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NUMBER OF DEFICIENT VALUES OF A CLASS
of MEROMORPHIC FUNCTION

By CHONGJ1 DAI AND LU JIN

Abstract

We proved the following Theorem

Theorem. Let f(z) be a meromorphic function of lower order p<oco. If
> 0(a, f’) =2 then we have
a

Py+Psp+l1,

where Py, Py, are the numbers of finite deficient values of f(z),f’(z) respec-
tively.

1. Lemmas.

We need the following four known results.

LEMMA A [1 Theorem 1]. Let f(z) be a meromorphic function of lower
order p<co. Assume that there exists a positive integer P which satifies

1 1
— < =
P. 5 pu<P+ 5

Assume also that for some A,>0 and 0<e<1,

YT N(rr f)+N(r’ 1/f) &
K== < APTD’

then
1) Pz=L
2) For r>r, and all 1<0=36, we have

{T(ar, f)=e"T(r, f)1+7(, o)) Wy
[9(r, o) <e. )

3) Let E(y, P) denotes the Weierstrass primary factor of genus P and a,, b,
=1, 2, --; p=1, 2, --+) are zeros and poles of f(z) respectively, then we have
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f(z)zzkeao,P+a12P-1+...+aP V;E(é’ P) ,
1EG, P)

where k is an integer. If we set

1 - _
C(r):ao-i—_P-{]a,,Eug ayP—‘ |b§§rbﬂp} ’
then for v>r,
[Cler)—C(r)| <e|C(r)|

[elColIm 1.2)

T(r, f)=(1+171(r))T , [9,(r)] <e.

LEMMA B [1 Lemma 5]. Let the assumptions and notations be the same as
in Lemma A, we further assume that

K< :

(P+1)log (P+1)+B,(P+1)log 1/5’
where 0<e<1, 0<d<1/e, and B,, B,, A, are constants which satisfy B,>B,>A,,

set a=exp<—P_1l_—l) and C,=C(a?), where j is an integer satifying a’<r<a’*!, then
for ZEPj_Ej(Iz, :r)) ]';].0:
[log| f(z)| —Re{C,z"} | <4e|C;|7F, (1.3)

where I'j=z, a’<|z| Sa?*®®} E, is the set of a finite number of circles which
contain the zeros and poles of f(z) and the sum of radius of those circles 1S no
more than 4eda’*?,

LEMMA C [4 Theorem 4.1]. Let f(z) be a meromorphic fuction. Then for

T>70
T(r, /)SC{T@r, f)+logr}, (1.4)

where C is a constant which is only dependent on f(0).

LEMMA D [3, Proof of Theorem]. Let assumptions be the same as the
Theorem, then

m_i= N, f))+N@, 1/f") _
K(f )—‘11_1_112 T(?’, f//) "0'

2. Main Lemmas.

LEMMA 1. Let the assumptions be the same as the Theorem, then for an
arbitrary set of finite deficient values {ay, as, -+, a;} and {Gcyy, - @} of f(2)
and f'(2), there exists a set of positive numbers {p;}5, a’<p;<a’*' and sets
{Ey;, Egy, =+, Ecy, -, Eoj} which are on |z|=p, so that meas E¥=meas{¢;0
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<6<2r, pje*<E;;} >0>0 (=1, 2, -+, '), and for zEE,, we have
log| f(2)—a:| <—kT(p,, "), =1,2,,r. 2.1)

log|f(2)—a,| <—kT(p,, "), I=t+1,t+2, -, 7. 2.2)
and
log|f'(2)| <—kT(p,, f"), =12, -, . 2.3)

log| f"(2)| <—kT(p,, "), [=1,2,-,17". (2.4)
where a=exp(l/u+1), k, 9 are absolute constants.

In order to prove Lemma 1, we must prove following Lemma.

LEMMA 2. Let g(z) be meromorphic in |z] <R (0<KR< o), then for z=re'®
and o, r<p=R,

lg'@| 1
lo +R+log*
8] = Bl ®)

1 1
log+— + *logt————. 2.5
+log T+log T(p, g)+log*log 20)] (2.5)
|g”(2)]

1 1
<Cil+log*p-+log*——+log*R+log* ——
og* 12| {+og o+log p_r+og -+log 3z

1
ot 9

where R=n(p, g)+n(p, 1/g), 6z)=min{|z—al}, here a takes all zeros and poles
of g(2) in |z|=p, where C is an absolute constant.

+log+%+log+T(p, g)+log*log*

Proof. For (2.5), see [4 Lemma 6.2]. Using Poisson-Jensen formula, we
have for |z|=r<R

1 rer
log 8= |, log 8(pert)| L2 ag

—Elog— -I—Z}log +ic,

___—. _———_——b

p(z— J) 0(z—by)

where a,, b, are zeros and poles of g(z) in |z|=p respectively.
Differentiating this twice we have

g"(z) [g@7_ 1 (o= .
g(z) _[g(z)] T 2n So log|g(pe ¢)|( 1¢ 2)3 ¢

az 1 b

+?[p2—djz)2 B (aj—z)z] 2[(9 —l-]l% #2)° —(bkiz)z]'

Since |z—a;|=d(z), |z—b,|=0(z), we have




NUMBER OF DEFICIENT VALUES 77

”(z) 4 1 1 1
gg(zz> ’— 2(@) (p—prw{’"(”’ gr+me E)} +R[(p—?)2+W]’

Using (2.5), we prove (2.6).

3. Proof of Lemma 1.

Since Lemma A and D imply P=g (2.3), we have
T(ar, f")y=a*T(r, f")(140(1)), 1< =36.

C
Tir, )=o) 2"
[|C(ar)—C(r)| =0o{|C(*)|}. 3.1
Let a;,,={l=1,2, -+, 7; v=1,2, -+, n(a?*®? f=q,)} be zeros of f(z)—a, in
|z] S qp {{=7+]1, -, 5 v=1,2, -, ny=n(a?*®® f’=q,)} be zeros of

f'(@)—a,in |z]| =a’*'®, Using Broutroux-Cartan’s Theorem, the inequalities we
have

ny H\»
};Illz—al,,l><?) L I=1,2, - z. (3.2)

nl n
I |z—a,,|>(—,H——) b=l o2, e, o 3.3)
v=1 T —

hold outside a finite number of small circles (r}), (#% respectively, and the sums

of radii are no more than zi_H, TZIe . respectively. Set (3= {U U (Iz—al,,l

< ZQH)} were Q:,é,lnl' Set ®'=n(a’*¥®, f) and (r,)*@ {IZ bl < 22H}
= J

R 2
where {b,} is poles of f(z) in |z|Za’*®/®, Take H= 50; (a—1) and in Lemma
B, o< 12, and set (r))= U(r )UE, The sum of diameters of (r;) is no

36
more than 3(a—1)a’, but the width of (a?, @’™) is (a—1)a’, hence there ex-

ists p,, p;E(a’, a’*) so that (|z]=p,)N(r)=¢. Set
50=m.1n {5((11) f)} T 6((11-, f); 5<ar+1) f/>y Tty 5((11’, f’)}' (3~4)

Using Poisson-Jensen’s formula, we have for z=p,e*%, from (3.2)

1 a,]+(3/2)+a]+1 Sg,, . 1
|f(z)~—a,| = a;+(3/2)_a;+1 0 |f(a]+(3/2)ei(?)__al]

(az+3/2)2__ anz
a1 (z—ay,)

ao

log

+Z‘ log
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203+812
< +38/2 e
=Cm(a1 - )—1—2 log Z—au]
1 2rai*de
§Cm(a’”’2, f—al)+"(“]+m’ f=a))log —F
2 1 j
=cr(a, f_al)gcmw, n. (3.5)
By Lemma C,
T(a’*?, )SC{T2a’*?, [)} =C{T(4a’**, f")}. (3.6)
Using (3.1) we have
T(4a’**, f")<24a®)*T(a?, [")<2(4a®)*T(p,, ). 3.7

Since X d(a, f’)=2, the order of f’(z) equals lower order g (2.3) and the order
of f(z) equals p<co. So that
T(r, f")=m(r, f")+N(r, ")

”

§m(r, J} )+m(r, )+3NG, fI=AT(r, f). (3.8)

Using (3.5)-(3.8), we have

log =CT(p,, /) (3.9

1
[f(pse*?)—ail
where C is constant that is not depedent on j, .

1 1
= cee *: M < e v
For/=1,2, 7, set Ey=E{¢;0=¢<2x, log 170 ]em) > (p,,f al)}

by (3.9)
1

1 1
m(pJ, m)zz_n‘UE;;l_SCE}J] log* If(pje“i‘)—all d¢
§ T(pJ, f)meas E¥,+ = m(p,, 7= dt)
so that

m(p,, f az)

T P —
meas Ef; = C—T(—p,,—f)———?:c—a(al’ f)z'z“c—ao (J=70). (3.10)

Hence for ze E,;={z;z=p,e**, ¢ E},}, using (3.8) we have

1 1 50 50 ”
e m(p,, )> T T(0s N>TETlop £9). 31D

By Lemma 2, set g(z)=f(2)—a,, p=a’*®® r=p, for zeE,, (=1,2, -, 1)
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|f'(2)]

< +,7+8/2 +
Fo—a,] =C{l—l—log a’t**43log p

7+8/2__
0

log*
+log+<nz+9’)+log+~5—(1;)—+10g“T(a"”’2, f—a)

R P 1
“Hloglog" 75—}

From (3.6)-(3.8), =1, 2, ---, 7, we have

el L)

&' =n(a’**?, f—a)=n(a**"?, /)=CT(p,, f).

)=CT(o,, 1.

f—a;

and for /=7+1, ---, 7/, by the same reasoning we have

1
nl=n(a’*"’2, 7
f'—a

)<CT(o,, £).
SO ,
R=F m<CT(p, /), mA+R=CT(p,, f).

From definition of (#3), (r§), using (3.13) we have
2¢eH Ca’

= .
V=G ~ T, )
Combing (3.12)-(3.14), for ze E,,, we have
_f@r
log Fo—ai] <C{l+log p;+log T(p;, f)}.
Hence from (3.11), (3.6), (3.7) for z€E,,, [=1,2, -, 7, ¥>7, we have
| f/(2)]
’ +_ VS NI —
log | f'(2)| =log Fa—a)] +log| f(2)—a.|
| f/(2)] 1
=log* ~1
B @—al B e—al]
0y

<C{1+1og p,410g T(p,, )} =15 Tlo, £7)
0,
<C{1+10g ps+10g T(p,, S} =15 T(p,, 1)
0
<= T(o, 7).

log| /(2)| <—ox T(p,, /7).

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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, e 1 1 1
For T<1§‘L‘ , set E?}—{¢,O§¢<2ﬂ, logm>—2—m(p,, -]Taz)} and

E={z;z=p;e'%, = E¥}, with the same reasoning we can prove ([=t+1, ---, 7/,
ZEE“

1 )

log lf >‘1_6—T(,0,1’ f”)’ (3;17)

o ®—ai]
log| £(2)| <~ e T(p,, 1*). (3.18)

Combining (3.11), (3.15)-(3.18), we can prove Lemma 1.

4. Proof of Theorem.

Set C(a’)=|C(a%)|e**s. We divide |z|=p, into 2y arcs aj, -, a,; B1, =, B
so that cos (ug+w;)=0 on a, (k=1,2,---,p); cos(up+w)=0 on B, (k=1,2, -,
u). Also set

ai(p)=1{¢;0=¢<2z, pje’¢eak}={¢jk, ¢jk+—z—},
Bi(g)=1¢;0=¢<2r, Pjeweﬁk}:{yfjk, ij‘*‘%}.
And ¢o<ﬁn, we set

BP={putdo, bt =05 B@={Ftdo Vot =6}
By Lemma B, for zea,={z;z=p;e%, ¢ a,(¢)},
log| f”(p;e*?)| = Re{C;z*} —4¢|C;| 4,

sin p@,

10 B for ze @,

where ¢<

log | f"(p;e*%)| Z1C;l pf cos (up+w;)—4epf |Cl
2 |Gyl pf sin ppo—4epf|C;l
>21C, | pt sin 1y (>0). @)
Assume that {a,, a,, ---, a.}, {Gc4s, -+, @~} are arbitrarily taken as finite defi-
cients of f(2) and f’(z) respectively and {p;}, E,, (I=1, 2, ---, 7’) are the same
as Lemma 1. Using Lemma 1 and (4.1) we have (zQE“)m(Qld”)ij' Because

from Lemma 1 meas E¥,>7 (/=1, 2, ---, ¢/) and 2p¢,<7/5, so we have a Bu, Ei,
NBr#¢ (1=1,2, -, 7, c+1, -, ¢'; 'e(1, 2, -~ p)). From Lemma B, z€j,,
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log| £(2)| <Re{Cyz#} +4s1C,| pf
— 1,1 cos (ug+@,)+4¢(C, | pt
=—pf|Cylsin (s +451C, pf <~ sin (ug) Gyl pf . (42)

From (3.1) and p=P, we have

Color>1Csl @) > 5T, 10> —H(5) Ty, 1)

T/ ool N\ ” T ”
>T(W> T(o,, f )ZTQ “T(o, f7).

Therefore, from (4.2) there exists a positive C’ that is independent of ; such
that for z€j,,

logl|f"()|=—C'T(p,, ). (4.3)
Supose z,€ E;N\f, for ze f;r, from (4.3), (2.1) we have

12| = p,&? |F7(2) dé+] F/ ()]

ézn.pje—C'TQoJ.f”)_!_e—kT(p],f”)ée—CT(p], el (44)

were %,2C f,, C independent of ;. Therfore we have for z€j,, [=1, 2, -+, 7,

[ f(@D—al =1/ (2)—f(z0)| + |f(Zo)—al|§Pjgz/.; [f(2)|dgp+e*T<er /D

<2mpueC TP 4 kT 0p 1D L g=CT0p 17 (4.5)
From the same reason for z€f,/, [=7t+1, -, 7/,
| f(2)—a,| <e=CTw®srIn, (4.6)

ay,#a,, for 1=/,<l,=r implies B, ;# ;. In fact, if B,;=p; then we have
from (4.5)

lay,—a,| S| f(@)—al+1f(2)—a.,| =2e7°Ts, /7.

Setting j—oco, we have a,,=a;,. This is a contradiction. By the same reason-
ing fi,# B, ¢+1=0,<[,<7’). And from (4.4) and (4.6) f,,# i, {L=1,2, -, 7;
lLy=7+1, -, 7’; and a,#0, [e(z+1, -+, ¢)}. Because the number of j3, is at
most g, so the Theorem has been proved.

From the proof we have following Corollary,

Corollary. Let f(z) be a meromorphic function of lower order u<oco, if

Sale, [)=2,

then the number of deficient values of f'(z) v(f")=p+1.



82 CHONGJI DAl AND LU JIN

REFERENCES

[1] Ebrei, A. anp Fucus, W.H.J.,, Valeurs deficientes et valeurs asymptotiques des
fonctions meromorphes, Comment. Math. Helv., 33 (1959), 258-295.

[2] Ebrei, A. anp Fuchs, W.H.J.,, On the growth of meromorphic functions with
several deficient values, Trans. Amer. Math. Soc., 93 (1959), 293-328.

[3] Ozawa, M., On the deficiencies of meromorphic functions, Kodai. Math. Sem.
Rep., 20 (1968), 385-388.

[4] Yanc Le, Value Distribution and it’s new research, Beijing. 1982.

DEPARTMENT OF MATHEMATICS
East CHINA NorMAL UNIVERSITY
SuanNGHAL P.R. CHINA





