)i too) admits solutions. Nagumo type con-
ditions that will guarantee this for particular cases can be found in Pavel [18]
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(semilinear systems) and Papageorgiou-Avgerinos [17] (nonlinear autonomous
systems).

THEOREM 4.1. // hypotheses H(A), H{F) and H(K) hold then m( ) is right
continuous at 0 if and only if m'( ) is right continuous at 0.

Proof. Jj,: Let {xn}n>i = C(T, H) be trajectories of the evolution inclusion
xn(t)+A(t, Xn(t))<=F(t, xn(f)) a. e. and s.t.

H(xn(t), K(t))dt£m'a/n)+l/n.

S δ
dH(xn(t), K(t))dt}nzi is bounded,

o

So there exists M>0 s.t.

^M for all n ^ l

=$ lim
n-»oo n-»oo

Since m'(l/n)<m'(0) for all w^l, we conclude that m'( ) is right continuous
at zero.

t : Again let {x n ( n , iSC(T, if) be s.t. i n ( 0 + ^ α , xn(t))<=F(t, xn(t)) a.e.,

^(xn(0, K(t))dt£l/n2 and /(*„)+*(*„(()), x ,W)^m(l/n 2 )+l/n, n ^ l . Then

n\ dH(xn(t), K(t))dt<l/n and so we have:
Jo

Recall that for all n ^ l , m(l/?22)^m(0). So m( ) is right continuous at zero.
Q. E. D.

Now we are ready to introduce our stronger version of Clarke's notion of
calmness. Let V~{r: R+-*R+=R+KJ{ + <*>} s.t. r( ) is nondecreasing and
limr(e)=r(0)=0}.

S4-0

DEFINITION. The problem of minimizing /(•) over the trajectories of (*)j
(the "trajectory problem") is said to be "strongly calm" if and only if there
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exists r( )^s. t . l im O T ( s ) 7? ϊ ( 0 ) >-oo.
s4o r ( e )

Remark. Clarke [6] defined calmness using r(ε)=ε.

Our next result shows that our notion of calmness is in fact equivalent to
the well posedness of (*)ε, in the sense of right continuity at zero of m{ ).

THEOREM 4.2. // hypotheses H(A), H{F) and H(K) hold, them m( ) is right
continuous at zero if and only if the trajectory problem is strongly calm.

Proof. 4 : Let r(ε)=m(0)—m(ε)^0. Since by hypothesis m( ) is right

continuous at zero, we see that r( )^V. Observe that τ-τ = — 1. So

the trajectory problem is strongly calm.

IT: Let r(-)(^V be the function postulated from the definition of strong
calmness. We have:

/ N /AN m(ε)—m(0) . .
m(ε)-m(0)= ' r(ε)

ί(e)-m(0) f Λ

^ ω — K ε ) J
ι(ε)—m(0)\ /,. , Λ A

m(ε)—m(0) ^ 7 , , t . . , t , , Λ N

since hm — > —oo (the problem being by hypothesis strongly calm).

Hence we have limm(ε)>m(0).
εiO

On the other hand recall that m(ε)^m(0) for all ε^O. So li

Γimm(ε)=m(0)=4m( ) is right continuous at 0. Q. E. D.
εj.0

Combining theorems 4.1 and 4.2 we get:

THEOREM 4.3. // hypotheses H(A), H(F) and H(K) hold, then τn'( ) is right
continuous at zero if and only if the trajectry problem is strongly calm.

The next result will be useful in relating calmness and relaxability (i.e.
m—mr) of the trajectory problem. Let r(-)^εV and set i?(r)=inf {/(*)+ k(x(0), x(b))

), K{t))dt): x(t)+A(t, x(jt))t=F(t, x(t) a.e.}.

THEOREM 4.4. // hypotheses H{A), H(F) and H(K) hold, then m( ) is right
continuous at zero if and only if there exist r( )<^V s.t. m(0)=/?(r).

Proof. 4 : Let x( ) ε C ( T , H) be a trajectory of (*)i (recall that we have
assumed that (*)i admits trajectories). Note that
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, K(t))dt)^f(x)+k(x(O), *(«)=/(*)

, K(f))dt)

Set r(ε)=m(0)—m(ε). Due to the right continuity of ra( ) at zero, r
Since the last inequality above is true for any trajectory JC( ) of x(t)+A(f, x(t))
&F(t, x(t)) a.e., we get that

On the other hand, directly from the definitions we see that:

IT : Given ε>0, <5>0, let x( ) be a trajectory of x(f)+A(t, x(f))^F(f, x(f)) a. e.

s. t. I d(x(t), K(t))dt<ε and /(jc)^m(s)+3. By hypothesis there exists r( ) e V s. t.
Jo

Since <5>0 was arbitrary, we deduce that:

On the other hand, recall that we always have ra(ε)^ra(0), ε^O. So

limm(ε)=m(0)
£ 4 - 0

is right continuous at zero. Q. E. D.

Now we are ready for the main result of this section, which relates the
concepts of well-posedness and relaxability (i. e. m=mr). By C(T, Xw) we will
denote the space of weakly continuous Z-valued functions defined on T.

THEOREM 4.5. // hypotheses H{A)U H(F)lf H{K) hold and f: C{T, XW)^R
is continuous and bounded below by γx and k: XxX->R continuous and bounded
below by γ2, then m( ) is right continuous at zero if and only if the trajectory
problem is relaxable {i.e. m—mr).

Proof. 4L: Suppose that this implication was false. Then 0<.d—m—mr

and so we can find *(•) a trajectory of the relaxed system (**)i s. t.
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Since by hypothesis (*)i has solutions and /(•) is continuous we can find an
original trajectory (i.e. trajectory of (*)0, z( )<^C(T, Xw) s.t.

and since Xc^H compactly we can also have:

r(j\f*(*(*), K(t))dt)ύδ/6.

where r(-)^V and R{χ)—mφ) (see theorem 4.4).
Hence we have:

<m(0)-δ/2+δ/3=m(0)-δ/6.
But then

which is absurd. So the implication is true.
1f: Again we proceed by contradiction. So suppose that limmCsXmfO).

Let εniO s. t. m(en)->limw(e). Set δ=m(0)—limm(e)>0. Then there exists
£ 4 - 0 ε 4 - 0

Wo l̂ s.t. for n^rio we have:

m(εn)<m(0)-δ/2.

So we can find xn(-)^W(T)QC(T, H) satisfying xn(f)+A(t, xn(t))<=F(t, xn(f))

a.e., xn(0)£ΞK(Q) and ^dH(xn{t), K(t))dt^εn s.t.
Jo

»)+ Kxn(0), xn(b))<mφ)-δ/3.

Since {xΛ(0)}w^i^^(0) is w-compact in X} as in the proof of theorem 3.1 we
have that K0={y(-)^C(Tf H): $(t)+A(t, y(f))=h(t), ^ ( 0 ) G C , ||A(OI|^α(ί) a.e.}
is sequentially compact in C(T, Xw). Since {xn}n^i^K0} by passing to a sub-
sequence if necessary, we may assume that xn->x in C(T, Xw). Also as in the
proof of theorem 3.1, we can get that | |in | |e^Mo=)||i:n | |i^Mo and thus from the
Dunford-Pettis weak compactness criterion and by passing to an appropriate
subsequence if necessary, we may assume that xn^z in L\X*). It is clear that
x=z. Using theorem 3.1 of [16], we have that:

x(t)^conyw—limixnit^n^! a.e.

=$x(t)+A(t,

Qcδnvw-ϊϊmF(t, Λ»(ί))£convF(ί, x(f)) a.e.
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Also \ dH(xn(t), K(t))dt->0 as n-^oo. Applying Fatou's lemma we get that:
Jo

), K(t))dt=0

\

Jo

=ϊdH(x(t),K(t))=0 a.e.

=Φ*( ) is a relaxed viable trajectory.

Finally note that since relaxability holds, we have:

m r=m=m(0)fS/(x),

and since J(xn)-*Kx) and J(xn)<>m(0)—δβ, we have

which is absurd. So the implication holds. Q. E. D.

Combining the results of this section we can have the following complete
characterization of relaxability.

THEOREM 4.6. // the hypotheses of theorem 4.5 hold, then the following are
equivalent:

(1) the trajectory problem is relaxable,
(2) m( ) is right continuous at zero,
(3) m'( ) is right continuous at zero,
(4) the trajectory problem is strongly calm.

Remark. We could have defined strong calmness by requiring that

l i m m ( g ) ~ m ( ) > - o o for some r(-)^V. The same results could have been
Tio- r(ε)

obtained using this definition. However the definition using m( ) is more
directly related to the notion of calmness of Clarke [6], which was defined
through perturbations in the state constraints. By the way, note that Clarke
[6], has only initial and terminal state constraints (i.e. for ί = 0 and t—b).
Here the situation is more general in that respect.

5. Relaxation of semilinear evolution inclusions.

In this section, we concentrate our attention to a particular subclass of
inclusions (*), namely the semilinear ones. This allows us to improve the
hypotheses on the orientor field F(t, x).
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So the multivalued Cauchy problem under consideration is:

f *(t)+A(t)x(t)<=F(t, x(t)) a. e. i

with the following hypothese concerning the data of the problem:

H(A)2: A: TxX-*X* is a map s.t.
(1) t->A(t)x is measurable,
(2) x->A(t)x is linear, monotone
(3) \\A(t)x-A(t')xh£k\t-t'\-\\x\\
(4) <A(t)x, x>^c\\x\\2 a.e. c>0 (i.e. A(t)( ) is a.e. strongly monotone),
(5) \\A(t)x\\£c'\\x\\c'>0 (i.e. A(f)(-) is continuous).

For the orientor field F(t, x), we will assume the following:

H(F)2: F: TxH->Pfc(H) is a multifunction s.t.
(1) (t, x)->F(t, x) is graph measurable,
(2) x->F(t, x) is 1. s. c. from H into H,
(3) \F(f, x)\H=supl\y\: y<=F(f, x)}<a(t)+b(t)\x\ a.e., with α( ), 6(-)eL l.

Because of hypothesis H(A)2 we know (see for example Tanabe [22], section
5.4), that the family {—^4(0: ί e T } of linear operators, generates a strongly
continuous evolution operator S:A={(t, s): 0<s<t^b}->X(H). We will make
the following hypothesis concerning this operator.

Hc: S(f, s) is compact for t—s>0.

THEOREM 5.1. // hypotheses H(A)2, H(F)2 and Hc hold, then (*)8 admits a
solution belonging in W(T)QC(Tf H).

Proof. As in the proof of theorem 3.1, we will start by obtaining an a
priori bound for the solutions of (*)2. So let *(•) be such a solution. From
proposition 5.5.1 of Tanabe [21], we know that:

Kt, s)f(s)ds,

Applying GronwalPs inequality, we get that:

| jc(

where Mt=Mι(\xt\ + \\a\U).
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Now consider the multifunction F: TxH->Pf(H) defined by:

F(jt, x) if

Pit, x)=

Clearly then fi(f, x)=F(f, PMW), where p#( ) is the M-radial retraction in
H. Recall that />#(•) is Lipschitz continuous. So x-*P(tf x) is l . s . c We will
also show that (f, x)->F(t, x) is graph measurable. Let η: TxHxH-^TxHxH
be defined by η(f, x, z)=(t, psW, z). Clearly this map is B(T)XB(H)XB(H)
measurable. Now note that:

GrP={(f, x, Z)ΪΞTXHXH: ze=P(t, x)=F(t,

= {(f, x, Z)ZΞTXHXH: η(t, x,

But by hypothesis GrF^B{T)xB{H)xB{H) and we saw that J?( , , ) is
measurable. Hence GrP^B(T)xB(H)xB(H) i.e. P(-, ) is graph measurable.
Also we will show that if x : T->H is measurable, then Sβt.,x<:.»Φ0. Now let
A: TxH->TxHxH be defined by h(f, z)=(t, x(t), z). Clearly this map is
(B(T)XB(H), B(T)xB(H)X5(//))-measurable. Then we have:

GrF( , *(•))={(*, z)^TxX: h(t, z)^GrF).

Since A( , ) is measurable and GrF<=B(T)xB(H)xB(H), we deduce that
GrP( , x( ))^B(T)xB(H)=$t-+P(t, x(t)) is B{T)-measurable, where ^(T) is the
Lebesgue completion of the Borel a -field B(T). Finally note that:

\P(t, x)\H^φ(t)=a{t)+Mb{t) a.e., φ so

Having established all these properties about Pi-,*), we now proceed as
follows. Consider VQL\H) defined by:

V={g(=LKH): \g(t)\<φ(t) a.e.}.

Since H is a Hubert space, through the Dunf ord-Pettis compactness criterion,
it is easy to check that V is sequentially weakly compact in L\H). Let
and consider the following single valued evolution equation:

x(t)+A(t)x(t)=g(t) a.e.! ,r x(t)+
I χ(0) =

From Barbu [2] (p. 166), we know that (*)2(g) has a unique solution
u(g)(-)eW(T). Let K={u(g)(-)(=W(T)QC(T, H): g^V}. We claim that K is
compact in C(T, //). To this end, let x( )e=K, t, tf^Tf t<t'. We have:
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\x(t')-x(t)\^\S(t', O)*,-S(f, 0)*.| + |£'s(f, s)g(s)ds-^S(t, s)g(s)ds\

<\S(t', O)x.-S(f, 0)x . |+Γ | |S( ί ' , s)|| | « < s ) | < / s + ( W , s)-S(t, s)\\-\g(s)\ds
jt Jo

<\S(t', O)xo-S(ί,

Because of the strong continuity of the evolution operator S( , ), given
ε>0, there exists δ,>0 s.t. for \tf-t\<δ1 we have |S(f, 0)xo-S(f, 0)*0 |<e/3.

Also let <52>0 s.t. if \t'-t\<δ2} then MX φ(s)ds<ε/3. Finally since S(ί, s) is

compact for ί—s>0 (hypothesis i/c), from proposition 2.1 of [15], we know
that t->S(t, s) is continuous in the operator norm, uniformly in s for t—s
bounded away from zero. So let ε r>0 and δz>0 be such that if \t'—t\<δs,
then

\ l ' , s)-S(t, s)\\ φ

and $ Γ l | 5 ( r ' 5 ) ~ 5 ( ^ s)\\ φ(s)ds<e/6

Combining all the above estimates, we get that for \t'—t\ <δ=min(δu δ2, δB)
and for all x( )^K, we have:

\x(t')-x(t)\<e

^C(Tf H) is equicontinuous.

Also since S(t, s) is compact for t—s>0, using the Radstrom embedding
theorem (see for example Hiai-Umegaki [10]), we have that:

ί, s)g(s)ds:

Finally we will show that K is closed in C(T, H). To this end let xn-*x
in C(T, J¥), xn( )(ΞK. We have:

\tS(f, S)gn(s)ds, gn(')^V.
o

By passing to a subsequence if necessary, we may assume that gn^g^V

in L\H). Then Γs(ί, s)£n(s)dsΛfs(f, s)g(s)ds in //. So in the limit we have:

x(t)=S(t, O)xo+\tS(t, s)g(s)ds
Jo

and so iί is closed in C(T, H).
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Therefore, invoking the Arzela-Ascoli theorem, we conclude that K is
compact in C(T, H). Then by Mazur's theorem K=convK is compact in
C(T, H).

Next let R: K-+2Ll^ be defined by /?(x)=Sk .*o». I n t h e beginning of
the proof we saw that F( , x( ))is measurable and ZΛbounded by φ(-). Hence
R(x)Φ0 for all x e ί In fact R{x)^Pf{L\H)\ Also using hypothesis H(F)2

(2) and theorem 4.1 of [16], we get that J?( ) is a 1. s. c. multifunction. Apply
Fryszkowski's selection theorem [9], to get r: K-*Lι(H) continuous s. t.
r(x)t=R(x) for all x^R.

Now consider the following evolution equation:

(x(t)+A(i)x(t)=r(yXt) a. e.

t *(0)=*β

} (*)»(3θ

where J / G K Let x(y)( )=q(y)(') be the unique solution of (*)2(;y). Clearly
q: ΪC-+K and it is easy to check that it is continuous. Apply Schauder's fixed
point theorem to find x^K s.t. x=q(x). Clearly £(•) solves (*)2 for the
orientor field F(t, x). As in the beginning of the proof, through GronwalΓs
inequality, we get that \x(t)\^M=$F(t, x(t))=P{t, x(t))=ϊx(-)<=W{T)<^C(Ty H)
is the desired solution of (*)8. Q. E. D.

This leads to the following relaxation result for (*)2.
So we introduce the relaxed inclusion:

r xv)-tΆWxy)t=convi<y, x{t)) a. e. Λ
\χ(O)=xo I

Denote the solution set of (*)2 by Q(x0) and the solution set of (**)2 by

THEOREM 5.2. // hypotheses H(A)2, H{F)2 and Hc hold, then 0ΦQ(xo)=
xol the closure taken in C(T, H).

Proof. Let y(=Qr(xo) and let ε>0. Pick δ>0 s. t. for ΛQT Lebesque
measurable with Λ(^4)<d, we have:

where \S(t, s)\<M1 for all Q^s^t^b. Let O = ί o < ί i < — <tn=b be an equi-

partition of T = [ 0 , b~] s .t. tk—tk-ι<δ for ϋ?e{l, 2, •••, n}. By definition we

have :

tίf O)xo+\tlS(Jlf s)convF(s, y(s))ds
Jo
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S t1

S(tu s) conv F(s, y(s))ds. From theorem 4.2 of [13], we know
o

that for 0 < y ^ ( ε 7 Σ M^)(e'=min(e/2, e/2M0), we can find/ieSJ.c.fy(o) s.t.

For fe[0, M set Xί(t)=S(t, O)jco+Γs(ί, s)f1(s)ds. Then clearly we have:
Jo

|iι(ίi)-y(ti)l<i'.

Next we pass to the second subinterval [ίi, ?2] Again we have:

y(h)=S(u, t1)y(t1)+g2(t2)

S(ί2, s)convF(s, y(s))ds. Let /2GSk,ι/(.)) be s.t.

S(h, s)Ms)ds\<δ'.

Set χ2(t)=S(t, t1)x1(tι)+\t S(t, s)f2(s)ds, for ttΞ[tu ί2]. Then we have:

ί,, s)Ms)ds-S(ft, ίi)3»(ίi)-?,(ί,)|

Continuing this way, we get / i£5ky(0) and define for t^[tk-i,tkl,

k^{l92,'",n), x*(ί)=S(ί,ί*.1)xjk-1(ίft.1)+(t S(}fs)fh{s)ds9 for which we

have:

If we set / = Σi3CctA_1.ίΛ:( )/*( λ we see that/eS>c..»<o) and x(t)=S(t, 0)x0

+ \ S(t, s)f(s)ds is a solution of (*)2. Furthermore from our construction we
Jo

have \x(tk)-y(fk)\<εf for all kt={l, 2, •••, n) (recall δ'^ίε'/ Σ Mf'1)).

Next let ί G T be arbitrary. Then ί e [ ί Λ , ίΛ + 1] for some ^ e { 0 , 1, •••, 72—1}.
So if g^S^^convFC yd'Ώ generates the relaxed trajectory y( ), we have

\x{t)-y{t)\^mmMί{ε/2, ε/2Mt)+ε/2

=$Q(xo)=Qr(xo) the closure in C{Ty H). Q.E.D.
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6. Relaxability and calmness of semilinear systems.

As before we introduce a cost criterion of the following form:

/(*)=/(*)+«*«>), x(b))

where / : C(T, H)->R and k: HxH-^R are both continuous. Again we intro-
duce a state constraint in the form of a time varying set K(t). For this
multifunction we will make the following hypothesis:

H(K\: K: T-*Pf{H) is measurable and K(0)QH is compact.

As in the nonlinear case, knowing the a priori bounds for the trajectories
of (*)2, there is no loss of generality in assuming that K( ) is integrably bounded.

We will consider the following variational problem ("trajectory problem"
with state constraints):

inf{/(*)+*(*, (0), x(b)): X ( . ) G C ( T , H), x(t)

a.e., x(t)<=K(t)}.

We will assume that there exist feasible (viable) trajectories and that the
value of the problem is finite. Note that since K(0)^Pk(H), the set of feasible
trajectories is compact in C(T, H) and the infimum is attained (hence the value
of the problem is finite).

As in the nonlinear case we introduce two new problems. One with the
state constraints perturbed and the other with the state constraints absorbed in
the cost functional (penalized problem). So we have:

m(α)=inf {/(*): x{t)+A{t)x{t)^F{t, x{t)) a.e.j*d*(x, (t), K(t))dt<a}

and m'(α)=inf{j(x)+l/a^dH{x(f))9 K(f))dt: x(f)+A(f)x(f)^F(f9 x(f)) a. e.}.

Again m(0)=m'(0)=m=the value of the minimization of /(•) over the
trajectories of x(t)+A(t)x(f)^F(t, x(t)) a.e., x(t)(ΞK(t). Similarly mr will be
the value of the minimization of /(•) over the trajectories of x(t)+A(f)x(t)
ecόnvF(f, *(*)) a.e., x(t)^K(t) ("relaxed variational problem"). We will say
that the state constrained system is "relaxable" if and only if m—mr.

As for nonlinear systems (see section 4), we have the following complete
characterization of relaxability:

THEOREM 6.1. // H(A)2, H(F)2, H(K\ hold and f: C(T, //)->«, k : HxH-*R
are continuous and bounded below, then the following are equivalent

(1) the trajectory problem is relaxable,
(2) m( ) is right continuous at zero,
(3) m'( ) is right continuous at zero,
(4) the trajectry problem is strongly calm.
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7. Control problems.

To see that the trajectory problem studied in the previous sections, subsumes
the optimal control problem, consider the following nonlinear, infinite dimensional
control system, with time varying control constraints:

r x(t)+A(t)x(t)=f(t, x(t), ιι(O) a.e.

I X(0)=XOGH, κ(ί)Gί/(ί) a.e., w( )—measurable
I (***)

Here T, X, H, X* are as before, while Y is a separable Banach space,
modelling the control space.

We will need the following hypotheses concerning /( , , ) and U{ ).

H(f): F: TxHxY-^H is a map s.t.
(1) ί->/(ί, x, y) is measurable,
(2) x—>f(t, x, y) is continuous from H into H,
(3) y—>f(t, x, y) is continuous from Yw into H'wy

(4) \f(f, x, y)\^a(ί)+Kf)\x\ a.e., with α( ),

ί/: T->Pfc(Y) is measurable and U(t)^K a.e. with

Set F(ί, Λ:)= \J f(t, xy u) and consider the following evolution inclusions:

a.e.
} (***)l

PROPOSITION 7.1. // ίΓ(^)2, i/(/) αnc/ ^(J7) hold, then (***) ami (***)x an?
equivalent systems.

Proof. Let *(•) be a trajectory of (***) corresponding to the control
function u(-). Since f(f, xif), u(f))^F(t, x(t)), we only need to show that
ί->/(ί, %(0; u(t)) is measurable from T into H. To see this fix x^H and for
h<^H, consider the map (t, u)-+(h, f(t, x, u)). This map is measurable in t,
continuous in u (i. e. is a Caratheodory map), hence is jointly measurable. Then,
(t, x, u)->(h, f(t, x, u)) is Caratheodory too (measurable in (f, u), continuous in
x). Thus it is jointly measurable. So t->(h, f(t, x(t), u(t)) is measurable and
since h^H was arbitrary, t-*f(t, χ(f), u(t)) is Pettis (weakly) measurable. But
recall that H is separable. So from the Pettis measurability theorem, we deduce
that t-+f(t, x{t), u(t)) is strongly measurable =φ/( , JC( ), M
solves (***)i.

Next let *(•) be a solution of (***)i. Then we have:

x(t)=S(t, 0)xQ+\tS(t, s)g(s)ds,
Jo

Let R(t)={u(ΞU(t):g(t)=f(t, x(f), u)}. Take {hn}n*i be dense in H. Recall
that for each n ^ l , the map (ί, u)->kn(f, u)=(hn, g(t)—f(t, x(t), u)) is measurable.
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Then rewrite i?( ) as follows:

R(t)=(Mu^U(t): knit, u)=0]

ίM(t, u)£ΞGrU: kn(t, u)=0}

since GrU <= B(T)X B(Y)(U( ) being by hypothesis measurable). Apply Aumann's
selection theorem (see Saint-Beuve [19], theorem 3), to get u: T—>F measurable
s.t. u(t)£ΞU(t) a.e.=Φ £(*)=/(*, x(t), u(t)) a.e., U G S M X ( ) solves (***).

Q. E. D.

Remark. A careful look on the proof, can convince the reader that the
hypotheses of the above proposition can be weakened considerably, without
affecting the conclusion. However, since we will need them in the next, main
result of this section, for the sake of uniformity in the exposition, we introduced
them from the beginning.

THEOREM 7.1. // H(A)2, H(f) and H(U) hold, then F(t, x) satisfies H{F\
and so the contool problem is a special case of the trajectory problem.

Proof. First we will show that F{ , ) has closed values. Let zn-*z,
zn^F(t, x). Then by definition zn=f(t, x, un), un^U(t)^K. By passing to a
subsequence if necessary, we may assume that un-^u^U(t). Then because of
H(f) (3), /(*, x, un)^f(t, x, ύ)=ϊz=f(t, x, u)^z^F{ty x)^F{t} x)<=Pf{H).

Next we will show that F( , ) satisfies H(F)2 (1). By definition we have:

GrF={(t, x, Z)EΞTXHXH: z^F(tf x)\

= {(ί, x, Z)<ΞΞTXHXH: z=f(t, x, u),

Let λ{t, x, z, M)=z-/(ί, x, u), μ(t, u)=dγ{u, U(t)). Then

xiz{(f, x, z, u)^TχHxHχK: λ(t, x, z, M)=0, μ(t, w)=0}.

Since λ and μ are both measurable and K^Pwkc(Y), then as in the proof of
theorem 3.2, through the Arsenin-Novikov theorem (see Saint-Beuve [21]), we
get that GrF<ΞB(T)xB(H)xB(H).

Next we will show that H(F)2 (2) holds. We need to show that given CQH
nonempty, closed we have that F+(t, C)—{x^H\ F(t, x)^C} is closed too. Let
^ £ F + ( ί , C) s.t. zn-^z in H. Then F(t, zn)^C^f{t} zn> u)^C for all utΞU(t).
Because of H{f) (2), in the limit we get that f(t, z, W)GC for all Meί/(ί)=Φ
F(tfz)^C^z^F+(tf C).

Finally note that \F(t, x)\H=\f(t, x, U(t))\H<a(t)+b(t)\x\ a.e., with α( ),
b(-)t=L\. So H(F) (4) is satisfied. Hence F(t, x) satisfies H(F) and so the
control problem is a special case of the trajectory problem studied in the previous
sections. Q. E. D.
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Having this theorem and assuming that Hc holds, we can conclude that the
given control system is relaxable.

8. An example.

We will illustrate the applicability of our work, with an example of a
distributed parameter control system with state constraints.

So let T=[0, b~] and W a bounded domain in Rn with smooth boundary
Γ—dW. We will consider a nonlinear control system governed by the following
nonlinear, parabolic partial differential equation defined on TxW:

—.^—Δx(f, z)=f(f, z, χ(f, z)) u(t, z)

x(t,z)=0 on TxΓ

g(t, z} x(f, z))^0 a.e. on TxW
a.e. Θ

,****,

We are also given the following integral cost functional:

h(t, z, x(f, z), u(t, z))dzdt.
w

We have to minimize the above integral functional over all admissible
"state-control" pairs of system (****).

We will make the following hypotheses:

A: / : TxWxR->Rm

(1) (f, z)-+f(t, zy r) is measurable,
(2) r—>f(ty zy r) is continuous,
(3) \f(ty zy r)u\£a(ty z)+b(t, z)\r\ a.e. for all u^Rm, with a^L\TxW)

6( , ) jointly measurable, b(t,')^L°°(W) and ί->HW, )llL°°cwo is an
Z4-function.

B: M i s a weakly compact subset of L\TxW).
C: g: TxWxR->R is a function s.t.

(1) (f, z)-*g{ty zy r) is measurable,
(2) r->g(t, zy r) is continuous,
(3) for every t^T and every x( )^L\W), g(t, , x(-))t=L\W)

D: ft: TxWχRxRm->R is a function s.t.
(1) (f, zy r, u)->h(ty zy r, u) is measurable,
(2) (r, u)-*h(t, zy ry u) is 1. s. c. -and convex in u,
(3) there exists λ^L\TxW) s. t. for all (*, u)^RχRm

y λ(f, z)<h(t, zy xy u)
a.e.

E: System (****) has solutions.

Let X=HXW), H=L\W) and Y=L2(W, Rm\ The operator A: X-+X* is
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defined by the Dirichlet form a(φ, ψ)=\ lφ(z)Ίφ(z)dzy for all φ,ψtΞX. So

a(φ, φ)=(Aφ, ψ}. So it is easy to check that it satisfies H(A)2. Also it generates
a linear contractions semigroup S(t): L\W)->L\W), which from theorem 5.2 of
Pavel [18], we know that it is compact for t>0. So hypothesis Hc is satisfied.

Next let w: TxHxY-^H be defined by w(t, x, u)=f(t, , x( ))u( ). Hypo-
thesis Λ(3) and Krasnoselski's theorem, tell us that t—>w(t, x, u) is measurable,
while x-*w(t, x, u) is continuous. Furthermore w(t, JC, ) is linear, hence u->
w(t, x, u) is weakly continuous. Finally \w(f, x, u)\H=sL2cw^d(f)+b(f)\x\H a.e.,
where d(t)=\\a(t,-)\\LHw) and 5(0— IIKί, )IL°°α*o. Thus M;( , , ) satisfies hypothesis

Note that in this example the control constraint set is globally and not
pointwise defined.

Next let g: TxH->H be defined by:

&t,x)( )=g(t, ,x(.))

Clearly then (t, x)->g(t, x) is measurable. Set

: g(t, x)(z)^0 a.e.( = | x ε / / : g(t,z, x(z))<0 a.e.}.

It is clear that K( ) is closed valued, and since (f, x)-*g(t, x) is measurable,
) is a measurable multifunction. Thus it satisfies hypothesis H(K)i.
Now rewrite system (****), as the following evolution equation:

r x{t)-tΛx{ΐ)=w{ΐ, x{ΐ), u{ΐ)) a.e. Λ

\χ(t)(=K(t), UCΞM * }l

Also let A: TxH<xY->R be defined by:

h{t, x, u)=\ h(t,z,x(z), u(z))dz

From hypothesis (D) and theorem 2.1, p. 243 of Ekeland-Teman [7] we see
that h(t, , ) is 1.s.c. on HxYWf while clearly A( , , ) is jointly measurable.
Rewrite the cost functional as follows:

J{x, 0)=J*£(f, Λ(0, W))dt

where #(*)(•)=*&•) and u(t)=u(t,')
Our claim is that for this optimal control problem, the value function m( )

is right continuous at zero. So let STIIO and let (xn, un) be admissible pairs
for the corresponding perturbed optimal control problems s. t.

J(xn, un)^
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But we know that {(xn, wn)}nsi is relatively sequentially compact in
C(T, H)xL2(T, H)w. So by passing to a subsequence if necessary, we may
assume that xn->x in C(T, H) and un^u^M in L2

m(T). We claim that (x, u)
is an admissible pair. To this end note that for all nf^l, we have:

, Xn(s), Un(s))ds .

From the properties of w( ,-,'), its linearity in u and through the monotone
convergence theorem, in the limit as n-*oo, we get:

x(t)=S(t)xo+\tS(f-s)w(sf x(s), u(s))ds, x(t)^K(t)

=$(x, u) is an admissible pair.

Finally from the properties of Λ( , , ) and since M<=Pwk(L2(ffl)), we have

, u)<\jmj(xn, un)

Since m(sn)^m(0)=φm(εΛ)-*m(0)=φm( ) is right continuous at 0=Khe system
is strongly calmand relaxable.
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