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ON UNIQUENESS THEOREM CONCERNING THE

RENORMALIZED SCHWINGER-DYSON

EQUATIONS OF FIRST ORDER

—A remark on the preceding paper by A. Inoue

BY ASAO ARAI

In the preceding paper [1]. Inoue considered some Schwinger-Dyson (SD)
equations of first order requiring "renormalizations" : he derived the renormalized
SD-equation and constructed an explicit solution for each case. But the problem
of the uniqueness is left open there.

Here we give an affirmative answer to that problem. The point of our
method lies in a reduction of (SD)-equations to partial differential equations with
finite numbers of variables of a certain type; it is essential that the order of
the (SD)-equations is one.

For simplicity, we consider only the simplest one in [2]. The method can
be easily extended to other cases. We shall carry over the notation in the

preceding paper unless otherwise stated.
We first define a class of fundamental solutions of the d'Alembertian D :

DEFINITION. Let G be a distribution on R4xR4 satisfying

ΠxG(x, y)=δ(x-y)

(G is called a fundamental solution of D.) Then G is said to be in F if and
only if it is a tempered distribution on R4xR4 such that, for all u&S(R4),

(Gu)(0, t)=\im<p9, (Gu)( , f)>
ε->0

exists in H'KR)

Remark. The class F is rather "large".

We consider the following renormalized SD-equation for functionals Z~
Z{p} u) on S(R)XS(R4):

~(Gu)(09t)Z9 (1)
dt%
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Z(0, 0 ) ~ l . (3)

Remark, in [1], G is chosen as GjL. Here

GJL((*. 0. (,, S ) ) = l j m ( 2 « ) - J Λ ^ - ^ ^ drdξ.

which are in F.

THEOREM. For every G in F, there exists at most one solution Z~Z(p, u)
of {SΌyequations (l)-(3) satisfying

δZ/δp{t)<sH-\R), dZ/δu(x, t)GDG, (4)
where

DG^{V<ΞS\R1) I <Gw, Dι>>=<w, v> for all u(=S{R4)}.

Before proving the theorem, we prepare

LEMMA. Let f(t, s) he in C\RxR) satisfying

~f(t} s)=(αί+*s)/(ί, 5), (5)

~f{t, s)=(bt+cs)f(t, s), (6)

/(0,0)=0. (7)

for some constants a, b, and c. Th:m f(t, s)—0 for all (t, s) in RxR.

Proof. From (6) and (7), we get /(0, s)=/(0, 0) exp (c.s2/2)=0 for all s in
R. Combining this with (5), we have

f(t, s)=[\at'+bs)f(t', s)dt'. (8)
Jo

Let L>0 be arbitrarily fixed and define a sequence {Tn}™=ι by

To=O,

Tn =:- l+[(T π

with
M=max{ |α | , \b\L}.

(Since the case M—0 is trivial, we assume M>0.) Then, we have from (8)
that, for all (f, s)e[0, T J x C - L , L ] = f l L f Γ l ,
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\f(t, sJI^MTf^+roii/ikr^ if]^τy,

where \\f\\L,τι denotes the maximum of | / | on ΩLtTv This implies that / = 0
on ΩLtTv In the same manner, we can show successively that, for all n ^ l ,
/ = 0 on [T n , T n + I ] x [ - L , L]. Therefore we conclude that / = 0 on [0, oo)χ
[—L, L]. Similarly, we have /—0 on (—oo, 0]x[—L, L], Since L is arbi-
trary, we get / = 0 on Λ x f t Q.E.D.

Proof of Theorem. Since equations (l)-(3) are linear in Z, we need only
to show that any functional Z o satisfying (1), (2) and (4) with Z0(0, 0)=0 is
identically zero. Let (p, u) be any fixed element in S(R)xS(Ri) and put

f(t, s) = Z0(f/>, su),

Then, / is m Cι(RxR) and we have

δp

/(0,0)=0.

fi quations (1), (2) and condition (4) give equations (5) and (6) with

± ί pX (9)

χ (10)

By the above lemma, we have f(t, s)=0, ί, s s β , which implies Z 0 (ί, M ) = 0 .
Q.E.D.

Remarks, (a) The unique solution of (SD)-equations (l)-(3) satisfying (4)
is given by that in [1] with G in place of Gf-.

(b) For any solution Z of (SD)-equations (l)-(3) satisfying (4), the function
fit, s)^Z{tp, su) obeies equations (5) and (6) with (9), (10) and /(0, 0)=l, as is
seen from the above proof. A solution of those equations is easily found by
simple computations as

f(t 5)=r:g<l/2)αί2+6ίs+(l/2)cs2

By the above lemma, this is the unique solution. Therefore, we have proved
that, any solution Z of (SD)-equations (l)-(3) satisfying (4), if it exists, must be
of the form

Zip, u)^e(1/2)a+b+W)c.
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with a, b and c given in (9) and (10). Thus, our method also gives a simple
way of construction of solutions of SD-equations of first order.

Acknowledgement. The author would like to thank Prof. A. Inoue for com-
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