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ON WEAKLY NONLINEAR CONTRACTIONS
By KuUN-JEN CHUNG

The purpose of this paper is to generalize some known fixed point theorems
to cone-value metric spaces.

(I) Definitions

Let E be a normed space. A set KCE 1s said to be a cone if (i) K is
closed (ii) if u, veK then au-+bveK for all a, b=0, (ili) KN(—K)= {0} where
¢ is the zero of the space E, and (iv) K°#0, where K° is the interior of K.
We say u=v if and only if u—ve K, and u>v if and only if u—ve K and u #v.

The cone K is said to be strongly normal if there is >0 such that if z= il)bix,,
ek, [xl=1, 22;1;,:1, b;=0 implies [z]>3. The norm in E is said to be

semimonotone if there is a numerical constant A such that §<x=y implies
x| <M]y|l (where the constant M does not depend on x and y).

Let X be a set and K a cone. A function d: XXX — K is said to be a K-
metric on X if and only if (i) d(x, y)=d(y, x), (ii) d(x, y)=60 if and only if
x=y, and (iii) d(x, y)<d(x, z)+d(z, y). A sequence {x,} in a K-metric space
X is said to converge to x, in X if and only if for each u=K° there exists a
positive integer N such that d(x,, x)<u for n=N. A sequence {x,} in X is
Cauchy if and only if for each u=K° there exists a positive integer N such
that d(x,, xn)<u for n, m=N. The K-metric space (X, d) is said to be complete
if and only if every Cauchy sequence in X converges. Let S be a subset of X;
a point x= X is adherent to S if there is a sequence of points of S converging
to x. The set of the points of X adherent to S is called the closure of S. The
set S is closed if and only if it is equal to its closure. A point in X is a boun-
dary point of S if it is adherent to both S and its complement C(S). The boun-
dary of S, denoted by 0S, is the set of its boundary points.

Throughout the rest of this paper we assume that K is strongly normal, that
E is a reflexive Banach space, that (X, d) is a complete K-metric space, that
P(S)={d(x, y); x, y=S} where S is a subset of X, that P(S) denotes the weak
closure of P(S), and that P,(S)={z; z=P(S) and z+4}.

Many preliminary results and examples which will be used in our theorems,
are listed in [4, 8].
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(II) Main results

DerFINITION 1. The mapping 0: P,(S) — K is said to be upper semicontinuous
if {u,} and {0u,} are both weakly convergent, then lim Qu,<0(lim u,).
n-—-c0 N —oco

DEFINITION 2. Let SC X. We say that a mapping T : S — X satisfies Condi-
tion (A) if for each x&S there exists an element u of S such that d(x, u)-+
d(u, Tx)=d(x, Tx).

Let x,eS. We shall construct two sequences {x,} and {x;} as follows:
Define x{=Tx, If xi€S, set x;=xi. If xi&S, choose x,=S so that d(x,, x;)
+d(x,, x)=d(x,, x1). Set x;=Tx,. If x,S, set x,=x;. If not, choose x,=S
so that d(x,, x.)-+d(x, x4)=d(x;, x3). Continuing in this manner, we obtain
{x.}, {x} satisfying

(i) xp4=Txy,

(ii) x,=x4 if x,€S, and

(iii) x,€S and d(xp-1, Xn)F+d(xn, x7)=d(Xp-1, x7) if x7&ES.

Let Q(xo)={x:€ {xa}; x,#xi} and F(xo)={x:€ {xa}; xi=xi}.

The following is our main result which is comparable to Theorem 2.2 of

Caristi [9] and Theorem 1 of Park and Yoon [18].

LEMMA 1. Let (X, d) be a complete K-metric space and S a nonempty closed
subset of X. Suppose that T : S — X satisfies Condition (A), (1), (2) and (3).
(1) d(Tx, Ty)=0(d(x, y)), x#y€ES,
(2) 0t for any t=Pi(S), where 0: Py(S)— K is upper semicontinuous,
) x,=Q(xo) implies xy-1, Xn+1EF(xo), where the sequence {x,} defined as
above. Then T has a unique fixed point in S.

Proof. If there exists an integer ; such that x, lies in S for all n=j,
Chung [8] showed that this sequence of iterates converges to a fixed point of
T. Hence we may assume that Q(x,) contains infinitely many points. Let
Qx)={Xncw}.

We assert that
(B) {d(x4, xn+1)} weakly converges to  as n — oo,
and
(C) {d(T(xn), x,)} weakly converges to 8 as n — co.

To prove (B) and (C) we first prove that

(G) d(Xncry-1, Xney) weakly converges to 6 as k2 — oo.

If we put n(k-+1)=s, n(k)=r, then it follows that
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d(xs-1, x)=d(T(x5-9), T(x5-1))
0(d(xs-2, X5-1))

d(X5-2, X5-1)= - =d(Xr, Xrse1)

A TIA

A

d(xr, x7)+d (x5, Xp41)
d(xry x;)"}"d(xr—l, x,)

A

=d(xr1, x7) .

Therefore {d(Xnr -1, Xncw)} and {d(xn(ry-2, Xnw-1)} are decreasing and bounded.
Let {d(xmc), Xme+1)} be a subsequence of {d(Xnz)-1, Xnwy)}. There exist
subsequences {d(xsw), *iw+)} Of {d(Xmey, X+t and {d(xsw-1, xs0)} of
{dXmiy-1, Xme)} such that {d(xsu), Xiw+1)} weakly converges to ze K and
{d(xswy, Xsy-0)} to teK. From the fact d(xe-y, x0)Sd(xs-s, X5-)=d (X7, x7),
we see that z=ft.

Because 0(d(xg-s, x5-1)=d(xs-1, x5) we see that {0(d(xs-1, x5-.))} is bounded.
For convenience, we can assume that {0(d(x;su), Xsciy-1))} has a weak limit. By
the upper semicontinuity, we have 0(z)=z. Therefore z=6@ and (G) holds.

If n(k)<n=n(k+1), we have

AXnksn-1, Xnre0)=A(Xn, Xne) AKX nciy-1, Xncay) -

Therefore (B) holds. From (B) and (G), we see that (C) holds, too.

Now we show that the sequence {x,} is Cauchy. Suppose not. Then there
is an e K° such that for every integer :, there exist integers n(7), m() with
1=n()<m(7) such that

4) d(x,_,(i), xmm)iﬁ&-

Let, for each integer :, m(z) be the least integer exceeding n(s) satisfying (4);
that is

) d(xam, xmu‘))és and d(xw), X;Lt(t)-l)§5~

Since K is semimonotone, the sequence {d(xuu), *m -1} iS bounded. For con-
venience, we let {d(x,u), *nw)} Weakly converges to z. Since

) {d(T(xw)), T(xnw)=d(xyw, Txpe)+d(xyw, Yna)+dxnw, T(xum),

d(xpw, Xnw)=d(Xpay, T(xpw)+d(T(xXpaw), T(Xn@)+dT(Xpw), Xnw),
we see that {d(T(x,u), T(xnw))} weakly converges to z. If z+#6, we have
6) d(T(xaw), TxXnw)=0d(Xn0, Xuw)<d(Xpw, Tnaw).

Let {0(d(xnw), Xnwy))} have a weak limit. Therefore we have 0(z)=z. We
obtain z=@. The rest of the proof of the theorem is the same as that of theorem
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1 [8]. Therefore {x,} is a Cauchy sequence. By completeness, there is a u&S
such that {x,} converges to u in S, and Tu=wu. This completes the proof.

DEFINITION 3. Let SCX. We say that a mapping 7 : S— X is metrically
inward if for each xS there exists an element u# of S such that d(x, u)+
d(u, Tx)=d(x, Tx) where u=x if and only if x=Tx.

It is clear that if T is metrically inward, then T satisfies Condition (A).

DEFINITION 4. Let (X, d) be a complete K-metric space. We call (X, d) a
complete K-metric convex space if for any real number ¢, 0<¢<1, and any x, ye X,
there exists z€ X such that d(x, z)=cd(x, y), and d(z, y)=1—c)d(x, ¥).

LEMMA 2. If S is a nonempty closed subset of the complete and convex K-
metric space (X, d) and i1f p,ES, and pi&S, then there exists a point p in the
boundary 0S of S such that d(p., p)+d(p, p1)=d(ps, D1).

Proof. By Definition 4, we can choose a point p,= X such that
d(po, pa)=d(ps, p0)=2"1d(p,, p1) and d(po, pa)+d(p,, p=d(po, p1).

Case 1: If p,eS, we choose p;=X such that d(p,, ps)=d(ps, p1)=
27%d(po, py) and  d(ps, pu)+d(ps, pO=d(Ds, Do) Since  d(po, p2)+d(pe, ps)+
d(ps, p1)=d(po, p1), and d(pe, p1)=d(pe, pa)+d(ps, p)), we have d(po, pa)+
d(pe, pa)=d(pe, ps) and  d(po, p2)+d(ps ps)=d(po, Ds). We get d(po, ps)+
d(.bs, fh):d(]?n, ;01)

Case 2: If p,<S, we choose ps= X such that d(p,, ps)=d(ps, D2)=2"2d(po, p1)
and d(p,, P3)+d(ﬁ3, D2)=d(pe, Ds)- Since d(po, Ps)+d(ﬁs, P2)+d(P2; Pl)Zd(;bo, 1)
and d(po, p1) Sd(po, po)-+d(ps, p1), we have d(ps, ps)+d(ps, p1) = d(ps, p1), and
d(ps, p2)+d(ps, p)=d(ps, p1). We get d(po, ps)+d(ps, pO=d(Po, p1)-

Continuing the above process, we can choose a sequence {p,} C X such that
d(pa, Pn+1)=27"d(po, p1) and d(po, pu)+d(pn, p1)=d(po, p1). Let prm be another
point such that pjm#pr and d(Prmy, Pn+)=2""d(pe, p:). Then either prmeES
and p,<S or prm<ES and p,=S. By the construction of {p,}, we see that
{p.} is Cauchy. There exists a point p=X such that {p,} converges to p.
We also know that p0S. Since d(po, prn)+d(Pn, pr)=d(po, p,) for all n=1,
we have d(po, p1)=d(po, Pn), d(po, p1)=d(pn, pr). Sequences {d(po, pa)} and
{d(pn, p,)} are bounded. Since E is a reflexive Banach space, for convenience,
let

{ d(pe, p») weakly converge to x, and

d(pn, p,) weakly converge to v.
According to the triangular inequality, we have
(M) d(po, p)=d(po, p)+d(p, pa),
@ d(p, pO=d(pe, pu)+d(pn, D),
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©) d(pn, p)=d(Py, P)+d(D, Dn),

(10)  d(py, p)=d(ps, pa)+d(pn, D).

From (7), (8), (9), and (10), we see that x <d(p,, p), d(po, P)=<x, y=d(p;, p), and
d(py, p)=y. By (j) [8], we see that d(po, p)+d(p, p)=d(po, pr). This com-
pletes the proof.

THEOREM 1. Let (X, d) be a complete, convex, K-metric space and S a non-
empty closed subset of X. Suppose that T : S — X satisfies (1), (2) and (11).
(11) TxeS for every x0S.
Then T has a unique fixed point in S.

Proof. We construct a sequence {p,} in S as follows: Let p, be an arbi-
trary point in S. Let pi=T(p,). If pieS, then p,=p], otherwise, by lemma
2, we choose p,=0S so that d(po, p)+d(p:, p=d(ps, p1). Suppose that {p},
{pi}, i=1, ---, N have been chosen so that

(1) p=T(ps-v), =1, -+, N;

(ii) either p,=p;eS or p;€0S and satisfies the relation:

d(po-1, p)F+d(ps, p)=d(pr-s, P1) .

Now set py =T (py). If py1ES we put pyii=py+1, Otherwise we choose
Pn+1€0S so that d(py, pv+)=d(px, Py+1)+d(Py+1, Piv+). Thus by induction
we are finished.

By the construction of {p,}, (11) implies that the sequence {p,} satisfies (3).
Lemma 1 is applicable. Hence T has a unique fixed point in S.

THEOREM 2. Let (X, d) be a complete K-metric space and S a nonempty
closed subset of X. Suppose that T: S — X 15 metrically mward and that T
satisfies (1), (2) and (3). Then T has a unique fixed point in S.

If E is the set of all real numbers and if K is the set of all nonnegative
reals, then, from (4) and (6), Theorems 1 and 2 may now be restated in the
following forms.

THEOREM 3. Let (X, d) be a complete, convex K-metric space and S a non-
empty closed subset of X. Suppose that T : S — X satisfies (1), (2) and (11). (2)
D)<t for any t< Py(S), where 0 1s upper semicontinuous from the right on Pi(S).
Then T has a umque fixed point in S.

THEOREM 4. Let (X, d) be a complete metric space and S a nonempty closed
subset of X. Suppose that T : S — X 1s meirically mward and that T satisfies
), (2), and (3). Then T has a umque fixed point in S.

Utilizing the way of the proof of Lemma 2 [19], we have the following
result.



306 KUN-JEN CHUNG

THEOREM 5. Let (X, d) be a complete metric space and S a nonempty closed
subset of X. Suppose that T 1s a mapping from S into X. Then the following
conditions are equivalent

(i) For any €>0, there exists d(e)>0 such that d(Tx, T y)<e whenever

e=d(x, y)<e+o(e) and x, yES.

(i1) There exists a self-mapping 0 of [0 o) nto [0 co] such that O(s)<s
for all s>0, where O is upper semicontinuous from the right on [0 co) and
d(Tx, Ty)=0(d(x, y)), x, yES.

From Theorem 5, we have the following results.

THEOREM 6. Let (X, d) be a complete metrically convex space and S a non-
empty closed subset of X. Suppose that T : S — X satisfies (i) wn Theorem 5
and (11). Then T has a unique fixed point in S.

Theorem 6 was proved in [1] by Assad, but it is a special case of our
Theorem 1.

THEOREM 7. Let (X, d) be a complete metric space and S a nonempty closed
subset of X. Suppose that T : S — X 1s a metrically mward mapping satisfying
(1) i Theorem 5 and (3). Then T has a unique fixed point in S.

Theorem 7 was proved in [18] by Park and Yoon, but it is a special case
of our Theorem 2.

Many related papers can be found in [2], [4], [7], [8], [9], and [18]. In
[11, 12, 13], it is required that the mapping 0: P,(S) — K be monotone but in
our paper it isn’t.

The mapping 0: Pi(S) — K is said to be lower semicontinuous if {u,} and
{0u,} are both weakly convergent, then lim Qu,=0(lim u,).

n-—co n-
The idea of lower semicontinuity is used in many areas. We would like to
have the following result.

THEOREM 8. Let (X, d) be a complete K-metric space and S a nonempty
closed subset of X. Suppose that T : S — X satisfies (12), (13), (3) and Condition (A).
(12) Od(Tx, Ty)=d(x, y), x#yES,

(13) 0@ >t for any t=Py(S), where 0: Py(S)— K 1s lower semicontinuous. Then
T has a unique fixed point in S.

Proof. 'The proof is almost the same as that of Lemma 1. We omit it.
The author thanks the referee very much for his valuable suggestions.
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