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ON NEVANLINNA’S INVERSE PROBLEM
OF FINITE ORDER

By CHONG-JI DAI AND SHU-PEI WANG

1. Introduction.

In this paper we solved one conjecture of W.K. Hayman ([10], problem
1.29). We obtained the following

THEOREM. Let {an}}_, be a preassigned sequence of finite complex numbers
and {0x}8-1 (N=o0) be a sequence of positive numbers, 0<d,=<1 (1=<n<N),
0<i<oo, If

. (82)-1/¢ 1£2< o,
7;_3,155,’3§A(2), here AQ)={ 1/2(A)® 1/4<2<1, (1)
AL=20)1 0<A<1/4.

Then there exists a meromorphic function f(z) of order A, and & an, f)=0x
for any 1=n=<N. (Here d(a, f) denotes the Nevanlinna-deficiency.)

In 1929, R. Nevanlinna [1] proposed this problem: can we construct a
meromorphic function f(z) such that f(z) has an arbitrary sequence {a,} of
deficient values and no others and further that &(a., f)=0,, where {d,} is an
arbitrary sequence subject to >;0,<2? This is the Nevanlinna’s inverse prob-
lem. Late himself [2], F.E. Ulirich [3], Thiem [4] and A.A. Goldberg [5]
obtained some results in different cases. In 1962, W.H.]J. Fuchs and W.K.
Hayman [9] solved this problem in the case of entire function. Up to 1977,
D. Drasin [6] solved this inverse problem completely. But the functions in the
above results are of infinite order. As to the Nevanlinna inverse problem of
finite order, A.A. Goldberg [7] and N.U. Arakelyan [8] have studied and
obtained some results. Since the “deficiency-problem ” of meromorphic function
of finite order has not been solved completely, both of them only constructed
this kind of finite order functions which have infinite numbers of deficient
values, and nothing is known as for deficiency. However, Hayman [9] got
this interesting result: if the given sequence of positive numbers {0,} satisfy
> oL/2<971%, then there exists a meromorphic function f(z) of order 1, and
o(an, f)=0, (1=n<N). Later, he gave this conjecture [10]: in the condition
31 0Y2<9Y% can we have A(A) (0<A<co) substituted for 97'/% and construct a
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meromorphic function of order A and d(a,, f)=d, (1<n<N)? In this present
paper, we shall be affirm his conjecture and have A(1) as in Theorem.
The authors would like to thank the referee for his valuable comments.

2. Lemmas.

LEMMA 1. Let {an}i-, be an arbitrary sequence of fimte complex numbers
and {qa}8-1 be an arbitrary sequence of positive numbers, satisfying 0<n.<1,
SN 1 9a=1, 2 be an arbitrary real number, 1=2<co, Then there exists a mero-

morphic function f(z) of order 2 and d(an, f);%rﬁ,.

Proof. Without loss of generality, we assume {7,} be monotone decreasing.
Let o=, 0,=0, 0,.=C23n)x, (n=1,2,---, N). So {0}%., is increasing
strictly and

N-1
i = <
Ll_rglvﬁn T ,Z?, N, <27,
By choosing a suitable sequence {C,} of positive numbers, such that

N N
Sl:,zl Crlan|<co, Sz=n2=31 Cr<oo.

_ ¢1(2)
Let f(z)-———¢2(z>, where (2)
«,151(2)=7§J1 Cranexp(zlen); ¢z(2)=é)1 Crexp(zten). (3)

Notice that if |z| <7, then
i 2 2 X 2 2
16:12) | = X Calaale"=51e""; [$(2)| = 3 Cae™ =Spe"".

So @i(z), Pu(z) are entire functions. So f(z) is a meromorphic function and

T<r) f)g.T(r) ¢1)+T(r: ¢2)§27’1+0(1). (4)
For each n, we put
1 1 1 1
In—[’i'(an—‘zﬁﬂn>, 7(0n+zﬂ77n)]n (5)
. 1 n-2 1
Since 0,‘—27:77,;—7:{”4:‘% 77y+nn-1—-z—77n}>0n-1>0,
1
0n+zﬂﬂn§0n+1§2ﬂr

and 2=1, so we have I,S[0, 2z]. Let f<1,,
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1 1 3 .
20—0»2(07;—Z‘”ﬂn)"en—lzﬂ'(ﬂnq_zﬂn)g ‘4*77-'7]11, if v<n;

0,~20200s—(0ut S rne)=omna, if v>n.

So, if 1, v#n, we have
|40—6,1= 5 .. (6)
But |210—0,|<max,;,{|0,.1—0,], |0n::—0,|} <z, (w£n, v=1). By (6), hence
we may have: for 0<1,, v#n, v=1,
3 enesiao—6. sz,
So

cos(20—0,,)§cos%myn, Gel,, v£n). (7)

Now by (3), (7), for 8<1I,, we have

|$1(2) —Cranexp(zien)| :1 3 Ca,exp(ziei?)
< 3 Cla,]exp(r? cos(10—6,) S, exp(rl cos%m;,,), (8)
|9:(2)| =| Caexplz’e™*'n)+ 3 C,exp(zle*"s)

=[Cnexp(r? cos(A0 —0,))— el exp(zie-i0%)|]

=C, exp(r’I cos% nn)—sz exp(?’1 Cos%ﬂ'ﬂn)

1 2 1
>§-Cnexp(r coszmyn), (r>r,). (9)

From (2), (6), (8), (9), for each n and r>r, we have

a2 8@ anp)]
[ f(z)—an|= el

S Clla,|+1anl)|exp(ziei%)]|

YVER

1
< -
T @e(2)]
{S;+1ax]S:}exp(r? cos-iim)n>

lC exp(r’I coslmq ) 1o
2" 477"

So, as r—oo, f<I,, uniformly we have
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r‘(cos%m)n cos - 3 )—I—O(l)

1
e >
g™ | 7oy —a, | =
201 .1
=2r*sin— 7N -sin+ 9.+ 0(1)
4 2
2/1 2/1
xo— po— o — —
>2r ﬂ(4myn) ﬂ(zmyn)+0<1)

=rip%+0Q1). 11)
By (11), we have

1
+____ -
J, 108" g 40

r*ph+0Q). (12)

By (4), (12), we have

1
H’L(T, —__——>
(an, f)=l£fg~70'f~f3(ln‘

o)
lim

._.—_ RPN
e 2 r0d)  8xlm

v

Since T'(r, f);m( = 1

that f(z) is a meromorphlc function of order A, which complete our proof of
Lemma 1.

)+0(1)> r*p%+0(1) and by (4), hence we have

LEMMA 2. Let {an}y-1 as in Lemma 1, 2 be an arbitrary positive number
and Z_£_2<1, {nn}i_1 be a sequence of positive numbers, satisfying 0<n,=A4,
SH_1mn=A. Then there exists a meromorphic function f(z) of order 2 and 6(an, f)

;glﬂz (1=n<N).

Sketch of the proof. (The notation is the same as in Lemma 1) Notice that
here 1,<[0, 2x].

In fact, since In:[%(ﬁn—%nrjn), —i—(ﬁn—f--}m;n)] and 0n+%myn§0n+l

<272, so 1(0 + a7 )§27r, and obviously, 0n—%nnn>0. Hence I,<[0, 2x].

The rest of the proof is the same as in Lemma 1.

LEMMA 3. Let {a.}3-, as in Lemma 1, A be an arbitrary positive number
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and 0<2<—%, {na}i-1 be a sequence of positive numbers, satisfying 0< 9, <2 and

DA na=A.  Then there exists a meromorphic function f(z) of order A, and
o(az, fl=z(1-22)9; (1=<n=N).

1 .,
(02— 277,), 7<0n+zm>], it’s

easy to know I,S[0, 2z]. The rest of the proof is similar to that of Lemma 1.

Sketch of the proof. Here only let / n:[l

3. Proof of the theorem.

5}/3

N N
Put S= > dY3, so =1, and put
n=1 n=1

Pyt if 221,

105

7]":%25%3’ if 0<a<1.

Then, from the above Lemmas, we have

—szls—s""’ 1=4<eo,
2
5an, = —825—35n, %gz<1,
(1—22° 1

So, as 2¥_,0Y*=S< A(R), we have d(an, f)=0, 1<n<N), which complete the
proof of our theorem.
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