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Statement of Results.

The present paper is the second part of [20] with the same title, and the
object of this paper is to study the classification of homotopy types of certain
six dimensional simply connected CW complexes as an application of the first
part [20].

We shall use freely all the notations and notions defined in Part [ [20].

Then the main results of this note are summerized as follows:

THEOREM 6.9. Let X be a simply connected six dimensional CW complex of

the type (m, n, ¢).
1) If m=1 (mod2), then ¢=0 and X and X(m, n, 0) are of the same homo-

topy type.
(2) If m=0 (mod2) and e=1, then X and X(m, n, 1) are of the same homo-

topy type.
) If m=0 (mod2) and =0, then X is homotopy equivalent to X(m, n, 0)

or Y(m, n, 0), and X(m, n, 0) and Y(m, n, 0) are of the different homotopy types.

COROLLARY 6.10 ([17], [18]). Let X be a simply connected six dimensional
CW complex of the type (m, n, €). Then if m=1 (mod2) or m=0 (mod 2) and
e=1, the homotopy type of X is uniquely determined.

COROLLARY 6.17. Let m be an even integer and M be a m-twisted CP* of
the type (m, 1, 0), and we put p,(M)=kx,, where x, denotes the genmerator of
HYM, Z)=Z, and p,(M) the first Pontrjagin class of M.

(1) Then M and X(m, 1,0) are of the same homotopy type if and only if

m—4k=0 (mod 48),

and
(2) M and Y(m, 1, 0) are of the same homotopy type if and only if m—A4k

=24 (mod 48).
Q) In particular, if M’ is another m-twisted CP® of the type (m, 1, 0), then
Received January 28, 1986




2 KOHHEI YAMAGUCHI

M and M’ are of the same homotopy type if and only if k=k’ (mod48), where
we put p,(M")=Fk’x} as above.

6. Applications.

In this section, we consider the classification of homotopy types of certain
simply connected six dimensional manifolds as an application.

DEFINITION 6.1. Let X be a simply connected six dimensional CW complex.
Then X has the type (m, n, &) if the following conditions are satisfied:

Z for 1=25; 7=0, 1, 2, 3.
(1) H(X, Z)={ .
0 otherwise.
2) If x;€H*(X, Z) denotes the generator for =1, 2, 3, then x,-x,=+mx,
and x,-x,=-4nx,, where m, n=0.
3) If xjeH*(X, Z,) denotes the generator for =1, 2, 3, then S¢*(xj)=exs,

where ¢=0 or 1 and S¢*: H4X, Z,)—»H%X, Z,).

If X and Y have the same type (m, n, ¢), then H*(X, Z) and H*(Y, Z) are
isomorphic as a cohomology ring. Moreover, H*(X, Z,) and H*(Y, Z,) are iso-
morphic as a A, algebra for each prime p, where A, denotes the modp Steen-
rod algebra. Let L, be the 2-cell complex, Ln,=5S*Un,,e*, Where m,(S*)=Z{7.}.

LEMMA 6.2. If the CW complex X has the type (m, n, €), then X=L,\Jse®
for some element bens(Ly), up to homopy types.

LEMMA 6.3. If m=1 (mod2) and X has the type (m, n, €), then e=0.

Proof. The assertion easily follows from the Adem relation Sg®Sg*=Sq*Sq*.
Q.E.D.

LEMMA 6.4 (.M. James, [3]). Let X be a CW complex with the form, X
=L\ e’ for an element beny(L,), and iy : ns(Ly)—s(Ly, S be the induced
homomorphism.

(1) If m=1 (mod 2), then X has the type (m,n,0) if and only if i,.(b)=
+nlan, t2]:-

(2) If m=0 (mod2), then X has the type (m, n, ¢) if and only if i.(b)=
*nlam, t1rtean(n),

where pens(D*, S=Z, denotes the generator and an,<n,(Ln, S?) is the charac-
teristic map of the 4-cell.

Proof. The assertion easily follows from Theorem 3.3 in [3]. Q.E.D.
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DEFINITION 6.5. We define the CW complexes X(m, n, ¢) and Y (m, n, 0) as
follows :

(1) For each pair of non-negative integers (m, n), we put X(m, n, 0)=
LmUnbmes'
(2) If m=0 (mod2) and m, n are non-negative integers, then we put

X0m, 1, D=LnUnpsrne® and Ym, 1, 0=LnUnspsrcrpe’

where

Z{b,} if m=1 (mod 2)

m(Lw)=y Z{bn}DZ {1} if m=2 (mod 4)
Z{bn}DZArntDZ:{ix(n3)}  if m=0 (mod 4)

and 2y, =is(n}) if m=2 (mod 4).
Here, iy : ms(S)=Z.{n}}—>ns(L,) denotes the induced homomorphism.

PROPOSITION 6.6. (1) The 3-cell complex X(m, n, 0) has the type (m, n, 0).
(2) In particular, if m=0 (mod 2), then X(m, n, 1) has the type (m,n, 1)
and Y (m, n, 0) has the type (m, n, 0).

Proof. Since #1(bm)=[am, ts1r, i1:(tn)=an(n) and 1,.(4(n3))=0, the above
results follow from (6.4). Q.E.D.

COROLLARY 6.7. (1) For each par of non-negative integers (m, n), there
exists a 6-dimensional 3-cell complex which has the type (m, n, 0).
(2) If m is an odd positive integer, for any non-negative integer n, there is

no 6-dimensional 3-cell complex of the type (m, n, 1).
(3) If m is an even non-negative integer, then for each non-negative integer

n there exists a 6-dimensional 3-cell complex of the type (m, n, 1).
Here we note the following well-known

LEMMA 6.8. Let L be a simply connected r dimensional CW complex, and
X and Y be (r+k)-dimensional CW complexes with the forms,

X=L\Jse** and Y=L\J,e**,

where k=2 and f, gEm s p-1(L).
Then X and Y are of the same homotopy type if and only if there exists a
homotopy equivalence @ = Eq(L) satisfying @-f=-+g.

Then we have

THEOREM 6.9. Let X be a ssmply connected six dimensional CW complex of
the type (m, n, e).
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(1) If m=1 (mod 2), then e=0 and X and X(m, n, 0) are of the same homo-
topy type.

(2) If m=0 (mod2) and e=1, then X and X(m, n, 1) are of the same homo-
topy type.

(3) If m=0 (mod2) and e=0, then X is homotopy equivalent to X(m, n, 0)
or Y(m, n, 0), and X(m, n, 0) and Y(m, n, 0) are of the different homotopy types.

COROLLARY 6.10 ([17], [18]). Let X be a simply connected six dimensional
CW complex of the type (m,n, e). Then if m=1 (mod2) or m=0 (mod 2) and
e=1, the homotopy type of X is uniquely determined.

Proof of Theorem 6.9.
It follows from (6.2) that we may assume X=L,| J,e® for some element b
ns(Ln). Consider the exact sequence

24(SY) — > L) — > (L, S?)
[l I [
Zy{ni} Z{bn}YDTor  Z{lam, t:1}DZo{am(n)}
where
0 if m=1 (mod 2)
Tor=3 Z{rm} if m=2 (mod 4)

Zo{rnt@Z:{is(nd}  if m=0 (mod4)

Then, from (6.4) we have

+nlan, t21r if m=1 (mod 2)
(6.11) z'l.(b)z{

*+nlam, tadrteandy)  if m=0 (mod2)
where neny(D*, S)=Z, denotes the generator.

First, we suppose m=1 (mod 2). Then it follows from (2.3) and (2.13) that
we have b==+nb,. Since Eq(Lp)=Z.{h,} and h,(—nb,)=nb, by (3.3) and (4.6),
the assertion follows from (6.8).
Next, we suppose m=0 (mod 2). Similarly, from (2.3), (2.8), (2.13) and (6.11),
we obtain
[ Enbnterm

(6.12) b=l or

+nbmtermtix(n3)
Here we put

Xl(s):LmUnbm+erm36:X(my n, 8) ’
X2(5):Lmu—nbm+srmes ’



GROUP OF SELF-HOMOTOPY EQUIVALENCES 5
Xa(e):LmUnbm+srm+z.(7g)ee and XA(s):LmU—nbm+srm+1.(7§)es-

In particular, if ¥ and Z are of the same homotopy type, we denote it by
Y=~Z. Then for some integer k, X=~X,(e).

On the other hand, it follows from (3.3) and (4.6) that we obtain the fol-
lowing equations:

(a) If e=1 and m=2 (mod 4),

hy(bm+7m)=—nbn+7n+ix(ni),
hi(—=nbn+71m)=nbn+7n+ix(nd),
and ho(Mbm=+7 m)=nbm~+7m+ix(n3) .
(b) If e=1 and m=0 (mod 4),
hi(bm+7n)=—1bn+7mn,
hy(nbm+1m+ix(95)=—nbn~+7mn+ix(ni)
and Ro(Mbm~+7 m)=nbm~+7 m+15(n3).
(¢) If e=0,
hi(nbp)=—nby,
hy(nbm~+ix(12)=—nbm+1x(73)
and 0 (nbp)xnbn+ix(n3) for any homotopy equivalence 0 < Eq(L ).
Hence, if e=1 and m=2 (mod 4), from (6.8) and (a), we have
Xi(D)=X,1), X,1)=X,1) and X,(1)=X,1).
Similarly, if e=1 and m=0 (mod 4), we obtain
Xi(1)=X,(1), X,(D=X,1) and X,(1)=Xy1).

Therefore, if e=1, for each 1=<p<¢=4, X,(1) and X,(1) are of the same homo-
topy type. Since X (m, n, 1)=X,(1), X and X(m, n, 1) are of the same homotopy
type if e=1.

On the other hand, if ¢=0, it follows from (6.8) and (c) that X,(0)=X,(0),
X,(0)=X,(0), and X;(0) and X;(0) are of the different homotopy types.

Since X;(0)=X(m, n, 0) and X,;(0)=Y(m, n, 0), we obtain X=~X(m, n, 0) or
X=Y(m, n, 0) and that X(m, n, 0) and Y (m, n, 0) are of the different homotopy
types. This completes the proof. Q.E.D.

DEFINITION 6.13 (M. Masuda, [9]). Let X be a six-dimensional simply-
connected CW complex of the type (m,n, ). Then we say that X is a m-
twisted CP® if X is a closed smooth manifold.
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PrOPOSITION 6.14 (C. T.C. Wall, [15]). Let X be a six-dimensional simply-
connected CW complex of the type (m, n, €). Then there exists a m-twisted CP?
My which is homotopy equivalent to X, if and only if n=1.

Furthermore, if n=1, then My has the spin structure if and only if e=0.

Proof. It is easy to see that X is a Poincaré complex if and only if n=1.
Since H* X, Z,)=0, the assertions easily follow from Theorem 8 in [15] and
the Wu formula. Q.E.D.

PROPOSITION 6.15. Let M be a m-twisted CP* of the type (m, 1, ¢), p(M)
be its first Pontrjagin class, and we put p,(M)=kx, for some integer k, where x,
denotes the generator of H*(M, Z), i=1, 2, 3.

Then the following relations hold :

(1) If e=0, k=4m (mod 24).

(2) If e=1, k=9m (mod 16).

Proof. Let [M]eHy(M, Z) be the fundamental class of M. Then by the
A-integrality theorem, <{exp (W/2)-exp (x.)-(1—p,(M)/24), [M]>=Z, where we
put W=ex,.

Since (x)*=mx, and x,-x,=x,,

{ 1+1/2) x4+ (m/2)x.4+(m/48)x,  if e=1

exp(W/2)= R
if e=0,

exp(x)=1+x;+m/2)x,+(m/6)xs, and 1—p(M)/24=1—(k/24)x,.

Hence an easy calculation shows the above results. Q.E.D.

ProposITION 6.16 (C. T.C. Wall, [15]). Let m and k be integers. Then, if
k=4m (mod 24), there exists a m-twisted CP?® of the type (m, 1, 0), M, such that
p(M)=Fkx,, where x, denotes the generator of H M, Z) p,(M) the first Pontrjagin
class of M.

Proof. The assertion easily follows from Theorem 5 in [15]. Q.E.D.

COROLLARY 6.17. Let m be an even integer and M be a m-twisted CP® of
the type (m, 1, 0), and we put p,(M)=kx, where x, denotes the generator of
HYM, Z)=Z, and p,(M) the first Pontrjagin class of M.

(1) Then M and X(m, 1, 0) are of the same homotopy type if and only if
m—4kL=0 (mod 48),
and
(2) M and Y(m, 1,0) are of the same homotopy type if and only if m—4k
=24 (mod 48).
(3) In particular, if M’ is another m-twisted CP?® of the type (m, 1, 0), then
M and M’ are of the same homotopy type if and only if k=Fk’ (mod48), where
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we put p,(M")=k’x} as above.

Proof. The assertions easily follow from (6.9) and Theorem 2 in [21] and
the detail is left to the reader. Q.E.D.

Remark 6.18 (The case (m, n, €)=(0, 1, 0)). Let X and YV be the 3-cell com-
plexes,
X=X, 1, 0)=5°V S* U, ne*=S*x S*
and
Y=Y(0, 1, 0)=S5*V S* UL, c1+ucpd @ -

Since X and Y have the same type (0, 1, 0), H*(X, Z) and H*(Y, Z) are iso-
morphic as cohomology rings and moreover H*(X, Z,) and H*(Y, Z,) are also
isomorphic as A,-modules for each prime p, where A, denotes the mod p Steen-
rod algebra. Furthermore, it follows from (6.14) that X and Y have the homo-
topy types of 6-dimensional closed smooth spin manifolds. However, using (6.9),
X and Y are not of the same homotopy type. This fact is essentially because
7® can not be detected by the primary cohomology operations. (In fact, * is
detected by the secondary cohomology operation associated with the Adem rela-
tion S¢*Sq¢®*+Sq*Sq*Sq*=0.)
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