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NUMBER OF DEFICIENT VALUES OF A CLASS

of MEROMORPHIC FUNCTION

BY CHONGJI DAI AND LU JIN

Abstract

We proved the following Theorem

Theorem. Let f{z) be a meromorphic function of lower order μ<oo. //
Σ<5(α,/')=2 then we have

where PQ,PI are the numbers of finite deficient values of f(z),f'(z) respec-
tively.

1. Lemmas.

We need the following four known results.

LEMMA A [1 Theorem 1], Let f(z) be a meromorphic function of lower

order μ<oo. Assume that there exists a positive integer P which satifies

Assume also that for some A0>0 and 0 < s < l ,

then

1) P ^ l .
2) For r>r0 and all l < σ ^ 3 6 , we have

[ T(σr, f)=:σpT(r, /)(l+w(r, σ))
\ (1.1)
[\η(r,σ)\<e.

3) Let E(μ, P) denotes the Weierstrass primary factor of genus P and av, bμ

u = l , 2, ••• μ=l, 2, •••) are zeros and poles of f(z) respectively, then we have
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z e )

TLE(4-, P) '
where k is an integer. If we set

C(r)=ao+-^-{ Σ a~p- Σ b'Λ 9

then for r>r0

|C(<τr)-C(r)|<β|C(r)|

\C(r)\ d 2)

LEMMA B [1 Lemma 5]. Lei the assumptions and notations be the same as
in Lemma A, we further assume that

K { f ) <

where 0<εrgl, 6><5<l/£, αn<i J5α, 5 0 , ^40 are constants which satisfy B1>B0>A0,

set a=exp( Ί j and C3=C{aj), where j is an integer satifying aJ^r<aJ+ι, then

for zζΞΓj-Ej(\z\=:r), j^j0,

\log\f(z)\-Re{CJz
p}\<4ε\Cj\rp

} (1.3)

where Γό—z, aJ<\z\^aJ'+<:3/2)}, E3 is the set of a finite number of circles which
contain the zeros and poles of f(z) and the sum of radius of those circles is no
more than 4:eδaj+z.

LEMMA C [4 Theorem 4.1]. Let f(z) be a meromorphic fuction. Then for

r>ϊo
T(r, f)<C{T{2r, / 0 + l o g r } , (1.4)

where C is a constant which is only dependent on /(0).

LEMMA D [3, Proof of Theorem]. Let assumptions be the same as the
Theorem, then

K(f) I'S W7n

2. Main Lemmas.

LEMMA 1. Let the assumptions be the same as the Theorem, then for an
arbitrary set of finite deficient values {au a2, •••, aτ) and {aτ+1, ••• aτ>} of f{z)
and f\z), there exists a set of positive numbers {pj}^, aJ^pj<aJ+1 and sets
{E1}, E2J, " , ETJ, •" , ET'j} which are on \z\=p3 so that meas £*=meas{0; 0
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pjeιφ^Eij}>7]>0 (1=1, 2, — , τ')9 and for z^Eh we have

log\f(z)-aι\<-kT(pJ> f"), 1=1, 2, - , τ. (2.1)

logl/'W-αiK-MXp,, /") , /=τ+l, τ+2, - , τ'. (2.2)

log\f'{z)\<-kΊXpj, f"), 1=1, 2, - , τ. (2.3)

log!/"(*) I < - * 7 X Λ , /") , /=1, 2, . - , τ'. (2.4)

α=exp(l/jM+l), ife, 5 are absolute constants.

In order to prove Lemma 1, we must prove following Lemma.

LEMMA 2. Let g(z) be meromorphic in \z\<R (0<#<oo), then for z=reίθ

and p,

log* l g / φ '

+log+y+log+7(/o, g ) + l o g + l o g + - | ^ - . (2.5)

+ y +Iθg+T(p, ^) + lθg+lθg+^~yy-} , (2.6)

where fl=n(p, g)+w(/o, 1/^), δ(^)=min{|2'--α|}, here a takes all zeros and poles
of g(z) in \z\Sp> where C is an absolute constant.

Proof. For (2.5), see [4 Lemma 6.2]. Using Poisson-Jensen formula, we
have for |2r |^r

_ S l o εf1Og

f
where aJ} bk are zeros and poles of g(z) in \z\^p respectively.

Differentiating this twice we have

L_|.

Since \z—aJ\'^δ(z), \z—bk\^δ(z), we have
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g"(z)
g{z)

VII g\z)
g(z)

2 +

Using (2.5), we prove (2.6).

3. Proof of Lemma 1.

Since Lemma A and D imply P—μ (2.3), we have

T(σr, f")=

T(r, / ' ) =

o{|C(r)|}. (3.1)

Let alu={l=l, 2, •••, τ; v=l, 2, •••, n,(α'+C8/2), /=α*)} be zeros of f(z)-aι in
1̂1 ̂ aJwmf alv{l=-τ+l, •••, r' *=1, 2, •••, n£ = n(^+ C 3 / 2 ), / ^ d ) } be zeros of
f\z)—dι in |z| ^α ; + C 3 / 2 ) . Using Broutroux-Cartan's Theorem, the inequalities we
have

/ = r + l , r + 2 ,

(3.2)

(3.3)

hold outside a finite number of small circles (r}), (r2) respectively, and the sums

of radii are no more than , — respectively. Set (r5)={\J [J (\z—alv

n TT r T T — T t U=l v=l \ c) Tj

^ ) } were Λ = Σ n f . Set ίί'=n(α'+<8'«>, /) and ( r ^ ^ ^

^where {&„} is poles of /(z) in |z| ^a J + C 3 / 2 ). Take J Ϊ = - ^ - ( α - l ) and in Lemma

The sum of diameters of (r, ) is noB, d<-o7j—r^ a n d s e t (r^)— 0 (

more than — (a—l)aJ, but the width of (aJ, aJ+1) is (a—l)aJ, hence there ex-

ists pJf pj^(aJ, aJ+1) so that (\z\=pj)n(rj)=φ. Set

βo=min {δ(au /), - , 3(αr, /) ί(α r+1, / ') , - , «(αr., /')}. (3.4)

Using Poisson-Jensen's formula, we have for z—pjeιφ, from (3.2)

1 < ^ + C 8 / 2 ) + α J + 1 Γ2̂  + 1
l/W-αίl = α^ + C 3 / 2 ) -^ + 1 Jo g \f(a^3^eid)-aL\

•Σ log
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\z—alv

/ 1 \
^Cm(a3+S/2, -z ) + n{aJ+3/2, f~aι)\og

\ f—ai/

\f). (3.5)

By Lemma C,

T(a3+2, f)^C{T(2aJ+2, /0}^C{T(4α:J+2, f")). (3.6)

Using (3.1) we have

f"). (3.7)

Since Σδ(α, f/):=2, the order of f'{z) equals lower order μ (2.3) and the order
a

of f(z) equals /^<oo. So that

T(r, f")=m(r9 f")+N(r, /")

^m(r, -~-)+m(r, f)+3N(r, /)^4T(r, / ) . (3.8)

Using (3.5)-(3.8), we have

log ι / ( , A - a ί ι = C 7 W ) (3'9)

where C is constant that is not depedent on /, /.

For /=l, 2, - , r, set Ef,=E{φ o^φ<2π, log

so that

g ' ^ ~ " ^ ^ ^ ( α , , f)^-^δt, (j^j0). (3.10)

Hence for 2 e£i J=:{^;a= /o Je
ί« 5, {ie£;f7}, using (3.8) we have

108 ι/(,,Λ-«.l 4 " ^ 7=ΪΓ)>-ΓT(Λ' / ) > 1 T ( ^ ' ^ (3 Π)

By L e m m a 2, set g(z)=f(z)-alt p=aJ+ζ9'*\ r=pJf for z e J E υ ( / = 1 , 2, •••, r )
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f-ai)

( 3 1 2 )

From (3.6)-(3.8), 1=1, 2, •••, τ, we have

2, / - α t ) = n ( α ' + 8 / 2 , f)^

and for / = r + l , •••, τ r, by the same reasoning we have

nt = i

so
Ϊ=Σ nι<CT{p3, /), nt+g'SCTίpj, /). (3.13)

1 = 1

From definition of (rj), (rj), using (3.13) we have

2eH ^ Ca>
>

Combing (3.12)-(3.14), for z^ElJt we have

Hence from (3.11), (3.6), (3.7) for z^El3, 1=1, 2, •••, τ, r>r0 we have

" f (^γγ+\og\f{z)-at\

)l , 1

A - T ( ^

T ( / , j j / ) . (3.15)

log|/*(z)|<—^-Tdo,,/*). (3.16)
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For r < W , set EfJ={φ;0^φ<2π> log | / / ( ^ _ f l t | > { ^ ' 7^")} a n d

], with the same reasoning we can prove / = r + l , •••, τ ' ,

Combining (3.11), (3.15)-(3.18), we can prove Lemma 1.

4. Proof of Theorem.

S e t C ( a j ) = \ C ( a j ) \ e t ω J . W e d i v i d e \ z \ = p 3 i n t o 2 μ a r c s a l t - ~ , a μ ; β l 9 - ~ , β μ ,

so t h a t cos (μφ+ω^O on α f e ( * = 1 , 2 , — , μ ) cos(μφ+ωj)^0 on ^^ ( * = l , 2, •••,

JM). A l s o se t

And ^o<~77j— 5?, we set

—

By Lemma B, for

log I f'ipfi*) I ^Re {Cμη -4e | Q | pj

, . sin μφ0 j.
where ε<—^Γ r , for 2eαj

log I r(pje%*) \^\Cj\ pf cos (μφ+ωj)-4:εpf \

^\Cj\pf sin μφo-4epf\Cj\

^ (4.1)

Assume that {au a2, •••, β r}, {flr+i, •*•, &A are arbitrarily taken as finite defi-
cients of f(z) and f'(z) respectively and {pj}, Eu (1=1, 2, •••, r ') are the same

as Lemma 1. Using Lemma 1 and (4.1) we have Λ j £ o ) π ( \J ά f e ) = ^ . Because

from Lemma 1 meas Ef}>η (1=1, 2, •••, τ') and 2μφo<η/5, so we have a βf, EtJ

ΓλβvΦφ (1=1, 2, . . . , r , r + 1 , •• , r / ; / 7 e ( l , 2, ••• ^)). From Lemma B, *€=&,



log I /"(*) I ^Re{Cμ") +4ε | C, \ p
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•=\C,\ pi cos (μφ+ωj)+4ε \ C

<-P?\CAs

From (3.1) and μ=P, we have

<-P?\CAsm (μφo)+4ε\Cj\p^-jsin (μφo)\Cj\pf. (4.2)

Therefore, from (4.2) there exists a positive C that is independent of j such
that for zeβi,

fη. (4.3)

Supose Zo^EijΓΛβi' for 2 T G ^ , from (4.3), (2.1) we have

\\f

c'τ^rs^-\-e-kTiPys"^e-cτ^3'i"\ (4.4)

were z^zdβv, C independent of j . Therfore we have for z^βv, 1=1, 2, ••• , τ,

r \ (4.5)

From the same reason for z^βv, / = r + l , ••• , τ'',

(4.6)

ahΦah for l^h<hSτ implies βι\Φβι'r In fact, if βi'^βi^ then we have
from (4.5)

I ah-ah\ ^ \f{z)-at \ + \f{z)-ah\ ^2e~CT^J, '">.

Setting /—>oo, we have aLl=aι2. This is a contradiction. By the same reason-
ing βtlφβι2 ( r + l ^ / 1 < / 2 < r / ) . And from (4.4) and (4.6) βHΦβH {^=1, 2, ••• , r ;
/ 2 = τ + l , •••, τ'' and CLIΦO, / G ( Γ + 1 , •••, r')}. Because the number of /3f is at
most μ, so the Theorem has been proved.

From the proof we have following Corollary,
Corollary. Let f(z) be a meromorphic function of lower order μ<oo, if

then the number of deficient values of /'(z)
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