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§ 1. Introduction.

In these several years, many people have published their results on the
qualitative theory of foliations, mainly of class C2 and of codimension one.
These results can be more or less interpreted as those on the realizability or
non-realizability of manifolds as leaves having a certain qualitative property
(e. g. Sondow [15], Nishimori [10, 11, 12], Cantwell-Conlon [1, 2, 3], Tsuchiya
[17, 18, 19], Phillips-Sullivan [13], Inaba [7, 8], Takamura [16], and so on).
From this point of view, one may naturally ask the existence of open manifolds
which can never be realized as leaves of foliations of any closed manifold. In
this paper, we answer this question:

THEOREM. Let E be an arbitrary non-empty, compact, totally disconnected,
metrizable space. Then for any n^3, there exists an n-dimensional open orientable
manifold L whose endspace is homeomorphic to E and which cannot be realized as
a leaf of a codimension one C2 foliation of any closed manifold.

Remark. (1) The endspace of an open manifold is known to be a compact,
totally disconnected and metrizable space.

(2) Our result is in contrast with that of Cantwell-Conlon [3]. They
showed that each compact, totally disconnected, metrizable space is homeomorphic
to the endspace of a leaf of a codimension one foliation of a closed manifold.

§ 2. Preliminaries.

We begin with the following lemma, whose proof is easy and is omitted.

LEMMA 1. Let E be any non-empty, compact, totally disconnected, metrizable
space. Then there exists a countable, locally finite tree whose endspace is homeo-
morphic to E.—

Let T be a tree as in Lemma 1. Denote by {vk} kGN the vertices of T and

Received June 1, 1984

112



OPEN MANIFOLDS WHICH ARE NON-REALIZABLE AS LEAVES 113

{βiiKEN the edges of T, where N— {1, 2, 3, •••}. For each k<^N, we choose an
w-dimensional closed orientable manifold Lk whose fundamental group is iso-
morphic to the finite cyclic group of order 2& + 1. We assign Lk to each vertex
vk of T. For each edge et of T with endpoints i;Al and z;*2, we perform a
connected sum operation between Lkl and L*2. We denote the resulting manifold
by L. Clearly the endspace of L is homeomorphic to that of T, hence is
homeomorphic to E.

In the sequel, we will show that L cannot occur as a leaf of any foliation.
Here we note that it suffices to prove that L can never be realized as a leaf of
a transversely orientable foliation of any closed orientable manifold. For, if L is
realized as a leaf of a foliation £F of a closed manifold M, then L is covered by
a leaf L of a transversely orientable foliation SF of a closed orientable manifold
M, where M is a double or four-fold covering space of M. Since πλ{L) is
generated by elements of odd order, L is diffeomorphic to L. Thus L is real-
ized as a leaf of 3.

For later use, we assign to each edge et of T a submanifold 5Z of L diffeo-
morphic to an (n — l)-dimensional sphere, which is the junction sphere of the
connected sum operation corresponding to et (see Figure 1).

T

Figure 1.

We will make use of the following algebraic lemma, which is a corollary to
the Kurosh Subgroup Theorem (cf. Magnus-Karrass-Solitar [9, p. 245]).

L E M M A 2. Suppose that Λlt •••, Λp and Bu •••, Bq are finitely presented
groups, each of which is indecomposable with respect to the free product operation
*. If Ax*-•• * A P = L B X * ' - - * Bq, then p=q and Blf •••, Bv can be rearranged so
that A% is isomorphic to Bx for every i, l^tt^p.—

In the following, we denote by L'k the manifold obtained from Lk by delet-
ing finitely many open n-disks.
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LEMMA 3. For any k<=N, there exist no embeddings from the disjoint union
of two copies of Uk into L.

Proof. Suppose that there were an embedding

φ: L'k\jL'k—> L.

Since the image of φ is compact, there is a positive integer N such that
φ(Lf

k\jLk) is contained in Lx % ••• % LN. Note that every embedded (n — 1) sphere
in L separates L because the first Betti number of L vanishes. Thus we can
find a compact manifold R such that

Considering the fundamental groups of both hand sides, we have

for some group G. This equality contradicts Lemma 2, for in the right hand
side, the Z2k+i factors appear at most once. •

LEMMA 4. Let W be a codimension-zero noncompact submanifold of L such
that W is a closed subset of L and that dW is compact. Then there exists k^N
such that W contains an L'k in its interior.

Proof. By the hypothesis, W is a neighborhood of some end of L. There-
fore WΓ\L'kΦ0 for infinitely many k. On the other hand, dWΓ\L'kΨ0 for at
most finitely many k since dW is compact. Hence there exists some k^N such
that Lf

k is contained in \Ώ£W. D

§ 3. Proof of Theorem.

We suppose that L is a leaf of a codimension one foliation £F of some closed
manifold M. As is noted in §2, we may suppose that EF is transversely orien-
table and M is orientable. We will lead us to a contradiction at the end of this
section.

First of all we remark that the holonomy group of L is trivial. This
follows from the fact that the fundamental group of L is generated by elements
of finite order and EF is of codimension one.

Claim I. L is a proper leaf.

Proof. Since L has no holonomy, a relative version of the Reeb stability
theorem implies that for each k there is a neighborhood Λf of L'k (CZL) in M
such that (N, £F|AT) is diffeomorphic to the product foliation (L'kX(—l, 1),
{L'kx W I - K K I ) . If L is nonproper, then LΓ\N has infinitely many connected

components, each of which is diffeomorphic to L'k. This contradicts Lemma 3. D
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Claim II. L ts not a totally proper leaf {i.e., a leaf whose closure consists
of proper leaves).

Proof. Suppose that L is totally proper. Then the qualitative theory of
codimension one C2 foliations (e.g., Tsuchiya [17] and Cantwell-Conlon [2])
shows that all the ends of L are periodic (for the definition of periodic ends,
see Inaba [7]) and that some ends of L are isolated. Let If be a periodic
neighborhood of an isolated end of L. Then W is described as an infinite
repetition of a compact manifold P:

Now we have a contradiction as follows. By Lemma 4, intW contains Lr

k for
some k. Since L'k is compact, there is a positive integer N such that L'k is
contained in the first TV repetition P\J ••• UP. Then

contains infinitely many pairwise disjoint copies of L'k. This contradicts Lemma
3. D

By Claims I and II, the left possibility is that L is a proper leaf whose
closure contains nonproper leaves. Therefore the proof of Theorem is completed
if the following claim is proved.

Claim III. L is not a proper leaf whose closure contains nonproper leaves.

Proof. Suppose that L is a proper leaf and contains nonproper leaves in its
closure L. Let U be the connected component of M—(L — L) which contains L.
By the definition of U, the leaf L is closed in U. Let U be the Dippolito com-
pletion of U (Dippolito [4]). U is a manifold with boundary and has a canonical
foliation induced from EF. Let

be Dippolito's nucleus-arm decomposition. By definition, K is compact and dtrK
—dtrΛι\J -•• \jdtrΛr, where dtrX means the set of points of dX where 3:\X is
transverse to dX. Furthermore for each i, 1^/^r, Aτ is the total space of a
foliated interval bundle pi: Ai-*Bι, where the base space Bτ is connected and
noncompact, and p^1(dBι)—dtrAι. We call K a nucleus and each Az an arm of
U. For each i, choose a point bι^dBι and let U—p^λ{bι) (see Figure 21

Subclaim 1. There exists at least one arm which intersects L.

Proof. If L is contained entirely in K, then L — LddtanK=dKΓλdU. Hence
-every leaf contained in L — L must be compact. This contradicts the hypothesis

that L contains nonproper leaves. D

Since L is closed in U, it follows that for each arm At intersecting L the
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Figure 2.

intersection of the fibre Iτ and each connected component of LΓ\A% is either of
the following:

a) Countable points such that each point is isolated and that the only
accumulation points are the two endpoints of Iτ.

b) A single point.

Therefore the following two cases may occur.
Case 1. There are an arm A% and a connected component IF of LΓ\A% such

that the intersection of W and Iz is of type a) above.
Case 2. For each arm Aτ intersecting L and for each connected component

W of LΓ\Al7 the intersection of W and It is of type b) above.

Subclaim 2. Case 1 cannot occur.

Proof. Let Φτ: π1(Bι, bt)->Oiff%It be the total holonomy of (3\Aι. In this
situation Hector's theorem on convergence of holonomy (Hector [6], see also
Inaba [7]) says that there exists a sequence {an} of elements of π1(Bι, bi) such
that

1) {an\ generates π1{Bι, bι), and
2) Φi(an) converges to the identity map uniformly on 1%.

Now let W be a connected component of LΓ\Aτ such that WΓ\h is of type
a). Then by Hector's theorem we see that there is a positive integer N such
that if n^N, then

Φι(an)\WΓ\I%=the identity.

In other words, there is a compact subset Q of B% such that each connected
component of WΓ\pi\Bi—Int Q) is diffeomorphic to Bi—lntQ. Since WΓ\Iτ is
of type a), the number of such connected components is infinite. By Lemma 4,
every connected component of WΓΛpϊ^Bi—lΏt Q) contains L'k for some
Then we have an embedding

φ : L'kUL'k

This contradicts Lemma 3. D

WΓ\p71(Bι-lnt Q)C.WcL .
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Subclaim 3. Case 2 cannot occur.

Proof. Suppose that for each arm A% and for each connected component W
of LΓ\Alf the intersection WΓ\IX is of type b). Then W is diffeomorphic to B%.
By Lemma 4, taking At smaller if necessary, we may assume that

WΓ\dAt=Sι

for some /. (Recall that St is one of the junction spheres defined in §2.) Since
πi(Bι), which is isomorphic to π^W), is generated by elements of finite order,
the total holonomy of A% is trivial. That is, (Alf %\At) is isomorphic to the
p r o d u c t fol iat ion (Wxl, {Wx {t}}tEίI).

Note that LίΛAτ=W, for if LΓ\A% has components other than W, we have
a contradiction by Lemma 3.

Next we consider LίλK. The following two cases may occur.
Case 2.1. The closure of LΓ\K in U contains a compact leaf in dϋ.
Case 2.2. LΓ\K is compact.

In Case 2.1, the same arguments as in Claim II can be applied, since LΓ\K is a
totally proper leaf of £F | K and L has a periodic isolated end whose limit set is
the compact leaf. Therefore Case 2.1 cannot occur. Now Case 2.2 is the only
case left to us.

Suppose that Case 2.2 occurs. Each connected component of LίλK is a
compact leaf of <Ξ\K whose fundamental group is generated by elements of
finite order. Then by the relative version of the Reeb Global Stability Theorem,
we see that (K, %\K) is isomorphic to the product foliation (Cxi, {Cx {ί}}ίei).
Combining the above arguments together, one obtains that (U, %\U)\s isomorphic
to the product foliation (Lxl, {Lx{ί}}{67). Let F be one of the leaves in
t(dϋ), where ί: U-+M is the natural immersion induced from the inclusion map
i: U-+M. Then F is diffeomorphic to L, and furthermore F is contained in L.
(This fact follows from the definition of U.) Since L is not asymptotic to F in
U, the leaf L must be asymptotic to F from the outside of U (see Figure 3).

ϋ •

*-F

U \ - '^p

u

u
\ . • — — .

Figure 3.
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This implies that F is nonproper. Using the arguments in the proof of Claim Γ

for F instead of L, we have a contradiction. This completes the proof of Sub-

claim 3, hence that of Claim III, furthermore that of Theorem. D

Remark. It is not known whether there is an open 2-manifold which cannot

be realized as a leaf of C2 foliation of a closed 3-manifold.
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Added in proof. We know that E. Ghys has obtained a similar result.




